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ABSTRACT
We study the matter and velocity divergence power spectra in a f(R) gravity theory and their
time evolution measured from several large-volume N-body simulations with varying box
sizes and resolution. We find that accurate prediction of the matter power spectrum in f(R)
gravity places stronger requirements on the simulation than is the case with � cold dark
matter (�CDM) because of the non-linear nature of the fifth force. Linear perturbation theory
is shown to be a poor approximation for the f(R) models, except when the chameleon effect
is very weak. We show that the relative differences from the fiducial �CDM model are much
more pronounced in the non-linear tail of the velocity divergence power spectrum than in
the matter power spectrum, which suggests that future surveys which target the collection of
peculiar velocity data will open new opportunities to constrain modified gravity theories. A
close investigation of the time evolution of the power spectra shows that there is a pattern in
the evolution history, which can be explained by the properties of the chameleon-type fifth
force in f(R) gravity. Varying the model parameter |fR0|, which quantifies the strength of the
departure from standard gravity, mainly varies the epoch marking the onset of the fifth force,
as a result of which the different f(R) models are in different stages of the same evolutionary
path at any given time.

Key words: methods: numerical – cosmology: theory – cosmology: dark energy – cosmology:
large-scale structure of Universe.

1 IN T RO D U C T I O N

The origin of the observed accelerated expansion of the Universe
(Riess et al. 1998; Perlmutter et al. 1999) is one of the most chal-
lenging questions in contemporary theoretical physics. Although the
standard cold dark matter (CDM) model plus a cosmological con-
stant can explain this observation very well, the so-called �CDM
paradigm suffers from serious theoretical problems, as the vacuum
energy density predicted by particle physics theory is many orders
of magnitude larger than the cosmologically inferred value of the
cosmological constant. This has motivated the proposal of alterna-
tive models to explain the accelerated expansion of the Universe.

So far, most of these models can be divided into two classes:
dark energy (see Copeland, Sami & Tsujikawa 2006 for a review),
which involves one or more dynamical fields or new matter species

� E-mail: baojiu.li@durham.ac.uk

that accelerate the expansion of the Universe, and modified gravity
(Clifton et al. 2012), which proposes that general relativity (GR)
breaks down on cosmological scales and must be accompanied by
certain modifications. Other models, such as the inhomogeneous
universe model (Biswas & Notari 2008), have also been studied as
alternatives to �CDM, but to a lesser extent.

Unlike pressureless matter, usually dark energy does not cluster
strongly (which is the case for e.g. the quintessence model of Wang
et al. 2000) and its effects are mainly to modify the cosmic expan-
sion history (there are, however, exceptions, such as the coupled
quintessence model of Amendola 2000, in which the dark energy
field does experience strong clustering). In these models, structure
formation is different from that in �CDM only because the back-
ground expansion rate has been modified. In contrast, modified
gravity models often predict a different force law between matter
particles, therefore changing structure formation directly. One can
therefore in principle distinguish between these possibilities using
a combination of observables (Jain & Zhang 2008).

C© 2012 The Authors
Published by Oxford University Press on behalf of the Royal Astronomical Society
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Any modification to the force law in modified gravity theories is
highly constrained because GR has been confirmed to high accuracy
by local tests (see e.g. Hoyle et al. 2001; Adelberger, Heckel &
Nelson 2003; Bertotti, Iess & Tortora 2003; Lyne et al. 2004; Will
2006). If we consider the modification to the standard gravity as a
new force, the so-called fifth force, then the fifth force must either
have a very weak strength or very short (submillimetre) range, in
order to be consistent with local tests. Consequently, any viable
modified gravity theory must have some mechanism to suppress
(or screen) the fifth force at least in regions where local tests have
been carried out. In the case that the new force is mediated by
a scalar degree of freedom, there are several elegant examples of
such screening mechanisms, including the chameleon (Khoury &
Weltman 2004; Mota & Shaw 2007), dilaton (Brax et al. 2010),
symmetron (Hinterbichler & Khoury 2010) and Veinshtein (Dvali,
Gabadadze & Porrati 2000; Deffayet, Esposito-Farese & Vikman
2009; Nicolis, Rattazzi & Trincherini 2009).

In this work, we focus on one of the most well-studied modified
gravity models, f(R) gravity (Carroll et al. 2005), which employs the
chameleon mechanism to suppress the fifth force in high-density
regions. In particular, to study the behaviour of the matter and
velocity divergence power spectra in f(R) gravity, we perform a
number of N-body simulations for the f(R) model proposed in Hu
& Sawicki (2007) with various model parameters and simulation
box sizes (see e.g. Appleby & Battye 2007; Li & Barrow 2007;
Starobinsky 2007 for some other viable f(R) cosmological models
studied in the literature). Jennings et al. (2012) used some of these
simulations to study the form of redshift-space distortions in f(R)
models. Here we study the power spectra behind these distortions
in more detail.

The non-linear matter power spectrum in this particular model
has been studied previously by Oyaizu, Lima & Hu (2008) and
Zhao, Li & Koyama (2011). Our study differs from these in several
aspects. First, the simulations used here have the largest volume
until now for models of this type and span a wide range of box
sizes with good agreement between the results of each simulation.
Secondly, we present the measurements of the velocity divergence
power spectrum. Thirdly, we study the time evolution patterns for
both the matter and velocity divergence power spectra, and relate
them to the property of the chameleon fifth force and the formation
of structure in hierarchical cosmologies.

This paper is organized as follows. In Section 2, we briefly
describe the general f(R) gravity models and explain how the
chameleon mechanism works. In Section 3, we give a short de-
scription of the simulation code and the technical specifications of
the simulations. Section 4 contains the main results of this paper
and we finally summarize and conclude in Section 5.

Throughout this paper we adopt the unit convention c = 1, where
c is the speed of light.

2 TH E f (R) G R AV I T Y T H E O RY

This section is devoted to a brief overview of the f(R) gravity theory
and its properties.

2.1 The f (R) gravity model

The f(R) gravity model (Carroll et al. 2005) is a straightforward
generalization of GR: the Ricci scalar R in the Einstein–Hilbert
action is replaced with an algebraic function f(R) (see e.g. de Felice

& Tsujikawa 2010; Sotiriou & Faraoni 2010 for recent reviews),

S =
∫

d4x
√−g

{
M2

Pl

2
[R + f (R)] + Lm

}
, (1)

in which MPl is the Planck mass, M−2
Pl = 8πG, G is Newton’s

constant, g is the determinant of the metric gμν and Lm is the
Lagrangian density for matter fields (photons, neutrinos, baryons
and CDM). By designing the functional form of f(R) one specifies
the f(R) gravity model.

Varying the action equation (1) with respect to the metric gμν

yields the modified Einstein equation

Gμν + fRRμν −
(

1

2
f − �fR

)
gμν − ∇μ∇νfR = 8πGT m

μν, (2)

in which Gμν ≡ Rμν − 1
2 gμνR is the Einstein tensor, fR ≡ df/dR, ∇μ

is the covariant derivative compatible to the metric gμν , � ≡ ∇α∇α

and T m
μν is the energy momentum tensor for matter. One can consider

equation (2) as a fourth-order differential equation, or alternatively
the standard second-order equation of GR with a new dynamical
degree of freedom, fR, the equation of motion of which can be
obtained by taking the trace of equation (2)

�fR = 1

3

(
R − fRR + 2f + 8πGρm

)
, (3)

where ρm is the matter density. The new degree of freedom fR is
sometimes dubbed scalaron in the literature (Zhao et al. 2011).

Assuming that the background Universe is described by the flat
Friedmann–Robertson–Walker (FRW) metric, the line element in
the perturbed Universe is written as

ds2 = a2(η)
[
(1 + 2�)dη2 − (1 − 2	)dxidxi

]
, (4)

in which η and xi are, respectively, the conformal time and comoving
coordinates, �(η, x) and 	(η, x) are the Newtonian potential and
perturbation to the spatial curvature, which are functions of both
time η and space x; a denotes the scale factor of the Universe and
a = 1 today.

As we are mainly interested in the large-scale structures much
smaller than the Hubble scale, and since the time variation of fR is
very small in the models considered below, we shall work in the
quasi-static limit by neglecting the time derivatives of fR. In this
limit, the scalaron equation reduces to

�∇2fR = −1

3
a2

[
R(fR) − R̄ + 8πG (ρm − ρ̄m)

]
, (5)

in which �∇ is the three-dimensional gradient operator (to be distin-
guished from the ∇ introduced above), and the overbar means the
background value of a quantity. Note that R can be expressed as a
function of fR.

Similarly, the Poisson equation which governs the Newtonian
potential � can be simplified to

�∇2� = 16πG

3
a2 (ρm − ρ̄m) + 1

6
a2

[
R (fR) − R̄

]
(6)

by neglecting terms involving time derivatives, and using equation
(5) to eliminate �∇2fR .

According to the above equations, there are two potential effects
of the scalaron on cosmology: (i) the background expansion of the
Universe may be modified by the new terms in equation (2) and
(ii) the relationship between gravity and the matter density field
is modified, which can change the matter clustering and growth
of density perturbations. Clearly, when |fR| � 1, we have R ≈
−8πGρm from equation (5) and so equation (6) reduces to the
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normal Poisson equation in GR; when |fR| is large, we instead
have |R − R̄| � 8πG|ρm − ρ̄m| and so equation (6) reduces to the
normal Poisson equation with G rescaled by 4/3. Note that this
4/3 is the maximum enhancement factor of gravity in f(R) models,
independent of the specific functional form of f(R). The choice
of f(R), however, is important because it governs when and on
which scale the enhancement factor changes from 1 to 4/3: scales
much larger than the range of the modification to Newtonian gravity
mediated by the scalaron are unaffected and gravity is not enhanced
there, while on much smaller scales the 4/3 enhancement is fully
realized – this results in a scale-dependent modification of gravity
and therefore a scale-dependent growth rate of structures.

2.2 The chameleon mechanism

The f(R) model would have been ruled out by local tests of gravity
due to a factor of 4/3 enhancement to the strength of Newtonian
gravity. Fortunately, it is well known that, if f(R) is chosen appropri-
ately (Brookfield, van de Bruck & Hall 2006; Faulkner et al. 2007;
Hu & Sawicki 2007; Li & Barrow 2007; Navarro & Van Acoleyen
2007; Brax et al. 2008), the model can exploit the chameleon mech-
anism (Khoury & Weltman 2004; Mota & Shaw 2007) to suppress
the enhancement and therefore pass the experimental constraints in
high matter density regions such as our Solar system.

The essence of the chameleon mechanism is as follows: the mod-
ifications to the Newtonian gravity can be considered as an extra or
fifth force mediated by the scalaron. Because the scalaron itself is
massive, the force is of the Yukawa type and is suppressed by an
exponential factor exp (−mr), in which m is the scalaron mass and
r is the distance between two test masses. In high matter density
environments, m is very heavy and the suppression becomes very
strong. In reality, this is equivalent to setting |fR| � 1 in high-density
regions because of the exponential suppression, which leads to the
GR limit as discussed above.

As a result, the functional form of f(R) is crucial to determine
whether the fifth force can be sufficiently suppressed in high-density
environments. In this work we study the f(R) model proposed by
Hu & Sawicki (2007), for which

f (R) = −M2 c1

(−R/M2
)n

c2

(−R/M2
)n + 1

, (7)

where M2 ≡ 8πGρ̄m0/3 = H 2
0 
m; here, H is the Hubble expansion

rate and 
m is the present-day fractional density of matter. Hereafter,
a subscript ‘0’ always means the present-day (a = 1) value of a
quantity. It was shown by Hu & Sawicki (2007) that |fR0| < 0.1 is
required to evade the Solar system constraints but the exact value
depends on the behaviour of fR in galaxies as well.

In the background cosmology, the scalaron fR always sits close
to the minimum of the effective potential that governs its dynamics,
defined as

Veff (fR) ≡ 1

3

(
R − fRR + 2f + 8πGρm

)
, (8)

around which it quickly oscillates with small amplitude (Brax et al.
2012a). Therefore, we have

− R̄ ≈ 8πGρ̄m − 2f̄ = 3M2

(
a−3 + 2c1

3c2

)
. (9)

To match the �CDM model in background evolution, we need to
set

c1

c2
= 6


�


m
, (10)

where 
m(
�) is the present-day fractional energy density of the
dark matter (dark energy).

By taking 
� = 0.76 and 
m = 0.24,1 we find that |R̄| ≈
41M2 	 M2, and this simplifies the expression of the scalaron
to

fR ≈ −n
c1

c2
2

(
M2

−R

)n+1

. (11)

Therefore, two free parameters, n and c1/c
2
2, completely specify the

f(R) model. Indeed, the latter is related to the value of the scalaron
today, fR0, as

c1

c2
2

= − 1

n

[
3

(
1 + 4


�


m

)]n+1

fR0. (12)

In what follows, we study three f(R) models with n = 1 and |fR0| =
10−6, 10−5 and 10−4, which will be referred to as F6, F5 and F4,
respectively. These choices of |fR0| are meant to cover the whole
parameter space that is cosmological interesting: if |fR0| > 10−4 then
the f(R) model violates the cluster abundance constraints (Schmidt,
Vikhlinin & Hu 2009b), and if |fR0| < 10−6 then the difference from
�CDM would be too small to be observable in practice (see our
results presented below).

3 N- B O DY SI M U L ATI O N S O F f (R) G R AV I T Y

From equations (5) and (6) we have seen that, given the matter
density field, we can solve the scalaron field fR from equation (5)
and plug it into the modified Poisson equation (6) to solve for �.
Once � is at hand, we can difference it to calculate the (modified)
gravitational force which determines how the particles move subse-
quently. That is exactly what we need to do in N-body simulations
to evolve the matter distribution.

The main challenge in N-body simulations of models such as
f(R) gravity is to solve the scalaron equation (5), which is in general
highly non-linear. One way to achieve this is to use a mesh (or
a set of meshes) on which fR could be solved. This implies that
mesh-based N-body codes are most convenient. On the other hand,
tree-based codes are more difficult to apply here, as we do not
have an analytical formula for the modified force law (such as
r−2 in the Newtonian case) due to the complexities stemmed from
the breakdown of the superposition principal, or the invalidity of
Birkhoff theorem in modified gravity.

N-body simulations of f(R) gravity and related theories have pre-
viously been performed by Oyaizu (2008), Oyaizu et al. (2008),
Schmidt et al. (2009a), Zhao et al. (2011), Li & Zhao (2009, 2010),
Schmidt (2009), Li & Barrow (2011), Brax et al. (2011), Li &
Hu (2011) and Davis et al. (2012). However, these simulations are
mostly limited by either the box size or resolution, or both. For this
work we have run simulations using the recently developed ECOSMOG

code (Li et al. 2012). ECOSMOG is a modification of the mesh-based
N-body code RAMSES (Teyssier 2002), which calculates the gravita-
tional force by first solving the Poisson equation on meshes using a
relaxation method to obtain the Newtonian potential and then differ-
encing the potential. The code does not solve gravity by summing
over the forces from nearby particles explicitly, such as tree-based
codes like GADGET (Springel, Yoshida & White 2001). Additional
features of the ECOSMOG code include the following.

1 These values are used in the f(R) simulations extensively in the literature,
and are adopted in the simulations of this paper in order to compare with
previous work.
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(i) The adaptive mesh refinement (AMR), which refines a mesh
cell (i.e. splits it into eight children cells) if the number of particles
in a cell exceeds a pre-defined number (the refinement criterion).
This gives a higher force resolution in high matter density regions
where the chameleon effect is strong and the f(R) equation is more
non-linear. The refinement criterion is normally chosen as a number
between 8 and 12, and in our simulations we use 9. We find that
this refinement criterion works well in our case, namely it gives
the required force resolution without generating an overly large
computational overhead.

(ii) The multigrid relaxation algorithm that ensures quick con-
vergence. The relaxation method finds the solution to an elliptical
partial differential equation (PDE) on a mesh by iteratively updating
the initial guess until it converges, i.e. becomes close enough to the
true solution. Moreover, the rate of convergence slows down quickly
after the first few iterations. To improve on this, one can coarsify the
PDE, i.e. move it to a coarser mesh, solve it there and use the coarse
solution to improve the solution on the original fine mesh. Unlike
other codes, ECOSMOG does this on all the AMR meshes, greatly im-
proving the convergence behaviour over the whole computational
domain.

(iii) The massive parallelization which makes the computation
very efficient. This is the key feature that enables us to run large
simulations such as the ones employed in this study, which are
beyond the reach of serial codes, like the ones developed by Li &
Zhao (2009, 2010) and Li & Barrow (2011).

A convergence criterion is used to determine when the relaxation
method has converged. In ECOSMOG, convergence is considered to be
achieved when the residual of the PDE, i.e. the difference between
the two sides of the PDE, is smaller than a pre-defined parameter ε.
We have checked that for ε < 10−8 the solution to the PDE no longer
changes significantly when ε is further reduced, and our choices of
ε will be listed in Table 1. Further details can be found in Li et al.
(2012).

In this work, we study the matter density and velocity diver-
gence power spectra in the f(R) cosmology over a wide range of
scales and redshifts using simulations. All our numerical experi-
ments are described by the same set of cosmological parameters,
i.e. the background cosmology for all models is the same. The
values of cosmological parameters for our runs are the following:

m = 0.24, 
� = 0.76, h = 0.73, ns = 0.958 and σ 8 = 0.77. The
first two are the present-day values of the dimensionless energy
density of the non-relativistic matter (including baryonic and dark)
and dark energy, h is the dimensionless Hubble parameter today,
ns is the scalar index of the primordial power spectrum and σ 8 is
the linear rms density fluctuation measured in spheres of radius
8 h−1 Mpc at z = 0. All models in each simulation share the same
initial condition computed at the initial time of zi = 49 using the
Zel’dovich approximation (Zel’dovich 1970). Note that in general
the modified gravity affects the generation of the initial condition

too (Li & Barrow 2011). Here we use the same initial conditions
for all models within a given simulation set because the differences
in clustering between GR and all our f(R) models are negligible at
the starting redshift.

The fact that we use the same initial conditions for simulations
in a given set is an advantage. Since the initial density fields for the
GR and f(R) simulations have the same phases, any difference in the
power spectra that we find at later times will be a direct consequence
of the different dynamics between the two cosmologies. We give
more details describing our numerical experiments in Table 1.

4 T H E P OW E R SP E C T R A O F f (R) G R AV I T Y

We start by introducing the dark matter (DM) density field, given
by the expression

ρ(x, t) = 〈ρ〉 (1 + δ) , (13)

where 〈ρ(t)〉 is the ensemble average of the DM density at time t
and δ(x, t) describes local deviations from homogeneity. Structure
formation is driven only by the spatially fluctuating part of the grav-
itational potential, φ(x, t), induced by the density fluctuation field
δ. In f(R) cosmologies, however, we expect that in regions where
the fifth force is not screened by the chameleon mechanism we will
have an additional boost to the standard gravitational potential in-
duced by the scalaron as described by equation (6). Thus, we expect
that to some extent clustering will be enhanced in our f(R) models.
A convenient measure of the strength of DM clustering is the power
spectrum. For a Fourier representation of a real space density field

δk ≡ (2π)−3/2
∫

δ(x) e−ik·x d3x, (14)

the power spectrum is defined as (assuming spatial isotropy)

Pδδ(k) ≡ P (k) = 〈|δk|2〉 . (15)

In addition to the measure of DM clustering, we are also interested
in the statistical measure of the cosmic peculiar velocity field. The
irrotational velocity field, v(x), can be characterized, up to an ad-
ditive bulk velocity, by a single scalar field such as the velocity
divergence

θ (x) = 1

H
∇ · v(x) . (16)

The θ is called the expansion scalar (see e.g. Peebles 1980). Di-
vision of the velocity divergence by the Hubble constant makes
this quantity dimensionless. The Fourier transform of the real space
expansion scalar is

θk ≡ (2π)−3/2
∫

θ (x) e−ik·x d3x , (17)

Table 1. Some technical details of the simulations performed for this work. F6, F5 and F4 are, respectively, the labels of the f(R) models with
|fR0| = 10−6, 10−5 and 10−4. Here, kNyq denotes the Nyquist frequency. ε is the residual for the Gauss–Seidel relaxation used in the code (Li et al.
2012), and the two values of the convergence criterion are for the coarsest level and refinements, respectively. We also list in the last column the
number of realizations for each simulation.

Models Lbox No. of particles kNyq (h Mpc−1) Force resolution ( h−1 kpc) Convergence criterion Realizations

�CDM, F6, F5, F4 1.5 h−1 Gpc 10243 2.14 22.9 |ε| < 10−12/10−8 6
�CDM, F6, F5, F4 1.0 h−1 Gpc 10243 3.21 15.26 |ε| < 10−12/10−8 1
�CDM, F6, F5, F4 500 h−1 Mpc 5123 3.21 30.52 |ε| < 10−12/10−8 1
�CDM, F6, F5, F4 250 h−1 Mpc 5123 6.43 7.63 |ε| < 10−12/10−8 1
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and similarly we can define the power spectrum of the velocity
divergence

Pθθ (k) = 〈|θk|2〉 . (18)

In linear perturbation theory the ratio of the density power spectrum
to the power spectrum of the velocity divergence scaled by the
square of the growth rate should be unity. However, on non-linear
and weakly non-linear scales this ratio deviates from unity as in
the non-linear regime velocities grow more slowly than the linear
perturbation theory prediction (see e.g. Ciecielag & Chodorowski
2004; Jennings, Baugh & Pascoli 2011). Thus, we would expect
that the potential effects induced by the f(R) fifth force in density
and divergence power spectra may differ from one another in the
non-linear and weakly non-linear regimes.

4.1 The structure of the density and velocity fields

We start our analysis by comparing the visual impression of the
density and velocity divergence fields obtained for our GR and f(R)
simulations. To measure the fields sampled from the distribution of
DM particle positions and velocities, we use the Delaunay Tessel-
lation Field Estimator (DTFE) code of Cautun & van de Weygaert
(2011) (see also Schaap & van de Weygaert 2000; van de Wey-

gaert & Schaap 2009). The Delaunay tessellation has the advantage
that the velocity divergence field computed in this way is volume
averaged, as required by calculation, rather than mass averaged.
The DTFE code also avoids the problem of empty cells, where no
particles can be found, which can arise in direct assignment meth-
ods to measure the velocity field (see e.g. Pueblas & Scoccimarro
2009). Hence the velocity divergence power spectrum measured in
this way is unbiased and has better noise properties than is the case
for standard interpolation methods that deal with mass-weighted
velocities.

In Fig. 1 we plot thin slices (0.5 h−1 Mpc) from the z = 0 DM
density field in the 250 h−1 Mpc box. The panels show the GR model
(top left), the F6 (top right) and the F5, F4 models (bottom row from
left to right). We note that the large-scale structures and the patterns
of the cosmic web are the same in all panels. This is not unexpected
as these simulations started from the same initial conditions, thus
they share the same phases. However, the delicate effects of the
f(R) fifth force can be observed on small scales, where some of the
density field features like filaments and clusters appear thicker in
f(R) universes. This is accompanied by deeper density dips in voids.

The picture becomes even more interesting when we look at the
velocity divergence fields, which are plotted in Fig. 2. The slices
shown correspond to the same regions plotted in Fig. 1 from the

Figure 1. All model comparison of z = 0 density fields (ρm/ρ̄m = 1 + δ) for the 250 h−1 Mpc box. Each panel shows a very thin slice (∼0.5 h−1 Mpc) through
the DTFE density field. The top panels are results for GR (left) and F6 (right), and the bottom panels show the results for F5 (left) and F4 (right), respectively.
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Figure 2. Comparison of the velocity divergence fields for the GR (left-hand panels) and F4 (right-hand panels) models. Each panel shows a thin slice from
the 250 h−1 Mpc box, and each row corresponds to a different cosmic time as labelled: a = 1 (top), a = 0.7 (middle) and a = 0.5 (bottom).

B = 250 h−1 Mpc box. Here we plot only the GR and F4 models (for
which the effect of the fifth force is the strongest) for three distinct
epochs of cosmic evolution: a = 0.5 (the bottom row), a = 0.7 (the
middle row) and a = 1.0 (the top row). From the plot we observe

that the differences between the GR and F4 models are very small
at earlier stages of evolution (the a = 0.5 case), but they become
very prominent as we move towards the present day (a = 1). We
note in particular that the velocity fields around and inside filaments
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and clusters are characterized by higher divergence. It is clear from
this figure that, in the cosmic webs (clusters and filaments) of both
the GR and f(R) cosmology, the velocity divergence shows larger
deviations between the two cosmologies compared to the density
field.

Note that the velocity divergence field is positive in voids because
matter flows from the void centres and the flow increases near the
edge closer to higher density regions. Because the fifth force speeds
up the matter flow, the velocity divergence in voids is larger in F4
than that in GR, and this is clearer at earlier times (note the difference
in the colours of the two bottom panels). The trend is reversed
around the clusters because matter flows inwards here, and again the
magnitude of θ is larger for F4 due to the fifth force, which explains
why the filaments appear to be thicker for F4 in Fig. 2. Inside clusters
and filaments, the velocity divergence becomes positive again, as
noted by Pueblas & Scoccimarro (2009). This is because of the
virialization: after the halo is formed, the particles stop falling into
the potential wells but circle around the halo centre, which can in
principle make the velocity divergence positive.

In the following sections, we will precisely quantify and analyse
these effects by studying both the matter and the velocity divergence
power spectra in all �CDM and f(R) cosmologies.

4.2 Measurement of power spectra

The matter power spectrum has been measured from all the simu-
lations listed in Table 1 using two codes: POWMES (Colombi et al.
2009) and our own code that uses fields obtained from the DTFE
method, which rely on different algorithms. POWMES constructs the
density field on a regular grid by direct particle assignment, while
DTFE first samples the density and velocity divergence fields us-
ing Delaunay tessellation and then interpolates on to a regular grid.
POWMES attempts to correct for the impact of the scheme used to
assign particles to the Fast Fourier Transform (FFT) grid, whilst we
do not attempt any such correction with the code using the DTFE
method.

The grid that is used for the power spectra measurement is chosen
to have the same resolution as the domain grid in the simulations.
For example, for the Lbox = 1.5 and 1.0 h−1 Gpc simulations the
FFT grid has 10243 cells. Only the results of the Lbox = 1.5 h−1 Gpc

simulations have error bars, which show the scatter amongst all six
realizations.

To show the accuracy of our simulations and the power spec-
trum codes, we plot the measured matter power spectra Pδδ from
the �CDM simulations against the HALOFIT (Smith et al. 2003) pre-
diction in Fig. 3. The HALOFIT result is obtained using the publicly
available CAMB code (Lewis, Challinor & Lasenby 2000), assuming
the same cosmological parameters as used in the simulations, and
is used here simply as a reference.

The left-hand panel of Fig. 3 plots the N-body results mea-
sured using POWMES, and the HALOFIT power spectrum is plotted
as a black solid line. It can be seen that the two agree very well
over a wide range of length scales. For example, the matter power
spectrum from the Lbox = 1.5 h−1 Gpc simulation is accurate for
0.004 < k/(h Mpc−1) < 1. This is of course as expected given that
the RAMSES code has been tested in many ways, and it gives us some
reassurance about the ECOSMOG gravity solver. In f(R) gravity sim-
ulations, however, this relationship should only be used as a rough
guide with caution, as we shall explain in Section 4.3.

The right-hand panel of Fig. 3 shows the corresponding spectra
measured from the DTFE-constructed density and velocity fields.
The results also agree with HALOFIT very well, especially on large
scales. Note that in this case Pδδ starts to deviate from HALOFIT at
smaller k. This is due primarily to the lack of any correction in
this estimate for the effects of the scheme used to interpolate the
smoothed density field on to the FFT grid (see Jing 2005; Colombi
et al. 2009).

4.3 Resolution issues in f (R) simulations

The shape of the matter power spectrum is sensitive to changes in
the cosmological model assumed and as such it may be a sensitive
probe of the underlying theory of gravity or the properties of dark
energy. Here, we are mostly interested in the shape of �Pδδ/Pδδ ,
where �Pδδ is the difference between the matter power spectra for
f(R) gravity and �CDM, defined as

�Pδδ

Pδδ

≡ P
f (R)
δδ (k)

P LCDM
δδ (k)

− 1 . (19)

Figure 3. The power spectra of the �CDM model from different simulation boxes (symbols are the same as explained in the artwork; ‘Bxxx’ means that the
box size is xxx h−1 Mpc) compared to the HALOFIT (black solid curve). Left-hand panel: the matter power spectra measured using POWMES. Right-hand panel: the
matter (upper symbols) and velocity divergence (lower symbols) power spectra measured from the DTFE-constructed density and velocity divergence fields.

 at U
niversity of D

urham
 on M

ay 2, 2014
http://m

nras.oxfordjournals.org/
D

ow
nloaded from

 

http://mnras.oxfordjournals.org/


750 B. Li et al.

Figure 4. The relative difference between the matter power spectra of the
f(R) and �CDM simulations at z = 0. The results have been binned along
the k-axis as described in the text. ‘Bxxxx’ in the artwork means that the
simulation box size is xxxx h−1 Mpc, and the horizontal dashed line is
identically zero. The top to bottom panels show, respectively, results for
models F4, F5 and F6. The black dotted and solid curves are, respectively,
the predictions using linear perturbation theory and HALOFIT (Smith et al.
2003).

To make the plots clearer, we have binned the horizontal axis. The
data points are at the centres of the bins, and the average value of P(k)
and error bars are computed as follows: for the Lbox = 1.5 h−1 Gpc
simulations, the P(k) value is the average over all points in a given
bin in all six realizations and the error bar shows the scatter amongst
all these points; for all other simulations, the same thing is done but
only for points within a given bin in a single realization.

The results for models F4/F5/F6 at a = 1 are shown in Fig. 4,
and different symbols are used to denote different simulation box

sizes. We can see that the different symbols overlap with each
other quite well, especially on large scales. On small scales, the
large-box simulations predict slightly larger difference in Pδδ , but
the difference is, in general, quite small, at least at this particular
cosmic time. In Fig. 4, we have also overplotted the results from
linear perturbation calculation and HALOFIT. The HALOFIT results are
obtained from the linear power spectra in f(R) gravity in the fitting
formulae obtained by Smith et al. (2003). We have checked that on
large scales the HALOFIT result agrees with third-order perturbation
theory (Koyama, Taruya & Hiramatsu 2009) quite well, and both
show better agreement with simulations compared with the linear
perturbation theory. Indeed, linear theory breaks down on almost
all scales where the f(R) model deviates from GR, especially in
the F4/F5 cases where the non-linearity is stronger. On the other
hand, the HALOFIT gives a worse fit to simulation results in F6. This
is because HALOFIT is calibrated using GR simulations and it does
not capture the effect of the chameleon mechanism in F6, which
suppresses the deviation from �CDM on small scales.

The shape of �Pδδ/Pδδ for the three f(R) models look quite
different from each other. In the F6 case, this increases all the
way down to the smallest scales probed by the simulations; in F5,
a small bump appears in between k = 1 and 2 h Mpc−1, while
after that �Pδδ/Pδδ increases on small scales; for F4, a single peak
appears at k ∼ 1 h Mpc−1, and on smaller scales �Pδδ/Pδδ simply
decreases. In addition, the amplitude of �Pδδ/Pδδ increases with
|fR0|. These features were also seen by Li & Zhao (2009, 2010) in
their chameleon simulations, then Zhao et al. (2011) in their small
f(R) simulations, and are confirmed here by our larger simulations.
Recently, similar features have also been found in simulations of
generalized dilaton and symmetron models (Brax et al. 2012b).2

This can lead to the conclusion that in general the dynamics with a
fifth force employing a specific spatial screening mechanism leaves
a characteristic mark visible in statistics of spatial clustering. A
proper understanding of the features, which appear in the power
spectra of our models, can only be achieved when we have a clear
picture of the time evolution of �Pδδ/Pδδ , and for this we plot the
results of F4 and F5 at a = 0.3, 0.5 and 0.7 in Fig. 5.

Before going through the details of the time evolution of
�Pδδ/Pδδ , let us note that our previous observation, that the large-
box simulations tend to overestimate �Pδδ/Pδδ on small scales,
becomes more prominent at earlier times. As an example, at a =
0.5 we find that �Pδδ/Pδδ has a peak value of ∼70 per cent accord-
ing to the Lbox = 1.5 h−1 Gpc simulation, while this value decreases
for high-resolution simulations and drops to ∼40 per cent for the
250 h−1 Mpc boxes.

One probable reason for this is the different force resolutions in
these simulations. As the particles cluster to form structures, local
overdensities grow and the chameleon effect starts to suppress the
fifth force. If the force resolution is too low, the density field tends
to be underestimated3 and the fifth force overestimated, resulting
in more clustering of matter in these simulations compared to the
ones which have higher resolution.

2 Other authors in their studies of cosmologies employing simpler forms of
fifth force have found similar features in the matter power spectra as we
have observed here (e.g. Hellwing & Juszkiewicz 2009; Keselman, Nusser
& Peebles 2010).
3 The density in each cell is computed using a triangular-shaped cloud
assignment scheme, and using larger cells means that the mass of a particle
will be more widely spread and thus the density peaks lower.
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Figure 5. The time evolution of �Pδδ/Pδδ for models F4 (upper panels) and F5 (lower panels). The left-hand, middle and right-hand panels are, respectively,
the results at a = 0.3, 0.5 and 0.7 (the a = 1 results are shown in Fig. 4). ‘Bxxxx’ in the artwork means that the simulation box size is xxxx h−1 Mpc, the
horizontal dashed line is identically zero and the solid black curve is the linear perturbation prediction which agrees with the simulations better at earlier times.

Note that this resolution effect is a separate issue which happens
for the calculation of the chameleon fifth force: with the same
background density, putting a particle at the centre of a sphere with
radius R or spreading its mass uniformly in the sphere produce the
same gravity at R, but the fifth forces at R would be quite different in
these two configurations. This has nothing to do with the resolution
that is required by the usual gravity (Poisson equation) solver.

The implications of this result are as follows.

(i) Comparing the �CDM power spectrum with HALOFIT as we
did in Fig. 3 does not automatically provides a useful guide as
to the scales down to which the f(R) simulations are reliable. The
resolution effect on the fifth-force solver is complicated; it depends
on the model (e.g. compare F4 and F5 at a = 0.5) as well as on the
redshift (e.g. compare F4 at a = 0.5 and F4 at a = 1.0).

(ii) One has to be careful in choosing the right resolution to obtain
accurate results in the f(R) simulations. The most straightforward
way would be to run ever higher resolution simulations and see
where the results start to disagree with each other.

As an illustration, for F4 the Lbox = 1.5 h−1 Gpc simulations can
be trusted down to k ∼ 0.4 h Mpc−1 at a = 0.5, k ∼ 1 h Mpc−1 at
a = 1.0, while its qualitative predictions can be trusted down to
even smaller scales. Evidently, such a box is not good enough to
study small structure in the simulations, but is sufficient to study
large-scale properties, such as redshift-space distortions (Jennings
et al. 2012).

4.4 Time evolution of the spectra

Let us now discuss on the time evolution of �Pδδ/Pδδ . From Figs
4 and 5 we can see that as the Universe evolves, not only the
magnitude but also the shape of �Pδδ/Pδδ changes. Taking the F4
model as an example: at a = 0.3, �Pδδ/Pδδ increases as one goes

to smaller scales (at least until k ∼ 10 h Mpc−1); at a = 0.5, a peak
develops at kpeak ∼ 2 h Mpc−1 while �Pδδ/Pδδ decreases for k >

kpeak; then the peak of �Pδδ/Pδδ shifts towards larger scales with
kpeak ∼ 1 h Mpc−1 at a = 0.7 and kpeak ∼ 0.9 h Mpc−1 at a = 1. The
F5 model behaves similarly but the peak only develops at a ∼ 1.
Likewise, the F6 model does not develop any peak in �Pδδ/Pδδ by
a = 1.

For the velocity divergence power spectrum Pθθ and the cross
power spectrum Pδθ , we use those measured from the Lbox =
250 h−1 Mpc simulations. The result is not sensitive to the mass
resolution, though this box size is a bit too small, which means
that the measured Pθθ can be ∼5–10 per cent higher (Pueblas &
Scoccimarro 2009). However, we are interested in the qualitative
behaviour rather than accurate measurement of Pθθ , and this box
enables us to go to smaller scales.

Fig. 6 shows the behaviour of Pθθ on small scales [0.03 ≤
k/(h Mpc−1) ≤ 3] in the different cosmologies. To make the curves
clearer we have plotted k3/(2π2)Pθθ (k) instead of Pθθ . From this
plot we can see the following.

(i) There is a peak–dip–peak pattern on small scales, which
agrees with what we have seen in the velocity divergence field
in Fig. 2.

(ii) Not only the power spectrum is enhanced by the fifth force,
but the peaks and dip also shift towards larger scales as the fifth
force becomes stronger. This implies that the peak–dip–peak pattern
observed in the plots develops as structures form, and could possibly
be related to the characteristic scales of the structure formation at a
given time, as we will show in the next subsection.

Fig. 7 illustrates the time evolution of �Pθθ /Pθθ (upper panels)
and �Pδθ /Pδθ (lower panels) for models F4 (left-hand column) and
F5 (right-hand column). We can see some interesting features in
these plots. Taking �Pθθ /Pθθ of the F4 model as an example, at early
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Figure 6. The patterns of the small-scale tails of the velocity divergence
power spectrum per octave k3/2π2Pθθ (k) for the different cosmologies
measured at z = 0 from the B = 1000 h−1 Mpc simulation box.

times (e.g. a = 0.2) this ratio increases with k until small scales; a dip
then develops e.g. at kdip ∼ 4 h Mpc−1 at a = 0.3 and the dip shifts
towards larger scales at late times. Meanwhile, a peak appears at
ks < kdip, while for k > kdip �Pθθ /Pθθ goes up again. Furthermore, a
second and minor dip could develop immediately to the right of kdip.
The features and evolution pattern for �Pδθ /Pδθ are very similar to

�Pθθ /Pθθ , both being significantly larger than �Pδδ/Pδδ (Jennings
et al. 2012); this implies that local measurements of the velocity
field (Pike & Hudson 2005; Kosowsky & Bhattacharya 2009; Davis
et al. 2011; Hudson & Turnbull 2012; Patiri, Betancort-Rijo & Prada
2012) can indeed be a good probe of modified gravity.

Of course, the complicated shape and evolution of �Pθθ /Pθθ

must come from the chameleon fifth force, and we shall present an
explanation of this below.

The above evolution pattern suggests that the time evolution of
�Pδδ/Pδδ and �Pθθ /Pθθ for F5 (F6) is just a postponed version of
that for F4. If this is the case, then there is a natural explanation
for this, namely that the whole evolution pattern is an effect of the
fifth force, which is suppressed until later times for smaller values
of |fR0|. We will describe this in more detail in the next subsection.
Note that this time-shifting effect can also be seen in the linear
perturbation results for �Pδδ/Pδδ and �Pθθ /Pθθ shown in Fig. 8.

4.5 A tale of two universes

Suppose that there are two universes which are completely identical
except for the underlying gravity. In universe I, standard GR applies
and in universe II, the f(R) gravity applies. The evolution of structure
is the same in the two universes up to quite late times, say z = 49

Figure 7. The time evolution of �Pθθ /Pθθ in models F4 (upper left-hand panel) and F5 (upper right-hand panel), along with the time evolution of �Pδθ /Pδθ

for models F4 (lower left-hand panel) and F5 (lower right-hand panel). In all panels at k = 0.1 h Mpc−1 the symbols are for times a = 0.2, 0.3, 0.5, 0.7 and 1.0
from bottom to top. All results are measured from the DTFE-constructed density and velocity divergence fields for the Lbox = 250 h−1 Mpc simulations.
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Figure 8. Linear theory predictions for the time evolution of �Pδδ/Pδδ (left-hand panel) and �Pθθ /Pθθ (right-hand panel) for F4 (solid) and F5 (dashed) at
different expansion factors, as indicated by the labels.

which is the starting time of our experiments, since the fifth force
in f(R) gravity is vastly suppressed until then.

The subsequent evolution can be divided into several stages.

(i) Stage (a), the fifth force in f(R) gravity begins to affect in-
creasingly larger scales, starting from the smallest one. This speeds
up the flow of matter, making the smallest structures form earlier
through collapse in universe II than in universe I (such a boost in
the rate of the formation of hierarchical structures was reported for
a general fifth-force models by Li & Zhao 2009, 2010, Hellwing,
Knollmann & Knebe 2010 and Li & Barrow 2011). As a result, one
can see that both �Pδδ/Pδδ and �Pθθ /Pθθ increase towards small
scales.

(ii) Stage (b), the small structures have formed, and this corre-
sponds to shell crossing in the spherical collapse model in universe
II, while in universe I the same structure is still forming. The veloc-
ity divergence inside the collapsed regions becomes less negative
and then positive, during which process its magnitude is smaller
than in the collapsing regions (cf. Fig. 2). Although this is the effect
for an individual structure, we would expect to see this statistically
(and same for the discussions below), i.e. in the power spectrum
because structures form earlier in F4 in general, and as a result a dip
starts to appear in �Pθθ /Pθθ on the scale roughly corresponding
to the collapsed structure. During this stage, �Pδδ/Pδδ still follows
the pattern of stage (a).

(iii) Stage (c), the same small structure collapses and forms in
universe I as well. Inside the structure, the deepening of the total
gravitational potential (with the fifth force contributing) in universe
II makes matter move faster than it does in universe I. This fact
is reflected as a continued increase in �Pθθ /Pθθ on scales larger
than where the dip first appears. Meanwhile, the dip develops into a
valley and moves towards larger scales because structures form hi-
erarchically and larger ones form later. During this stage, �Pθθ /Pθθ

also continues growing on scales much larger than the collapsing
regions. A small peak could appear on scales immediately smaller
than that corresponds to the valley because the divergence field
crosses zero, making Pθθ smaller for GR; this is probably why there
is a second and smaller dip in �Pθθ /Pθθ .

The evolution of �Pδδ/Pδδ in stage (c) is more complicated.
During the first part, substage (ci), the small-scale clustering is
continuously boosted by the fifth force in universe II, which means
that �Pδδ/Pδδ keeps growing towards small scales. Meanwhile,
a bump starts to appear on scales roughly corresponding to the
collapsing regions, reflecting the enhanced and earlier formation of

larger structures in universe II, probably as well as the fact that the
growth of �Pδδ/Pδδ on scales smaller than that corresponding to
the bump is slowed down by the increased velocity dispersion in
the structures in universe II (Li & Barrow 2011).

This continues into substage (cii), during which the bump in
�Pδδ/Pδδ develops into a peak and shifts towards larger scales (at
the same pace as the valley in �Pθθ /Pθθ shifts leftwards). At the
same time �Pδδ/Pδδ goes down on small scales because of the
higher velocity dispersion inside haloes in universe II.

The above evolution history of the shapes of �Pδδ/Pδδ and
�Pθθ /Pθθ depends on the properties of the fifth force (e.g. it grows
in time), and could in principle be a unique feature of the chameleon-
type modified gravity theories. According to this picture, the dif-
ferent f(R) models studied in this paper should follow the same
evolutionary path, but as the fifth force becomes non-negligible in
different eras depending on the value of |fR0|, at any given time the
evolution is at different stages for the different models.

As an illustration, at a = 1.0 F4 has reached stage (cii), F5 reached
stage (ci) and F6 somewhere between stages (b) and (ci). At a =
0.7, F4 and F5 are in stages (cii) and (b), respectively. At a = 0.5,
F4 has just left stage (ci) while F5 is still in stage (b).

Note that the decrease of �Pδδ/Pδδ towards small scales in the
F4 model does not reflect the fact that the fifth force is suppressed
in small systems such as clusters and galaxies, although the latter is
true.

Based on these observations, we can give a rough estimate of the
scales where the peak in �Pδδ/Pδδ and the dip in �Pθθ /Pθθ appear.
We define the variance of linear density fluctuations smoothed by a
Gaussian filter as

σ 2(R, z) =
∫

k3PL(k)

2π2
exp

(−k2R2
)

d ln k, (20)

where PL(k) is the linear power spectrum. The characteristic mass of
haloes M∗ is defined by matching the variance of the linear density
fluctuation to the threshold density for collapse, δc,

σ (R∗, z) = δc, (21)

where M∗ = 4πR3
∗ρ̄m/3. We expect that on small scales at k > k∗ ≡

R−1
∗ , the power spectrum is significantly affected by collapsed ob-

jects. Using the critical density obtained by the spherical collapse
model, δc = 1.673 for the �CDM model and δc = 1.692 (Schmidt
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et al. 2009a) for F4,4 the characteristic scales are obtained as
k∗ = 1.05 h Mpc−1 in �CDM and k∗ = 0.72 h Mpc−1 in F4 at
a = 1. At a = 0.5, these scales are give by k∗ = 3.39 h Mpc−1

in �CDM and k∗ = 2.2 h Mpc−1 in F4. The characteristic scale
k∗ = R−1

∗ is always smaller in f(R) gravity as the non-linearity is
stronger than �CDM. From the above arguments, we expect that
the peak in �Pδδ/Pδδ and the dip in �Pθθ /Pθθ appear roughly at
k∗ (F4) < k < k∗ (�CDM), as on these scales, collapsed objects
are already formed in F4, but they are still collapsing in �CDM.
From Figs 4–7, we can see that these scales are roughly consistent
with the scales where the peak and the dip appear. We should em-
phasize that these scales only give qualitative estimates of scales
where collapsed objects are important and it is necessary to study
the formation of haloes in detail to make more precise predictions.

5 SU M M A RY A N D C O N C L U S I O N S

To summarize, in this paper we have studied the shape and evo-
lution of the matter and velocity divergence power spectra in the
f(R) gravity model, with the aid of a number of high-resolution
N-body simulations. For this we have worked with the f(R) La-
grangian proposed by Hu & Sawicki (2007), fixing one of the two
free parameters (namely setting n = 1 in equation 7). This leaves us
with only one free parameter |fR0|, which is the present-day value
of fR in the cosmological background. The value of |fR| controls
the strength of the chameleon mechanism: the smaller |fR| is, the
stronger the chameleon effect becomes and the weaker the devia-
tions from GR. Because |fR| increases with time overall, a larger
value of |fR0| means that the fifth force becomes unscreened at an
earlier time.

We have run a series of N-body simulations to study the formation
of cosmic structures in selected f(R) models using the ECOSMOG

code. To assess all possible resolution and finite box effects, we
make sure that our simulations cover a wide range of length and
mass scales. On very large scales, the matter power spectrum of
f(R) gravity is found to be the same as that of the �CDM paradigm,
since these scales are well beyond the range of the fifth force. On
small scales, the matter power spectrum develops non-trivial shapes,
depending on the value of |fR0| and time. We stress that linear
perturbation theory is a bad approximation even on large scales,
especially for the cases with |fR0| = 10−5 and 10−6, in which the
chameleon effect is strong and the scalaron equation is highly non-
linear. This implies that one should be cautious about forecasts made
for modified gravity theories based on linear perturbation theory
calculations. In general, full non-linear numerical simulations are
needed.

The most challenging part of the f(R) simulation (and modified
gravity simulation in general) is that the fifth force becomes weak
in high-density regions, where higher resolution is needed. We have
seen in Section 4.3 that if the mass and force resolution is not high
enough, the amplitude of density peaks could be underestimated and
the magnitude of the fifth force overestimated, causing significant
errors in the simulations.

The peculiar velocity field in the f(R) gravity is more affected
by the presence of the fifth force than the density field. Indeed, the
velocity divergence power spectrum of the f(R) gravity can differ
from that of �CDM by twice as much as the difference in the mat-
ter power spectrum (∼100 per cent versus ∼50 per cent for F4 and

4 Note that here we have assumed that δc for F4 is scale independent as in
GR: this is obtained by rescaling the Newton constant by 4/3 everywhere
and the chameleon effect is neglected.

∼60 per cent versus ∼30 per cent for F5). Furthermore, the shape
and evolution pattern of the velocity divergence power spectrum,
although also dependent on |fR0| and time, can be very different
from those of the matter power spectrum. The large effect of modi-
fied gravity on the velocity divergence power spectrum, especially
on small scales, implies that the motion of particles and thus the
dynamical state of the haloes can be very different in modified grav-
ity theories. Galaxy rotational curves, for example, can be modified
and this effect is important when interpreting observational data.
The spin of DM haloes, especially in low-density regions, can also
be significantly faster (Lee et al. 2012).

The dependencies of the matter and velocity divergence power
spectra on |fR0| and time can be simplified if one understands them
as the dependency on a single quantity – the fifth force. We have
shown that the shapes of the power spectra for different |fR0| actually
evolve on the same path, but for models with smaller |fR0| the fifth
force is suppressed until later times and the whole evolution is
delayed. For example, the F5 �Pθθ /Pθθ at a = 1 looks like the F4
results at a = 0.7.

We have presented an explanation of the shape and evolution of
the power spectra based on this observation, according to which
the valley and peaks in �Pθθ /Pθθ appear as a result of the fact that
structures form earlier in f(R) gravity than they do in the �CDM
model. This also explains the observation in Zhao et al. (2011) (and
also Li & Zhao 2009, 2010 for other chameleon-type models) that
�Pδδ/Pδδ first increases as k increases and later develops a peak at
the k corresponding to the size of DM haloes.

In this paper, we have only focused on the theoretical aspects
of the power spectra in f(R) gravity. The qualitative results here are
expected to be quite general, and according to the theoretical picture
similar things would be found in other modified gravity theories with
screening mechanisms, such as the symmetron and dilaton models
or the ReBEL model (Nusser, Gubser & Peebles 2005). Our analysis
could be generalized to those models, and also connections could be
made to observations by, for example, considering the weak lensing
shear spectrum, etc., to place constraints on the parameter |fR0|.
These issues will be left to future work.
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