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Hyperfine energy levels of alkali-metal dimers:
Ground-state homonuclear molecules in magnetic fields

J. Aldegunde* and Jeremy M. Hutson†

Department of Chemistry, Durham University, South Road, Durham DH1 3LE, United Kingdom
�Received 23 October 2008; published 6 January 2009�

We investigate the hyperfine energy levels and Zeeman splittings for homonuclear alkali-metal dimers in
low-lying rotational and vibrational states, which are important for experiments designed to produce quantum
gases of deeply bound molecules. We carry out density-functional theory calculations of the nuclear hyperfine
coupling constants. For nonrotating states, the zero-field splittings are determined almost entirely by the scalar
nuclear spin-spin coupling constant. By contrast with the heteronuclear case, the total nuclear spin remains a
good quantum number in a magnetic field. We also investigate levels with rotational quantum number N=1,
which have long-range anisotropic quadrupole-quadrupole interactions and may be collisionally stable. For
these states the splitting is dominated by nuclear quadrupole coupling for most of the alkali-metal dimers and
the Zeeman splittings are considerably more complicated.

DOI: 10.1103/PhysRevA.79.013401 PACS number�s�: 31.15.aj, 37.10.Pq, 33.15.Pw

I. INTRODUCTION

There have been enormous advances over the last year in
experimental methods to produce ultracold molecules in their
rovibrational ground state at microkelvin temperatures. Os-
pelkaus et al. �1� produced KRb molecules in high-lying
states by magnetoassociation �Feshbach resonance tuning�
and then transferred them by stimulated Raman adiabatic
passage to levels of the 1�+ ground state bound by more than
10 GHz. This was then extended by Ni et al. �2� to produce
molecules in �v ,N�= �0,0�, where v and N are the quantum
numbers for molecular vibration and mechanical rotation.
Danzl et al. �3,4� have carried out analogous experiments on
Cs dimers, while Lang et al. �5,6� have produced Rb2 mol-
ecules in the lowest rovibrational level of the lowest triplet
state. There have also been considerable successes in direct
photoassociation to produce low-lying states �7–10�.

A major goal of the experimental work is to produce a
stable molecular quantum gas. However, such a gas can form
only if �i� a large number of molecules are in the same hy-
perfine state and �ii� the molecules are stable to collisions
that occur in the gas. In particular, inelastic collisions that
transfer internal energy into relative translational energy
cause heating and/or trap loss. It is thus very important to
understand the hyperfine structure of the low-lying levels
and its dependence on applied electric and magnetic fields.
In a previous paper, we explored the hyperfine levels of het-
eronuclear alkali-metal dimers in rotationless levels �11�.
The purpose of the present paper is to extend this work to
homonuclear molecules, which have important special fea-
tures. We also explore N=1 levels, which may be collision-
ally stable for homonuclear molecules and which interact
with longer-range forces than N=0 levels.

II. MOLECULAR HAMILTONIAN

The Hamiltonian of a diatomic molecule in the presence
of an external magnetic field can be decomposed into five

different contributions: the electronic, vibrational, rotational,
hyperfine, and Zeeman terms. For 1� molecules in a fixed
vibrational level, the first two terms take a constant value and
the rotational, hyperfine, and Zeeman parts of the Hamil-
tonian may be written �12–14�

H = Hrot + Hhf + HZ, �1�

where

Hrot = BvN2 − DvN2 · N2, �2�

Hhf = HQ + HIN + Ht + Hsc

= �
i=1

2

Vi:Qi + �
i=1

2

ciN · Ii + c3I1 · T · I2

+ c4I1 · I2, �3�

HZ = − gr�NN · B − �
i=1

2

gi�NIi · B�1 − �i� , �4�

where the index i refers to each of the nuclei in the molecule.
N, I1, and I2 represent the operators for mechanical rotation
and for the spins of nuclei 1 and 2. The rotational and cen-
trifugal constants of the molecule are given by Bv and Dv
�but centrifugal distortion is neglected in the present work�.
We use N rather than J for mechanical rotation because we
wish to reserve J for the angular momentum including elec-
tron spin for future work on triplet states.

The hyperfine Hamiltonian of Eq. �3� consists of four dif-
ferent contributions. The first is the electric quadrupole inter-
action HQ, with coupling constants �eqQ�1 and �eqQ�2. It
represents the interaction of the nuclear quadrupoles �eQi�
with the electric field gradients qi created by the electrons at
the nuclear positions. The second is the spin-rotation term
HIN, which describes the interaction of the nuclear magnetic
moments with the magnetic moment created by the rotation
of the molecule. Its coupling constants are c1 and c2. For a
homonuclear molecule with identical nuclei, �eqQ�1
= �eqQ�2 and c1=c2. The last two terms represent the inter-
action between the two nuclear spins; there is both a tensor
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component Ht, with coupling constant c3, and a scalar com-
ponent Hsc, with coupling constant c4. The second-rank ten-
sor T represents the angular part of a dipole-dipole interac-
tion.

The Zeeman Hamiltonian HZ has both rotational and
nuclear Zeeman contributions characterized by g factors gr,
g1, and g2. For homonuclear molecules g1=g2. The nuclear
shielding tensor �i is approximated here by its isotropic part
�i; terms involving the anisotropy of �i are extremely small
for the states considered here.

The nuclear g factors and the quadrupole moments of the
nuclei are experimentally known �15�. For homonuclear mol-
ecules we neglect the effect of electric fields, though in prin-
ciple there are small effects due to anisotropic polarizabilities
and the molecular quadrupole moments can interact with the
gradients of inhomogeneous fields.

III. EVALUATION OF THE COUPLING CONSTANTS

The rotational g factors are known experimentally for all
the homonuclear alkali-metal dimers �16�. However, the only
such species for which the nuclear hyperfine coupling con-
stants have been determined accurately is Na2 �17�. We have
therefore evaluated the remaining coupling constants using
density-functional theory �DFT� calculations performed with
the Amsterdam density functional �ADF� package �18,19�
with all-electron basis sets and including relativistic correc-
tions. A full description of the basis sets, functionals, etc.
used in the calculations has been given in our previous paper
on heteronuclear systems �11�. In the present work, the cal-
culations were carried out at the equilibrium geometries
�Re=2.67 Å for Li2 �20�, 3.08 Å for Na2 �21�, 3.92 Å for K2
�22�, 4.21 Å for Rb2 �23�, and 4.65 Å for Cs2 �24��. This
gives results that are approximately valid not only for v=0
states but also for other low-lying vibrational states.

The values for the coupling constants are given in Table I.
It may be seen that the DFT results for Na2 are within about
30% of the experimental values, and similar accuracy was

obtained for other test cases in our previous work �11�. The
accuracy is likely to be comparable for the other cases stud-
ied here. This level of accuracy is adequate for the purpose
of the present paper, which aims to explore the qualitative
nature of the Zeeman patterns. Most of our conclusions are
insensitive to the exact magnitudes of the coupling constants.

IV. HYPERFINE ENERGY LEVELS

Our previous work �11� showed that the zero-field split-
ting for heteronuclear diatomic molecules in N=0 states is
determined almost entirely by the scalar nuclear spin-spin
interaction. This remains true for homonuclear molecules in
N=0 states. We show below that for N�0 the electric quad-
rupole interaction is dominant for all the homonuclear
dimers except Cs2 and 6Li2, with smaller but significant con-
tributions from the remaining coupling constants.

For all systems except Li2, the scalar spin-spin coupling is
considerably stronger than the spin-rotation and tensor spin-
spin couplings. Knowledge of the nuclear quadrupole cou-
pling constant eQq and the scalar spin-spin coupling con-
stant c4 is therefore sufficient to understand the hyperfine
splitting patterns. We will focus here on 85Rb2 and 87Rb2,
which form a convenient pair that approximately cover the
range of values of the ratio �c4 / �eqQ��. Lang et al. �6� have
produced 87Rb2 in the lowest rovibrational level of the low-
est triplet state, but as far as we are aware not yet in the
singlet state.

The hyperfine energy levels are obtained by diagonalizing
the matrix representation of the Hamiltonian �1� in a basis set
of angular momentum functions. In order to facilitate the
assignment of quantum numbers to the energy levels, two
different basis sets are employed,

��I1I1�IMINMN� �spin-coupled basis� , �5�

��I1I1�INFMF� �fully coupled basis� , �6�

where I and F are the total nuclear spin and total angular
momentum quantum numbers and MI and MF are their pro-

TABLE I. Nuclear quadrupole moment �Q�, electric quadrupole coupling constant �eqQ�, nuclear g factor �g�, spin-rotation coupling
constant �c1�, tensor spin-spin coupling constant �c3�, scalar spin-spin coupling constant �c4�, absolute value of the c4 / �eqQ� ratio, isotropic
part of the nuclear shielding ��� and rotational g factor �gr� for the homonuclear alkali dimers. All the quantities except the nuclear
quadrupole moments, the nuclear g factors and the rotational g factors were evaluated using DFT calculations �see Sec. III�. Both experi-
mental �17� and theoretical results are presented for Na2.

Q
�fm2�

eqQ
�MHz� g

c1

�Hz�
c3

�Hz�
c4

�Hz� �c4 / �eqQ��
�

�ppm� gr

6Li2 −0.082 0.00123 0.822 161 137 32 0.026 102 0.1259
7Li2 −4.06 0.0608 2.171 365 955 226 0.0037 102 0.1080
23Na2 �expt.� 10.45 −0.459 1.479 243 303 1067 0.0023 0.0386
23Na2 �DFT� −0.456 299 298 1358 0.0030 613
39K2 5.85 −0.290 0.261 35 5 106 0.00036 1313 0.0212
40K2 −7.3 0.362 −0.324 −42 8 163 0.00045 1313 0.0207
41K2 7.11 −0.353 0.143 18 2 32 0.000091 1313 0.0202
85Rb2 27.7 −2.457 0.541 63 30 2177 0.00089 3489 0.0095
87Rb2 13.4 −1.188 1.834 209 346 25021 0.021 3489 0.0093
133Cs2 −0.355 0.0486 0.738 96 119 12993 0.27 6461 0.0054
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jections onto the Z axis defined by the external field. The
matrix elements of the different terms in the Hamiltonian in
each of the basis sets are calculated through standard angular
momentum techniques �25�. Explicit expressions are given in
the Appendix.

For homonuclear molecules, nuclear exchange symmetry
dictates that not all possible values of the total nuclear spin I
can exist for each rotational level. For molecules in �g

+ or �u
−

states, only even I values can exist for even N and only odd
I for odd N. This is true for either fermionic or bosonic
nuclei but is reversed for �u

+ or �g
− states. Table II summa-

rizes the I−N pairs compatible with the antisymmetry of the
wave function under nuclear exchange for the Rb2 isoto-
pomers.

A. Zeeman splitting for N=0 homonuclear alkali dimers

The Zeeman splittings for the N=0 hyperfine levels of
85Rb2 and 87Rb2 are shown in Fig. 1. The zero-field splittings
are in most respects similar to those found for heteronuclear
molecules in the ground rotational state �11�. The similarities
can be summarized as follows.

�1� The scalar nuclear spin-spin interaction and the
nuclear Zeeman effect are the only two terms in the molecu-
lar Hamiltonian with nonzero diagonal elements for N=0.

�2� The electric quadrupole and the tensor nuclear spin-
spin interactions are not diagonal in N, coupling the N, N
+2, and N−2 rotational levels. This means that the energy
levels should be converged by including in the calculations
as many rotational levels as necessary. However, the cou-
pling constants eQq and c3 are very much smaller than the
rotational spacings, so that in practice it is adequate to in-
clude one excited rotational level. Convergence for N=0 is
reached with Nmax=2 and convergence for N=1 is reached
with Nmax=3.

�3� The scalar spin-spin interaction is diagonal in both the
spin-coupled and fully coupled basis sets, which for N=0 are
identical,

��N = 0�IMI�c4I1 · I2��N = 0�IMI�

=
1

2
c4�I�I + 1� − 2IRb�IRb + 1�� . �7�

Except for a very small contribution coming from the cou-
pling with N=2 levels, these diagonal elements determine
the zero-field splitting.

Despite the similarity of the zero-field levels, there are
important differences between the Zeeman splittings for het-

eronuclear and homonuclear molecules. For heteronuclear
dimers �11�, levels with the same MI but different I exhibit
avoided crossings as a function of magnetic field. Because of
this, I is no longer a good quantum number at high field but
the individual nuclear spin projections MI1 and MI2 become
nearly conserved. For homonuclear dimers, however, differ-
ent energy levels that correspond to the same value of MI are
parallel, so that no avoided crossings appear as a function of
the field. Both I and MI remain good quantum numbers re-
gardless of the value of the magnetic field but MI1 and MI2
are not individually conserved. This is illustrated in Fig. 1. It
arises because the nuclear Zeeman term, which is the only
nondiagonal term for N=0 in the heteronuclear case, is diag-
onal for homonuclear molecules. Its nonzero elements are
given by Eq. �A11� of the Appendix,

��N = 0�IMI�HIZ��N = 0�IMI� = − gRb�NBZ�1 − �Rb�MI.

�8�

The nuclear Zeeman term is diagonal because the g factors
of the two nuclei are equal and not because of nuclear ex-
change symmetry. The N=0 block of the molecular Hamil-
tonian for a heteronuclear dimer with two identical nuclear g
factors would also be diagonal.

TABLE II. Values of I permitted by the nuclear exchange sym-
metry for even and odd rotational levels of 85Rb2 and 87Rb2 in 1�g

+

states.

N I

85Rb2�IRb=5 /2� Even 0, 2, 4

Odd 1, 3, 5
87Rb2�IRb=3 /2� Even 0, 2

Odd 1, 3

I

4

2

0

I MI

4 -4

4 -3

4 -2

4 -1
2 -2

4 0
2 -1

4 1
2 0
0 0
4 2
2 1

4 3
2 2

4 4

Magnetic Field (G)

E
ne

rg
y

(k
H

z)

85Rb2

7 c4

3 c4

I
2

0

I MI

2 -2

2 -1

2 0

2 1
0 0

2 2

Magnetic Field (G)

E
ne

rg
y

(k
H

z)

87Rb2

3 c4

FIG. 1. Zeeman splitting of hyperfine levels for N=0 states of
85Rb2 �upper panel� and 87Rb2 �lower panel�.
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The conservation of the total nuclear spin I and noncon-
servation of MI1 and MI2 at high fields may have important
consequences for the selection rules in spectroscopic transi-
tions used to produce ultracold molecules and for the colli-
sional stability of molecules in excited hyperfine states.

B. Zeeman splitting for N=1 homonuclear
alkali dimers

Ultracold homonuclear molecules in N=1 states are par-
ticularly interesting because they are likely to be stable with
respect to inelastic collisions to produce N=0, at least for
collisions with nonmagnetic species such as other molecules
in 1� states. Such collisions cannot change the nuclear spin
symmetry and thus cannot change N from odd to even. In-
elastic collisions may well be stronger for collisions of mol-
ecules in triplet states because of magnetic interactions be-
tween electron and nuclear spins. Transitions between odd
and even rotational levels are permitted in atom-exchange
collisions, such as occur in collisions with alkali-metal atoms
�26–31�.

Homonuclear molecules do not possess electric dipole
moments but do have quadrupole moments. The quadrupole-
quadrupole interaction is anisotropic and is proportional to
R−5, so is longer range than the R−6 dispersion interaction
that acts between neutral atoms and molecules. The
quadrupole-quadrupole interaction averages to zero for rota-
tionless states �N=0�, but not for N�0. Quantum gases of
rotating homonuclear molecules may thus exhibit anisotropic
effects.

For N�0, all the terms in the Hamiltonian �1� have ma-
trix elements diagonal in N. Some of these are nondiagonal
in hyperfine quantum numbers, so the energy level patterns
are much more intricate. The zero-field splitting is dominated
in most cases by the electric quadrupole interaction and the
scalar nuclear spin-spin term. The remaining constants �c1
and c3� make much smaller contributions except for the two
Li2 isotopomers. For 6Li2, all the terms in the hyperfine
Hamiltonian contribute significantly. For 7Li2, the splitting is
dominated by the electric quadrupole interaction but contri-
butions from all the remaining terms are significant.

Figure 2 shows the “building-up” of the zero-field N=1
hyperfine energy levels for 85Rb2 and 87Rb2 in three steps:
first, only the rotational and the electric quadrupole terms are
considered; second, the scalar spin-spin interaction is in-
cluded; and third, the spin-rotation and the tensor spin-spin
interaction terms are added to complete the hyperfine Hamil-
tonian. For 85Rb2, the electric quadrupole term alone deter-
mines the energy level pattern, while for 87Rb2 there is a
significant additional contribution from the scalar spin-spin
interaction, attributable to the relatively large value of c4 for
this molecule �see Table I�.

The quantum numbers that label the zero-field energy lev-
els are included in Fig. 2. The total angular momentum quan-
tum number F is always a good quantum number at zero
field. In some cases, when there is only one pair of values I
and N that can couple to give the resultant F, I is also a good
quantum number. Otherwise, I is mixed and the values given
in Fig. 2 are ordered according to their contribution to the

eigenstate: the first quantum number listed identifies the larg-
est contribution.

The Zeeman splittings for N=1 states of 85Rb2 and 87Rb2
for different ranges of magnetic fields are shown in Figs. 3
and 4. Each zero-field level splits into 2F+1 states with dif-
ferent projection quantum numbers MF. Although in prin-
ciple both the nuclear �HIZ� and the rotational �HNZ� Zeeman
terms contribute to the splitting, gRb�gr so that the rota-
tional Zeeman term contributes only about 1% for 85Rb2 and
less than 0.5% for 87Rb2.

In contrast with the N=0 case, the Hamiltonian for N=1
is not diagonal and energy levels corresponding to the same
MF value display avoided crossings. The magnetic field val-
ues at which the avoided crossings are found, between 0 and
2000 G for 85Rb2 �lower panel of Fig. 4� and between 0 and
200 G for 87Rb2 �lower panel of Fig. 3�, scale with the ratio
between the electric quadrupole constant and the nuclear g
factor.

For larger magnetic fields, MI and MN become individu-
ally good quantum numbers and the energy levels corre-
sponding to the same value of MI gather together. Both fea-

E
ne

rg
y

(k
H

z)

85Rb2 Hrot+HQ Hrot+HQ+Hsc Hrot+Hhf F
4
2
1
6

3

4

2
5

0

I
5,3
3,1
1
5

3

3,5

1,3
5

1

E
ne

rg
y

(k
H

z)

87Rb2 Hrot+HQ Hrot+HQ+Hsc Hrot+Hhf F
2

4
1

2
3

0

I
3,1

3
1

1,3
3

1

FIG. 2. Zero-field hyperfine splitting for N=1 states of 85Rb2
�upper panel� and 87Rb2 �lower panel�. For each species, the hyper-
fine energy levels obtained when only the rotational and electric
quadrupole terms are included are shown in the left column. The
effect of adding the scalar spin-spin interaction is displayed in the
central column and, finally, the right column shows the splitting
when the whole hyperfine Hamiltonian is considered. All the ener-
gies are referred to the lowest hyperfine level for the complete
Hamiltonian.
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tures are illustrated in Fig. 4 where, for the sake of clarity,
the values of MN are included only in the lower panel. Equa-
tion �A11� shows that the matrix representation of the
nuclear Zeeman term in the spin-coupled basis is diagonal
with nonzero elements proportional to MI and independent of
any other quantum number. As the magnetic field increases
the nuclear Zeeman terms become dominant and the slope of
the energy levels is determined by MI.

The results in Fig. 4 neglect the diamagnetic Zeeman in-
teraction, which is not completely negligible at the highest
fields considered �up to 4000 G�. The justification for this is
as follows. The Hamiltonian for the diamagnetic Zeeman
interaction �12� consists of two terms proportional to the
square of the magnetic field: one depends on the trace of the
magnetizability tensor and the other is proportional to its
anisotropic part. The first term has a value around 200 kHz at
4000 G for 85Rb2. Although this quantity is not negligible, it
has not been included because it simply shifts all the energy
levels by the same amount and has no effect on splittings.
The second term is diagonal in the spin-coupled basis set and

its nonzero elements depend on N and MN. For 85Rb2 at
4000 G it would shift the energy levels by about 15 kHz. It
is therefore very small compared to the nuclear Zeeman ef-
fect.

V. CONCLUSIONS

We have explored the hyperfine energy levels and Zeeman
splitting patterns for low-lying rovibrational states of homo-
nuclear alkali-metal dimers in 1� states. We have calculated
the nuclear hyperfine coupling constants for all common iso-
topic species of the homonuclear dimers from Li2 to Cs2 and
explored the energy level patterns in detail for 85Rb2 and
87Rb2.

For rotationless molecules �N=0 states�, the zero-field
splitting arises almost entirely from the scalar nuclear spin-
spin coupling. The levels are characterized by a total nuclear
spin quantum number I and states with different values of I
are separated by amounts between 90 Hz for 41K2 and
160 kHz for 133Cs2. When a magnetic field is applied, each
level splits into 2I+1 components but all the levels with a
particular value of MI are parallel. This is different from the
heteronuclear case, and for homonuclear molecules I remains
a good quantum number in a magnetic field. However, the
projection quantum numbers MI1 and MI2 for individual nu-

F
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6
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5
0
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E
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y
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E
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y
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87Rb2

MF = 0

F = 4

F = 1

FIG. 3. Zeeman splitting for N=1 states of 85Rb2 �upper panel�
and 87Rb2 �lower panel�. The inset for 87Rb2 shows the avoided
crossing of MF=0 states.
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FIG. 4. Zeeman splitting for N=1 states of 85Rb2. The avoided
crossings for MF=0 are shown in the lower panel.
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clei do not become nearly good quantum numbers at high
fields for homonuclear molecules. These differences in quan-
tum numbers may have important consequences for spectro-
scopic selection rules and for the collisional stability of mol-
ecules in excited hyperfine states.

Molecules in excited rotational states are also of consid-
erable interest. In particular, molecules in N=1 states may be
collisionally stable because transitions between even and odd
rotational levels require a change in nuclear exchange sym-
metry. Molecules in excited rotational states have anisotropic
quadrupole-quadrupole interactions that are longer-range
than dispersion interactions. The hyperfine energy level pat-
terns are considerably more complicated for N=1 states than
for N=0 states and I is not in general a good quantum num-
ber even at zero field.

The results of the present paper will be important in stud-
ies that produce ultracold molecules in low-lying rovibra-
tional levels, where it is important to understand and control
the population of molecules in different hyperfine states.
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APPENDIX

Explicit expressions for the matrix elements of the mo-
lecular Hamiltonian terms are now provided in the spin-
coupled and fully-coupled basis sets. The equations are valid
for homonuclear molecules.

The matrix elements for the rotational term �Hrot� are
given by

�NMN�I1I1�IMI�Hrot�N�MN��I1I1�I�MI��

= �NN��MNMN�
�II��MIMI�

BN�N + 1� , �A1�

�N�I1I1�IFMF�Hrot�N��I1I1�I�F�MF��

= �NN��II��FF��MFMF�
BN�N + 1� . �A2�

The matrix elements for the electric quadrupole interaction
�HQ� are given by

�NMN�I1I1�IMI�HQ�N�MN��I1I1�I�MI��

=
�eqQ�1

4
�− 1�2I1	4�2N + 1��2N� + 1��2I + 1��2I� + 1�
1/2

� �N 2 N�

0 0 0
�� I1 2 I1

− I1 0 I1
�−1I1 I I1

I� I1 2
�

� �
FMF

��− 1�F+2MF�2F + 1�� N I F

MN MI − MF
�

� � N� I� F

MN� MI� − MF
� I N F

N� I� 2
�� , �A3�

�N�I1I1�IFMF�HQ�N��I1I1�I�F�MF��

= �FF��MFMF�

�eqQ�1

4
�− 1�N+N�+F+2I1	4�2N + 1�

��2N� + 1�
1/2 � 	�2I + 1��2I� + 1�
1/2�N 2 N�

0 0 0
�

�� I1 2 I1

− I1 0 I1
�−1 I N F

N� I� 2
�I1 I I1

I� I1 2
� . �A4�

The matrix elements for the spin-rotation interaction �HIN�
are given by

�NMN�I1I1�IMI�HIN�N�MN��I1I1�I�MI��

= �NN��II�c1�− 1�N−MN−MI+2I1+12�2I + 1�

� 	�2N + 1�N�N + 1��2I1 + 1�I1�I1 + 1�
1/2I1 I I1

I I1 1
�

� �
p
��− 1�p� N 1 N

− MN p MN�
�� I 1 I

− MI − p MI�
�� ,

�A5�

�N�I1I1�IFMF�HIN�N��I1I1�I�F�MF��

= − 2�NN��II��FF��MFMF�
c1�− 1�F+2I1−MF−I

��2F + 1��2I + 1�	�2N + 1�N�N + 1��2I1 + 1�I1

��I1 + 1�
1/2I1 I I1

I I1 1
�

� �
F�,MF�

��− 1�F�+MF��2F� + 1� N F I

F� N 1
�

� �
p
��− 1�p� F 1 F�

− MF p MF�
�2� I F� N

F I 1
�� . �A6�

The matrix elements for the scalar nuclear spin-spin interac-
tion �Hsc� are given by

�NMN�I1I1�IMI�Hsc�N�MN��I1I1�I�MI��

= �NN��MNMN�
�II��MIMI�

1

2
c4�I�I + 1� − 2I1�I1 + 1�� , �A7�

�N�I1I1�IFMF�Hsc�N��I1I1�I�F�MF��

= �NN��II��FF��MFMF�

1

2
c4�I�I + 1� − 2I1�I1 + 1�� . �A8�

The matrix elements for the tensor nuclear spin-spin interac-
tion �Ht� are given by

�NMN�I1I1�IMI�Ht�N�MN��I1I1�I�MI��

= − c3
�30�− 1�I−MI−MNI1�I1 + 1��2I1 + 1�

�	�2N + 1��2N� + 1�
1/2	�2I + 1�
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��2I� + 1�
1/2�N 2 N�

0 0 0
��I1 I1 1

I1 I1 1

I I� 2
�

� �
p
��− 1�p� N 2 N�

− MN p MN�
�� I 2 I�

− MI − p MI�
�� ,

�A9�

�N�I1I1�IFMF�Ht�N��I1I1�I�F�MF��

= − �FF��MFMF�
c3

�30�− 1�N�+N+I+FI1�I1 + 1��2I1 + 1�

� 	�2N + 1��2N� + 1��2I + 1��2I� + 1�
1/2�N 2 N�

0 0 0
�

�N I F

I� N� 2
��I1 I1 1

I1 I1 1

I I� 2
� . �A10�

The matrix elements for the nuclear Zeeman term �HIZ� are
given by

�NMN�I1I1�IMI�HIZ�N�MN��I1I1�I�MI��

= − �NN��MNMN�
�II��MIMI�

g1�NBZ�1 − �1�MI, �A11�

�N�I1I1�IFMF�HIZ�N��I1I1�I�F�MF��

= − �NN��II��MFMF�
g1�NBZ�1 − �1��− 1�2F−MF�− 1�N+2I1

��2I + 1�	4�2F� + 1��2F + 1��2I1 + 1�I1�I1 + 1�
1/2

� � F 1 F�

− MF 0 MF
� I F N

F� I 1
�I1 I I1

I I1 1
� . �A12�

The matrix elements for the rotational Zeeman effect �HNZ�
are given by

�NMN�I1I1�IMI�HNZ�N�MN��I1I1�I�MI��

= − �NN��MNMN�
�II��MIMI�

gr�NBZMN, �A13�

�N�I1I1�IFMF�HNZ�N��I1I1�I�F�MF��

= − �NN��II��MFMF�
gr�NBZ�− 1�N+I+F+F�−MF+1

� 	�2F� + 1��2F + 1��2N + 1�N�N + 1�
1/2

�� F 1 F�

− MF 0 MF
� N F I

F� N 1
� . �A14�
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