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Quasienergy spectrum of complex atoms
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Representative sections of the quasienergy spectrum of argon and of alkali-metal atoms are presented for
wavelengths between 250 nm and 800 nm and excursion amplitudes up to �0=20 a.u. The variation of the
quasienergy spectrum with the wavelength of the laser field is discussed. It is shown that large-scale changes
in its topology arise from laser-induced degeneracies with states without physical high-intensity or low-
intensity limits.
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I. INTRODUCTION

The dynamics of an atom exposed to a long laser pulse
can be understood from the properties of its dressed states
and from the interplay between these dressed states at mul-
tiphoton resonances �1–5�. These states are eigenstates of the
Hamiltonian describing the atom in the presence of a laser
field of constant intensity and constant frequency. They are
described by state vectors of the Floquet form, namely, for a
monochromatic field of angular frequency �, state vectors of
the form

���t�� = e−i�t/� �
N=−�

�

e−iN�t�FN� , �1�

where the harmonic components �FN� are time independent.
The quasienergy, �, is complex for the dressed bound states
this work is concerned with: Denoting by ��0� the zero-field
limit of �, by � the ac Stark shift of the state, and by � its
ionization width,

� = ��0� + � − i�/2. �2�

Both � and � vary with the intensity of the field and with its
frequency. When allowed by the selection rules, multiphoton
resonances occur at those intensities and frequencies where
two dressed states have quasienergies with real parts differ-
ing by an integer multiple of �� �6�. Such resonances are
often referred to as Freeman resonances. They frequently
occur in strong laser pulses, due to the large Stark shift
bound states may incur at high intensity, and are a major
source of low energy photoelectrons in the multiphoton ion-
ization of atoms �7�. There is strong evidence that they are
also major contributors to the high energy plateau part of the
above-threshold ionization �ATI� spectrum for pulses of suf-
ficiently long durations �8–13�. Although quasienergy energy
spectra of atoms in a laser field have been compiled for more
than 20 years, much of the past effort has been concentrated
on hydrogen and/or on wavelengths in the uv or xuv �14�. It
is only recently that a comprehensive quasienergy map of a
complex atom has been calculated for a longer laser wave-
length, namely, argon at 800 nm �13�. Some of the low lying
excited states were found to shift in an intricate and appar-
ently random way, making the spectrum more complex at

that wavelength than at high frequencies. How the spectrum
evolves as the wavelength increases was subsequently ex-
plored by calculations at 400 and 600 nm wavelength �15�.
We much extend these previous calculations, compare argon
to several alkali-metal atoms, and describe, in detail, the
wavelength dependence of a representative part of the
quasienergy spectrum.

It is well known that when the photon energy much ex-
ceeds the binding energy of the ground state, the quasienergy
spectrum is simple: in the high frequency limit, the quasien-
ergies of the dressed atom become identical to the energies
of the bound states supported by an effective time-
independent potential, the “dressed potential” �3,16–19�.
This potential �and therefore, in a first approximation, the
quasienergies of the real atom� depends on the intensity and
on the frequency through a single parameter, the excursion
amplitude �0 of an electron freely oscillating in the field.
�Assuming the laser to be linearly polarized and described by
the electric field F�t�=F0 cos��t�, �0=F0 /�2 in atomic
units.� In contrast, the quasienergy of a state whose binding
energy is close to or less than the photon energy may com-
pletely depart from the corresponding energy level of the
dressed potential, which complicates the spectrum at long
wavelengths. In particular, the deeply bound states may shift
considerably relative to the highly excited states and perturb
the latter through multiphoton resonances. However, even in
this case, the energy levels of the dressed potential that have
a binding energy much smaller than the photon energy can
be expected to have a counterpart in the quasienergy spec-
trum of the real atom. If the intensity increases to high values
and the single active electron approximation still holds, one
can also expect that the quasienergy spectrum tends to con-
verge toward the same high-frequency spectrum as atomic
hydrogen, since at high intensities the active electron has a
large probability to be far from the core and thus interacts
with it mainly through the long-range Coulomb potential.
This convergence was demonstrated for argon in Ref. �15�.

The low-intensity quasienergy spectrum tends to vary
more with wavelength than the high-intensity spectrum.
Consequently, a same high-intensity dressed state may have
different zero-field limits at different wavelengths. The inter-
changes between resonant dressed states as the intensity var-
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ies have been analyzed long ago �20,21�: The real parts of
the two quasienergies may describe a direct crossing or an
avoided crossing, depending on the relative magnitude of
their imaginary parts, and the crossing may be direct at some
wavelengths and avoided at others. The corresponding adia-
batic quasienergy curves swap limits when the crossing
changes between direct and avoided. Such changes normally
happen at complex values of the electric field amplitude at
which the two quasienergies are degenerate �22�. However,
for some states a degeneracy may occur at a real electric field
amplitude, at a certain wavelength, which gives rise to a
“laser-induced degeneracy” �23–25�. As is shown by our re-
sults, the way in which the high-intensity quasienergy spec-
trum connects to the weak-field spectrum changes with
wavelength through a series of laser-induced degeneracies.
We find that a number of degeneracies leading to a large
scale rearrangement of the spectrum involve dressed states
that acquire unphysical properties at high intensity and/or at
low intensity.

Previous studies of the multiphoton ionization of argon at
800 nm wavelength have established that ATI spectra in ex-
cellent agreement with experiment can be obtained within
the single-active electron approximation, up to intensities of
about 100 TW cm−2 and possibly beyond �i.e., up to values
of �0 of at least 16 Bohr radii at that wavelength� �11�. In
these calculations, the interaction between the active electron
and the core is represented by a simple potential which is
chosen in such a way that its field-free bound states energies
match those of the real atom. The fact that this model accu-
rately reproduces the experimental positions of the Freeman
resonances indicates that it also yields faithful quasienergy
spectra. We have adopted it in the present work. We also
show quasienergy spectra of lithium, sodium, potassium, and
rubidium obtained by using similar model potentials �26�,
and compare these atoms to atomic hydrogen.

The method followed for calculating the quasienergy
spectrum is outlined in Sec. II. The results are presented in
Sec. III, and conclusions are drawn in Sec. IV. Atomic units
�a.u.� are used throughout the paper, except where otherwise
indicated.

II. METHOD

For argon, we represent the atom by a single-active elec-
tron moving in the field of the potential �11�

W�r� = −
1

r
�1 + 5.25e−0.97r + 11.75e−3.7131r� , �3�

where r is the distance of the electron to the nucleus. Apart
for the deeply bound 1s, 2s, 2p, and 3s states supported by
this potential, which have no counterpart in the spectrum of
the real atom, and the 4s state, for which there is a 2%
difference, the corresponding field-free energy levels coin-
cide within 0.02 eV or less with the centroids of the experi-
mental fine-structure multiplets of the series converging to
the 3p5 2P3/2

o threshold. For lithium, sodium, potassium, and
rubidium, the model potentials are those proposed by
Klapisch �26� and have the form

W�r� = −
1

r
�1 + Ae−�r + Bre−	r� . �4�

The parameters A, B, �, and 	 were obtained by Klapisch by
fitting the energy levels of the model to those of the experi-
mental values. They are given in Table I.

Clearly, W�r�=−1 /r in the calculations for atomic hydro-
gen.

We follow the same approach for obtaining the quasien-
ergy spectra as in Refs. �13,15�. The numerical techniques
used in the calculation are described in Ref. �27�. Briefly, the
time-dependent Schrödinger equation for the model atom in
a monochromatic laser field is reduced to a system of
coupled time-independent equations for the harmonic com-
ponents �FN�, the “Floquet equations.” This system is solved
in position space subject to Siegert boundary conditions. To
this end, the harmonic components are expanded on a basis
of spherical harmonics and of complex radial Sturmian func-
tions. The quasienergies are then found as generalized eigen-
values of a complex matrix representing the Hamiltonian of
the system, which is done by Arnoldi iterations. Spurious
solutions arising from numerical inaccuracies and solutions
representing approximate dressed continuum states rather
than the relevant dressed bound states are eliminated by ig-
noring the quasienergies that are not stable with respect to
changes of the basis set.

We work within the dipole approximation, neglect spin-
orbit coupling, and assume the polarization to be linear and
parallel to the direction of quantization of the angular mo-
menta. The dressed bound states ���t�� are therefore eigen-
vectors of the projection of the orbital angular momentum
operator on the polarization axis; the corresponding eigen-
values are m�, m=0, 
1, 
2, . . .. �The quasienergies do not
depend on the sign of m.� Moreover, the solutions of the
Floquet equations decouple into two parity classes, accord-
ing to whether, under a reflection about the origin, �FN�→
�−1�N �FN� or �FN�→−�−1�N �FN� for all values of N. We
distinguish the corresponding quasienergies by the quantum
number � such that �=1 when �FN�→ �−1�N �FN� and �=
−1 when �FN�→−�−1�N �FN�. Since Eq. �1� determines �
only within an integer multiple of the photon energy, a same
dressed state ���t�� is associated with infinitely many
quasienergies �+n��, n=0, 
1, 
2, . . .. The corresponding
solutions of the Floquet equations belong to the same parity
class when n is even and to opposite parity classes when n is
odd. The complete bound state quasienergy spectrum is
therefore composed of a double infinity of interlacing Bril-
louin zones, each zone spanning a range of values of Re � of

TABLE I. Parameters of the Klapisch potentials for the alkali-
metal atoms considered in this work, in a.u. �26�.

A B � 	

Li 2 10.31 7.9 3.898

Na 10 23.513 7.902 2.688

K 18 10.596 3.474 1.725

Rb 36 6.429 3.333 1.369
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extension �� and repeating itself with period 2��. The spec-
tra shown in Sec. III are representative regions of one Bril-
louin zone for either m=0 or m= 
2.

All calculations are done in the velocity gauge, with the
term quadratic in the vector potential removed from the
Hamiltonian by a gauge transformation. Hence the real part
of the quasienergies of the dressed highly excited states re-
mains almost constant when the intensity increases, while the
real part of the quasienergies of the states whose zero-field
binding energy much exceeds the photon energy shifts down-
ward by approximately −Up, where Up is the ponderomotive
energy.

III. RESULTS AND DISCUSSION

A. High frequency regime

We start by examining how the quasienergy spectrum of
the �m � =2 dressed states of lithium, sodium, potassium, and
rubidium changes between 250 nm and 800 nm wavelength.
A large region of a �=1 Brillouin zone is shown for each
atom in Fig. 1. For each quasienergy belonging to this re-
gion, Re � is plotted as a function of the excursion amplitude
�0. �Recall that �0 is proportional to the square root of the
intensity and inversely proportional to the square of the fre-
quency; as noted in the Introduction, �0 is the natural inten-
sity parameter in the high frequency regime.� Each calcu-
lated point is shown as a dot; the mesh in �0 is fine enough
that in most cases the data points form continuous curves.
The dashed lines indicate the lower limit of the Brillouin
zone, where Re �=−��, at 800 nm. An infinity of dressed
Rydberg states, not represented in the diagrams, accumulate
immediately below these dashed lines. From bottom to top,
the dressed states visible in the lithium spectrum converge
for �0→0 to the 3d, 4d, 5d, and 5g, 6d and 6g, and 7d, 7g,
and 7i m= 
2 states of the field-free atom. The dressed g
and i states shift very little at the intensities considered and
come out as straight horizontal lines in the diagrams.

At 250 nm, the photon energy much exceeds the binding
energy of all the field free m=2 states for all four species.
This wavelength is thus representative of the high frequency
regime. There is no significant difference between lithium
and sodium �and between these two atoms and hydrogen�,

nor for �0�3 a.u. between these species and potassium and
rubidium. The dressed d states of the latter two move to
lower values of Re � in the zero-field limit, owing to their
larger quantum defect. When plotted versus �0, as done in
Fig. 1, the 800 nm spectrum remains close to the 250 nm
spectrum, for all intensities in the cases of lithium and so-
dium and for �04 a.u. in the cases of potassium and ru-
bidium. The agreement is that expected in the high frequency
regime. In contrast to the lighter alkali metals, however, at
low values of �0 the quasienergies of the dressed d states of
potassium and rubidium do not follow the same trajectories
at 800 nm than at 250 nm.

For instance, consider the dressed 5d state of potassium,
for which Re �=−0.022 a.u. in the absence of field ��0=0�.
At 250 nm, this state follows essentially the same trajectory

��
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FIG. 2. �Color online� Trajectories described by the quasiener-
gies of two dressed states of potassium at a laser wavelength of
800 nm �solid curves�, 790 nm �dashed curves�, or 780 nm �dotted
curves�. Open circles: �0=4.8 a.u.; closed circles: �0=5 a.u. The
quasienergy curves converge toward the following limits outside of
the range covered by the diagram. �a� Low-�0 trajectory of the
dressed 3d state at high frequency. �b� Low-�0 trajectory of the
dressed 4d state at high frequency. �c� High-�0 trajectory of the
dressed 3d state at high frequency. �d� High-�0 trajectory of the
unphysical state.
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FIG. 1. �Color online� ��
=1, �m � =2� quasienergy spectrum
of lithium, sodium, potassium, and
rubidium, at the wavelengths of
250 nm �orange dots� and 800 nm
�black dots�. A dashed line is
drawn at Re �=−�� at 800 nm; no
results are given for Re ��−��.
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as the 5d states of lithium and sodium apart from a minor
difference in position for �0�3 a.u. It starts at −0.022 a.u.
rather than −0.020 a.u. and hardly shifts at first, before mov-
ing rapidly upward at �0�2 a.u. By contrast, at 800 nm, this
state shifts little at first, up to �0�4 a.u., at which point it
moves rapidly downward until following a trajectory similar
to that the dressed 4d state has at 250 nm. Similarly, at
800 nm and for high �0 the dressed 4d state follows a tra-
jectory similar to that the 3d state has at shorter wavelengths.
The dressed 3d state, which starts at −0.061 a.u. in zero field,
cannot be followed much beyond �0=5 a.u. at 800 nm as its
ionization width becomes rapidly too large for this state to be
amenable to a calculation on the basis sets used in this work.
The restructuration of the spectrum between 250 nm and
800 nm is the same for rubidium as for potassium. It affects
the whole of the d series.

The interaction between the dressed 3d and 4d states of
potassium is analyzed in Fig. 2. This diagram shows how the
quasienergies move in the complex plane for three different
wavelengths close to 800 nm and for values of �0 close to
5 a.u. As �0 approaches 5 a.u. from below, the dressed 3d
state moves toward increasing values of Re �, and the
dressed 4d state moves in the opposite direction. They both
enter in the region spanned by the diagram a little below
�0=4.8 a.u., respectively from the left and from the right. At
800 nm, the dressed 4d state then describes an upward tra-
jectory, with a rapid decrease of �Im ��, as this state starts
following the high-frequency 3d dressed state. At the same
wavelength, the 3d state moves along a downward trajectory
for �0�5 a.u., and its imaginary part becomes more and
more negative. The ionization width of this state keeps in-
creasing at higher values of �0, until it becomes so large that
we cannot follow its quasienergy further due to numerical
instabilities. We note that an imaginary part of −0.03 a.u.
corresponds to an ionization lifetime of only 167 a.u., which
is not much longer than to the duration of an optical cycle at
800 nm �110 a.u.�. This state thus loses all physical signifi-
cance for �05 a.u. At 790 nm and shorter wavelengths, it
is the low-intensity 4d state, not the low-intensity 3d, which
connects to the high-intensity unphysical state. The change
in the low-intensity limit of the 3d high-intensity quasien-
ergy curve thus takes places through a laser-induced degen-
eracy occurring at a wavelength a little below 800 nm.

We have found curve interchanges similar to those affect-
ing the m=2 spectra of potassium and rubidium in the

quasienergy spectrum of argon, both for m=2 and m=3.
How they develop for that atom as the wavelength increases
is shown in Fig. 3. At 450 nm, the 3d and 4d states have
similar trajectories as at 400 nm and both states can be fol-
lowed continuously from �0=0 to �0=8 a.u. �and beyond�.
However, between 400 and 450 nm interchanges occur in the
6d and 5d curves. At 450 nm, the latter cannot be followed
much beyond �0=4 a.u. Between 450 and 500 nm, the
dressed 5d state reconnects to the high-�0 part of the 4d
trajectory, the 4d state becoming unphysical for �04 a.u.
The low-�0 4d curve starts shifting downwards at longer
wavelengths, until it reconnects to the high-�0 part of the 3d
trajectory a little below 600 nm. At this point, this is now the
low-�0 part of the 3d trajectory which connects to the un-
physical state. The restructurization of the spectrum thus de-
velops over a range of wavelengths. It proceeds through a
succession of laser-induced degeneracies at which a state
which has no well defined high-intensity limit swaps the
low-intensity dressed state it connects to.

The range of wavelengths and excursion amplitudes at
which this restructurization occurs depends on the details of
the short range part of the model potential. We have not
observed it in lithium and sodium, and it does not seem to be
present in atomic hydrogen.
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FIG. 3. �Color online� ��
=1, �m � =2� quasienergy spectrum
of argon from 400 nm to 600 nm
wavelength. For clarity, only the
dressed 3d, 4d, 5d, 6d, and 7d m
= 
2 states have been
represented.
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FIG. 4. �Color online� ��=−1,m=0� quasienergy spectrum of
argon at the wavelengths of 300 nm �black dots� and 350 nm �or-
ange dots�. The dressed ground state and the dressed 3s state are
represented at 300 nm.
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B. Interaction with low-lying states

We now turn to the interaction between low-lying states
and dressed excited states. As noted above, quasienergies
come in infinite combs of eigenvalues with identical imagi-
nary parts and real parts differing by an integral multiple of

the photon energy. Hence, if ��0� denotes the zero-field
quasienergy of a dressed bound state, ��0�=−Ip+n�0���,
where Ip is the binding energy of the state in the field-free
spectrum and n�0� is an integer. When the photon energy is
smaller than the binding energy of the lowest bound state,
Brillouin zones necessarily include quasienergies with differ-
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FIG. 5. ��=−1,m=0� quasienergy spectrum of argon between 400 and 800 nm. The dressed ground state and the dressed 1s, 2s, 2p, and
3s states supported by the model potential are not represented. A dashed line is drawn at Re �=−�� at 800 nm; no results are given for
Re ��−��.
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ent values of n�0�. The relative zero-field positions of two
quasienergies of different n�0� values vary with �, which
makes the low-intensity part of the quasienergy spectrum
wavelength dependent.

As a first example, part of the ��=−1,m=0� spectrum of
argon is shown in Fig. 4 for two short wavelengths, 300 and
350 nm. All the dressed states contributing to this Brillouin
zone are indicated, except the dressed 1s, 2s, and 2p states
supported by the model potential. �These states have no
counterpart in the spectrum of the real atom and their bind-
ing energy is too low for them to interact with the dressed
excited states of interest.� From bottom to top, the quasien-
ergy curves starting at �0=0 in the 300 nm spectrum belong
to the dressed 5p, 4f , 6p, 5f , and 7p m=0 states, all with
n�0�=0. The same five states are also present and start from
the same zero-field positions at 350 nm; the additional curve
starting at Re �=−0.025 a.u. pertains to the dressed 4s state
�with n�0�=1�. In the 300 nm spectrum, the data points

aligned along oblique lines belong either to the dressed
ground state or to the spurious dressed 3s state supported by
the potential. Both have a binding energy much larger than
the photon energy at that wavelength; as a result, they shift
�almost� like −Up. For clarity, these two states are not shown
in the 350 nm spectrum.

The dressed excited states shift little on the whole, except
at the intensities where they undergo avoided crossings with
the ground state or, in some cases, with the dressed 3s state.
These crossings occur at different intensities and at different
wavelengths. A more significant difference between the two
wavelengths is that at 350 nm, the dressed 7p state is dis-
rupted at �0�2 a.u. by an avoided crossing with the dressed
4s state: While at 300 nm the high-�0 part of the 7p quasien-
ergy curve connects to the field-free 7p state in the zero-field
limit, if one ignores a few minor avoided crossings with the
dressed ground state, at 350 nm it connects to the field-free
4s state.

How the low-intensity part of the ��=−1,m=0� spectrum
of argon evolves as the wavelength increases from 400 to
800 nm is shown in Fig. 5. The spectrum passes through a
number of changes between these two wavelengths, the de-
tails of which can be found by comparing the diagrams. Of
particular interest are the rearrangement of the spectrum ac-
companying the intrusion of the dressed 4s state and the
large scale changes involving laser-induced degeneracies
with states with unphysical features in the low- and/or the
high-intensity limit.

At wavelengths above 350 nm, the zero-field position of
the dressed 4s state �n�0�=1� shifts to increasingly negative
values of Re �: The corresponding quasienergy curve starts at
−0.041 a.u. at 400 nm, at −0.054 a.u. at 450 nm, and at
−0.064 a.u. at 500 nm. This motion is accompanied by a
succession of changes in the high-�0 limit of this curve.
While at 350 nm it connects to the high-�0 7p curve, at
400 nm it connects to the high-�0 6p curve, and at 450 and
500 nm to the high-�0 5p curve. Simultaneously, the low-�0
5p and 6p curves acquire different high-intensity limits: At
400 nm, the field-free 6p state connects to a quasienergy
curve much higher in the spectrum; at 450 nm, the field-free
5p state connects to the high-�0 7p curve; while at 500 nm it
connects to a state without physical high-intensity limit. At
that wavelength, the low-�0 5p curve and the high-�0 7p
curve cannot be followed, respectively, much beyond and
much below �0�3 a.u.
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FIG. 6. �Color online� Trajectories described by the quasiener-
gies of two dressed states of argon at a laser wavelength of 480 nm
�solid curves� or 490 nm �dashed curves�, for �0�3 a.u. The
quasienergy curves converge toward the following limits outside of
the range covered by the diagram. �a� Low-�0 trajectory of the
dressed 5pm=0 state. �b� High-�0 trajectory of the dressed 7pm=0

state. �c� Low-�0 trajectory of the light-induced state. �d� High-�0

trajectory of the light-induced state.
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FIG. 7. �Color online� ��=
−1,m=0� quasienergy spectrum of
argon �black dots� and of atomic
hydrogen �green dots� at wave-
lengths between 350 and 800 nm.
�a� �0=16 a.u. �b� �0=20 a.u.
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As is shown in Fig. 6, the 5p quasienergy curve changes
its high intensity limit between 480 and 490 nm through a
laser-induced degeneracy with a state with unphysical char-
acteristics. At 480 nm, the 5p state follows the trajectory
represented by a red solid line in that diagram, which brings
it close to the state following the solid black curve. The latter
is not indicated in Fig. 5. It cannot be followed much below
�0=3 a.u., because of its excessively large ionization width,
and it rapidly disappears from the Brillouin zone for �0
3 a.u. However, it has no unphysical features at �0
�3 a.u., where it interacts with the 5p and 7p quasienergy
curves. It is best seen as an instance of a light-induced state

without counterpart in the field-free spectrum �19,28�. At
490 nm, the low-�0 5p state follows the red dashed curve as
�0 increases and the high-�0 7p state follows the black
dashed curve as �0 decreases; both therefore evolve into un-
physical states.

Large scale changes similar to those discussed in Sec.
III A can also be found in Fig. 5, notably between 500 and
550 nm, around �0=7 a.u., where the low-�0 6p curve re-
connects to the high-�0 5p curve. Also noteworthy is the
arrival of a state with an unphysical high-intensity limit at
600 nm, at Re ��−0.015 a.u. and �0�11 a.u. The down-
ward progression of this state at longer wavelengths is ac-
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FIG. 8. �Color online� ��=−1,m=0� quasienergy spectrum of lithium, sodium, potassium, and rubidium �black dots� and of atomic
hydrogen �green dots� at a wavelength of 400 nm �top row�, 600 nm �middle row�, and 800 nm �bottom row�. Dashed lines are drawn at
Re �=−�� in the 800 nm spectra; no results are given for Re ��−��. Dressed low lying states have been removed by representing only the
quasienergies of states for which the partial waves with N�−10 all contribute for less than 10% to the norm of the wave function, the norm
being calculated as the cycle-average overlap of the wave function with the complex conjugate of its dual �13�.
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companied by a reorganization of the spectrum around �0
=12 a.u., between 600 and 650 nm, and then the appearance
of a quasienergy curve shifting rapidly downward between
�0=12 and 14 a.u. from 700 nm onward.

The absence above 550 nm of avoided crossings between
the dressed low excited states and the dressed ground state is
also worth noting. For a fixed �0, the ionization width of the
dressed ground state decreases when the wavelength in-
creases, since its coupling to the continuum requires the ab-
sorption of more and more photons. Unless the intensity is
too high, its width becomes sufficiently small compared to
the width of the dressed low excited states that their cross-
ings are all direct rather than avoided.

That the high-�0 part of the spectrum varies compara-
tively little with wavelength is visible from Figs. 4 and 5. In
fact, for high values of �0 the dressed excited states tend to
follow the same trajectories in the quasienergy spectrum of
argon as in that of atomic hydrogen, at all wavelengths in the
visible �Fig. 7�.

�In Fig. 7�a�, the data points tracing an arc of parabola
belong to a deeply bound state dressed by the field.� The
agreement between these two species generally improves as
�0 increases, as can be seen by comparing Fig. 7�b� to Fig.
7�a�. As noted above, the short range part of the potential
becomes of lesser importance when the intensity increases,
since the active electron has a higher and higher probability
to be far from the nucleus and its dynamics is more and more
dominated by its interaction with the field.

To compare with argon, we show, in Fig. 8, how the ��
=−1,m=0� spectrum of lithium, sodium, potassium, and ru-
bidium evolve between 400 and 800 nm. Also given in this
figure are the corresponding results for atomic hydrogen. Ex-
cept at the lowest values of �0, at 400 nm the four alkali
metals are similar to each other and to hydrogen. Between
400 and 800 nm, the spectra of potassium and of rubidium
changes in the same way as the spectrum of argon discussed
above, while lithium and sodium remain closer to atomic
hydrogen. However, in all four cases the high-�0 quasienergy
curves tend to follow the same trajectories as the dressed
states of atomic hydrogen. As the wavelength increases, the
spectrum at medium values of �0 evolves from one domi-
nated by dressed excited states shifting little to one domi-
nated both by states shifting rapidly downward and by states
shifting rapidly upward. The former are expected at long
wavelengths, since states for which Ip��� have a Stark

shift roughly equal to −Up. The occurrence of the latter is
more surprising, although it is known that states for which
Ip��� tend to have a large positive Stark shift �19� and that
the bound states of the dressed Coulomb potential also move
rapidly upward for �small� increasing values of �0 �29�.

Finally, we note that the spectrum of hydrogen undergoes
a similar reorganization between 600 and 800 nm as that
discussed above in relation to Fig. 6. Laser-induced degen-
eracies with light-induced states are therefore possible even
when the potential is purely Coulombic.

IV. CONCLUSIONS

In conclusion, we have shown how representative regions
of the quasienergy spectrum of argon and of four alkali met-
als evolve when the wavelength of the laser field varies from
the uv to the near infrared. While their fine details are
species-specific, the main features of the spectra of potas-
sium, rubidium, and argon are similar. For all atoms, the
quasienergy curves tend to follow the same trajectories at
high intensities. How the high-intensity spectrum connects to
the field-free spectrum depends on the wavelength. The rela-
tion between the two parts of the spectrum is affected by the
intrusion of resonant low lying states among the dressed ex-
cited states. Large-scale changes in the topology of the spec-
trum also arise from laser-induced degeneracies with states
without physical high-intensity or low-intensity limits.

These general features are likely to be generic and to ap-
ply to any atomic species whose dynamics in a strong laser
field can be represented by that of a single-active electron.
We thus expect that the quasienergy maps presented here can
be used as a rough guide to the positions of Freeman reso-
nances arising from nonponderomotively shifted low lying
states. The occurrence of light-induced degeneracies would
manifest by a rapid change with wavelength in the positions
of the corresponding resonance structures in the ATI spec-
trum, provided the states involved have a sufficiently long
ionization lifetime for these structures to be observable.
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