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Current constraints on fðRÞ gravity from the large-scale structure are at the verge of penetrating into a

region where the modified forces become nonlinearly suppressed. For a consistent treatment of observ-

ables at these scales, we study cluster quantities produced in chameleon and linearized Hu-Sawicki fðRÞ
gravity dark matter N-body simulations. We find that the standard Navarro-Frenk-White halo density

profile and the radial power law for the pseudo-phase-space density provide equally good fits for fðRÞ
clusters as they do in the Newtonian scenario. We give qualitative arguments for why this should be the

case. For practical applications, we derive analytic relations, e.g., for the fðRÞ scalar field, the

gravitational potential, and the velocity dispersion as seen within the virialized clusters. These functions

are based on three degrees of freedom fitted to simulations, i.e., the characteristic density, scale, and

velocity dispersion. We further analyze predictions for these fitting parameters from the gravitational

collapse and the Jeans equation, which are found to agree well with the simulations. Our analytic results

can be used to consistently constrain chameleon fðRÞ gravity with future observations on virialized cluster
scales without the necessity of running a large number of simulations.

DOI: 10.1103/PhysRevD.85.124054 PACS numbers: 04.50.Kd, 98.80.�k

I. INTRODUCTION

Modifications of gravity can serve as an alternative
explanation to the dark energy paradigm for the late-time
accelerated expansion of our Universe. Here, we specialize
to fðRÞ gravity, where the Einstein-Hilbert action is sup-
plemented with a free nonlinear function fðRÞ of the Ricci
scalar R [1]. It has been shown that such models can
reproduce the cosmic acceleration without invoking dark
energy [2–4]. However, they also produce a stronger gravi-
tational coupling and enhance the growth of structure. fðRÞ
gravity is formally equivalent to a scalar-tensor theory
where the additional degree of freedom is described by
the scalaron field fR � df=dR [5,6]. We parametrize our
models by the background value of the scalaron field today,
jfR0j. The fR field is massive, and below its Compton
wavelength, it enhances gravitational forces by a factor
of 4=3. Due to the density dependence of the scalaron’s
mass, however, viable fðRÞ gravity models experience a
mechanism dubbed the chameleon effect [7–9], which
returns gravitational forces to the standard relations in
high-density regions, making them compatible with
solar-system tests [10,11] at r & 20 AU.

The enhanced gravitational coupling can be utilized to
place constraints on the fðRÞ modification. The transition
required to interpolate between the low curvature of the
large-scale structure and the high curvature of the galactic
halo sets the currently strongest bound on the background
field, jfR0j< j�j � ð10�6–10�5Þ [10], i.e., the typical
depth of cosmological potential wells. A bound of the
same order is obtained from galaxies serving as strong
gravitational lenses [12] at r� ð1–10Þ kpc and from the

comparison of nearby distances inferred from cepheids and
tip of the red giant branch stars in a sample of unscreened
dwarf galaxies [13]. Independently, strong constraints can
also be inferred from the large-scale structure ðr *
1 MpcÞ. An upper bound of jfR0j & 10�3, for instance,
can be obtained from the cluster density profiles con-
strained by weak lensing measurements [14]. The currently
strongest constraints on fðRÞ gravity models from the
large-scale structure are inferred from the analysis of the
abundance of clusters, yielding a constraint of jfR0j &
10�4 [15,16].
It is important to note that these cluster-scale constraints

have been derived by relying on a linearized approach of
the fðRÞ modifications, i.e., assuming a linear relation
between the curvature fluctuation �R and the field fluctua-
tion �fR that is correctly described by the background
Compton wavelength parameter. This approach, however,
breaks down for jfR0j & 10�5, where cluster scales are
affected by the chameleon mechanism. It is therefore
important for comparison to future measurements to de-
scribe the observable quantities encompassing the chame-
leon effect (see, e.g. [17]).
Dark matter N-body simulations of fðRÞ gravity provide

a great laboratory for the study of the chameleon mecha-
nism, and many efforts have been made in performing such
simulations. For example, Oyaizu et al. [18,19] performed
N-body simulations of the Hu-Sawicki [10] fðRÞ gravity
model for the first time using a particle-mesh code. Later
Zhao et al. [20] and Li et al. [21] simulated the same
model using an adaptive particle-mesh code and signifi-
cantly improved the resolution.
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In this paper, we aim at finding simple analytic and
semianalytic descriptions for cluster characteristics pro-
duced in fðRÞ N-body simulations in both the linearized
and chameleon scenarios. The relations we find here in-
corporate the chameleon mechanism and can be used to
assist in the consistent comparison of fðRÞ gravity to
observations. The outline of the paper is as follows. In
Sec. II, we review fðRÞ gravity with a particular focus on
the Hu-Sawicki model. In Sec. III, we provide (semi-)
analytic relations for the scalar field, the gravitational
potential, and the velocity dispersion at the virialized
scales of clusters produced in linearized and chameleon
fðRÞ gravity. Thereby, we start from the assumption of a
Navarro-Frenk-White (NFW) profile for the cluster density
and a power-law pseudo-phase-space density (PPSD).
Section IV is devoted to the comparison of these relations
to the output of fðRÞ gravity N-body simulations of grav-
itationally interacting cold dark matter particles. The fit of
the cluster quantities is done using three degrees of free-
dom, i.e., the characteristic amplitude and scale of the
NFW profile, and the velocity dispersion at the character-
istic scale. We compare the values of these fitting parame-
ters to predictions from scaling relations based on the
spherical collapse and an estimation of the amplitude of
the velocity dispersion employing the Jeans equation. We
discuss our results in Sec. V. In the appendix, we give
further details on the radial dependence of the PPSD profile
used for the derivation of the velocity dispersion based on
the expectations from the self-similar infall of a collisional
gas in the context of enhanced gravitational forces such as
present in fðRÞ gravity. We also motivate the applicability
of the NFW and PPSD profile for clusters produced with
modified gravitational forces.

II. fðRÞ GRAVITY

In fðRÞ gravity, the Einstein-Hilbert action is supple-
mented by a free nonlinear function of the Ricci scalar R,

S ¼ 1

2�2

Z
d4x

ffiffiffiffiffiffiffi�g
p ½Rþ fðRÞ� þ Smðc m;g��Þ: (1)

Here, �2 � 8�G, Sm is the matter action with matter fields
c m, and we have set c � 1. Variation with respect to the
metric g�� yields the modified Einstein equations for

metric fðRÞ gravity,

G��þfRR���
�
f

2
�hfR

�
g���r�r�fR¼�2T��; (2)

where the connection is of Levi-Civita type and fR �
df=dR is the additional scalar degree of freedom of the
model, characterizing the force modifications.

By a conformal transformation of the metric, the Jordan
frame action Eq. (1) can be recast in the Einstein frame,

S ¼
Z

d4x
ffiffiffiffiffiffiffi�~g

p � ~R

2�2
� 1

2
~@��~@��� Vð�Þ

�

þ Sm½c m;A
2ð�Þ~g���; (3)

where

~g�� � ð1þ fRÞg��; (4)

�
d�

dfR

�
2 � 3

2�2

1

ð1þ fRÞ2
; (5)

Að�Þ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ fR

p ; (6)

Vð�Þ � fRR� fðRÞ
2�2ð1þ fRÞ2

: (7)

Integration of Eq. (5) gives the scalar field

� ¼ 1

�

ffiffiffi
3

2

s
lnð1þ fRÞ þ�0; (8)

where we set �0 � 0. Variation of the action with respect
to � yields

~h� ¼ �� ~T þ V 0ð�Þ � V 0
effð�Þ; (9)

where � ¼ d lnA=d� and Veff is an effective potential
governing the dynamics of �. Note that ~T ¼ Að�Þ4T. In
the quasistatic limit, we neglect time derivatives in Eq. (9)
and we obtain the scalar field equation of interest here,

r2� ¼ �Að�Þ4�m þ V0ð�Þ; (10)

where we assumed matter dominance and use physical
coordinates.

A. Hu-Sawicki model

We specialize our considerations to the functional form
of fðRÞ proposed by Hu and Sawicki [10],

fðRÞ ¼ � �m2 c1ðR= �m2Þn
c2ðR= �m2Þn þ 1

; (11)

where �m2 � �2 ��m0=3 and overbars refer to background
quantities. The free parameters of the model c1, c2, and n
can be chosen to reproduce the �CDM expansion history
and satisfy solar-system tests [10] through the chameleon

mechanism [7–9]. In the high-curvature regime, c1=n2 R �
�m2, Eq. (11) simplifies to

fðRÞ ¼ � c1
c2

�m2 � fR0
n

�Rnþ1
0

Rn ; (12)

where �R0 denotes the background curvature today, �R0 ¼
�Rjz¼0, and fR0 � fRð �R0Þ. We further infer

c1
c2

�m2 ¼ 2�2 ��� (13)

LOMBRISER, KOYAMA, ZHAO, AND LI PHYSICAL REVIEW D 85, 124054 (2012)

124054-2



from requiring equivalence with �CDM when jfR0j ! 0.
From Eq. (7), we get

Vð�Þ ¼ RfRð1þ 1=nÞ þ 2�2 ���

2�2ð1þ fRÞ2
; (14)

V0ð�Þ ¼ Rð1� nþ2
n fRÞ � 4�2 ���ffiffiffi

6
p

�ð1þ fRÞ2
; (15)

where R= �R0 ¼ ðfR0=fRÞ1=ðnþ1Þ. For fR � 1 and subtract-
ing the background, Eq. (9) becomes

r2�fR ¼ 1

3
½�RðfRÞ � �2��m�; (16)

where �fR ¼ fRðRÞ � fRð �RÞ, �R ¼ R� �R, ��m¼�m�
��m.
We assume a spatially homogeneous and isotropic cos-

mological background metric and consider perturbations
of the Friedmann-Lemaı̂tre-Robertson-Walker line ele-
ment in longitudinal gauge, i.e., � ¼ �g00=ð2g00Þ and
� ¼ �gii=ð2giiÞ. Combining the time-time and time-space
component of the perturbed modified Einstein equations,
one obtains

� 3 _fR _�þ 2r2½ð1þ fRÞ�� � 3H _fR�

¼ �2ð��þ 3HvÞ �
�
6H2 þ 3 _f2R

ð1þ fRÞ2
þr2

�
�fR

þ �ðfRR� fÞ
2

þ 3 _fR
1þ fR

� _fR: (17)

We assume matter dominance, i.e., �� ¼ ��m and
v ¼ vm, the matter peculiar velocity potential defined by
@�v ¼ ��u�, where u� is the unit four-velocity. Here,

dots denote derivatives with respect to cosmic time. For
fR � 1 and in the quasistatic limit, jr2�fRj � H2�fR,
neglecting time-derivatives of the perturbations and fR,
this yields the modified Poisson equation

r2� ¼ 2�2

3
��m � 1

6
�RðfRÞ; (18)

where we have used �f � fR�R and Eq. (16) to replace
r2�fR.

Note that if the background field jfR0j is large compared
to typical gravitational potentials (� 10�5), we may lin-
earize the field equations, Eqs. (16) and (18), via the
approximation

�R � @R

@fR

��������R¼ �R
�fR ¼ 3m2�fR; (19)

where m is the mass of the fR field at the background. In
Fourier space, the solution to Eqs. (16) and (18) within the
linearized approximation is

k2�ðkÞ¼��2

2

�
4

3
�1

3

��
k

ma

�
2þ1

��1
�
a2��mðkÞ; (20)

for a comoving wave number k ¼ jkj. For scales k � ma,
this leads to an enhancement of gravitational forces by a
factor of 4=3. Computations using Eq. (20) are referred to
as the no-chameleon or linearized fðRÞ case [19], whereas
solutions to Eqs. (16) and (18) are referred to as chameleon
fðRÞ gravity. In the following section, we will study solu-
tions for the scalar field �fR and the Newtonian potential
� within a virialized cluster in both scenarios.

III. CLUSTER QUANTITIES

Effects from fðRÞmodifications of gravity on halo prop-
erties were studied in, e.g., [17,22–26]. The enhanced
abundance of clusters caused by the modification was
used in [15,16] to place an upper bound on the scalaron
background value of jfR0j & 10�4. Reference [14] used
cluster-galaxy lensing measurements of the excess surface
mass density to constrain jfR0j based on the fðRÞ enhance-
ment of the cluster density profile around the virial radius
(see [23]), finding an upper bound of jfR0j & 10�3. These
analyses have been carried out in the linearized regime of
fðRÞ gravity, i.e., where the approximation Eq. (19) is
valid. However, with future measurements, constraints
will penetrate into the chameleon regime and it becomes
important to incorporate the effects of the chameleon
mechanism on the observables. This shall be the concern
of this section. Based on the NFW profile, we derive here
analytic formulae, e.g., for the gravitational potential and
velocity dispersion as observed within the virialized clus-
ter. These relations can subsequently be used to predict
observables in fðRÞ gravity without having to rely directly
on simulations and constrain jfR0j in the chameleon regime
without the necessity of running a large number of
simulations.

A. Density

Navarro, Frenk, and White [27] found that the simple
relation

��mðrÞ ¼ 	 ��c
r
rs
ð1þ r

rs
Þ2 (21)

provides good fits to the cluster density profiles measured
in Newtonian cold dark matter (CDM) simulations. Here,
rs denotes the characteristic scale and �s ¼ 	 ��c is the
characteristic density with the critical background density
��c. As we will show in Sec. IV, this simple function
provides comparably good fits to fðRÞ gravity simulations
in both the linearized and chameleon scenarios for r 2
ðr0; rvirÞ, where rvir is the virial radius of the cluster and r0
is conservatively set by the requirement that N > 800
particles in the simulations fall within that radius (see
Sec. IV and Appendix B). In Appendix A, we argue that
the applicability of the NFW profile to modified gravity
can be motivated by consideration of the self-similar infall
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of a collisional gas under modified forces, preserving con-
sistency with the Jeans equation and the virial theorem.

In the following, we shall assume this profile to be exact
on the scales of interest, r 2 ðr0; rvirÞ, and derive from that
(semi-)analytic relations for the mass, the scalar field, the
gravitational potential, and the velocity dispersion.

B. Mass

We integrate Eq. (21) from the origin of the cluster to the
radius r to obtain the mass of the cluster enclosed by r0 �
r. However, the NFW profile might not apply for r0 � r0.
For fair comparison with simulation results, we add a
correction for the inner part of the cluster. The mass can
then be obtained by the integration

MðrÞ¼4�
Z r

0
dr0r02½��mðr0Þþ��mðr0Þ�ðr0�r0Þ�

¼4�	 ��cr
3
s

�
ln

�
1þ r

rs

�
� r

rþrs

�
þMc; (22)

where ��mðrÞ ¼ ��m;simðrÞ � ��m;NFWðrÞ andMc defines

a mass calibration at r0. Eq. (22) applies to Newtonian as
well as fðRÞ gravity.

C. Scalar field

We first derive the scalar field �fR in the linearized case
and based on this result, we then construct an analytic
approximation for the solution in the chameleon case by
requiring that �fR≯jfR0j. For comparison, we also study
the approximation of the chameleon scalar field of
Pourhasan et al. [28] and a numerical solution to the scalar
field equation, Eq. (16), assuming spherical symmetry and
the applicability of the NFW halo density profile. For
clarity, we shall denote our solutions for the scalar field
as �flinR and �fchamR for the linearized and chameleon case,
respectively.

1. Linearized field

In order to find �flinR , we solve Eq. (16) with the ap-
proximation Eq. (19) and the assumption that ��m is
described by a NFW profile. Furthermore assuming spheri-
cal symmetry, we obtain the differential equation�

@2r þ 2

r
@r

�
�flinR �m2�flinR þ �2

3

�sr
3
s

rðrþ rsÞ2
¼ 0; (23)

which has the solution

�flinR ðrÞ ¼ �
�
�2

6
�sr

3
sf�½0; mðrþ rsÞ�e2mðrþrsÞ

þ �½0;�mðrþ rsÞ�g þ
�
C1 þ C2

2m
e2mr

�
emrs

�

	 e�mðrþrsÞ

r
: (24)

Here, C1 and C2 are integration constants and

�ðs; rÞ ¼
Z 1

r
dtts�1e�t (25)

denotes the upper incomplete gamma function. C2 is the
amplitude of a growing mode and since we want to restore
general relativity (GR) at r ! 1, we set C2 ¼ 0. We
further require �2��m=3 to dominate overm2�flinR towards
the origin of the halo and hence,

lim
r!0

r�flinR ! 0: (26)

This is also apparent from the resemblance of Eq. (23)
when m2�flinR is small to the standard Poisson equation
and its solution for the Newtonian potential �GR (see
Sec. III D). The integration constant then becomes

C1¼��2�sr
3
s

6
e�mrs½e2mrs�ð0;mrsÞþ�ð0;�mrsÞ� (27)

and hence, we arrive at our solution for the linearized
scalar field,

�flinR ðrÞ ¼ ��2�sr
3
s

6
f�½0; mðrþ rsÞ�e2mðrþrsÞ

þ �½0;�mðrþ rsÞ� � �ð0;�mrsÞ

� e2mrs�ð0; mrsÞg e
�mðrþrsÞ

r
: (28)

Note that at scales where �m � ��m and �m � ��m, we
obtain the limits

�flinR ¼ �2

3m2
��m; (29)

r2�flinR ¼ ��2

3
��m; (30)

respectively. Eq. (30) implies that

�flinR ¼ �2�sr
3
s

3

lnð1þ r=rsÞ
r

þ K1

r
þ K2; (31)

where the integration constants K1 ¼ 0 due to Eq. (26) and
K2 ¼ �m�2�sr

3
s expðmrsÞ�ð0; mrsÞ=3 to match Eq. (28) at

the origin. Hence, for �m � ��m,

�flinR ¼ � 2

3
�GR � �2�sr

3
s

3
memrs�ð0; mrsÞ; (32)

where �GR is taken for an isolated halo assuming a NFW
profile on all scales (see Sec. III D).
We illustrate our solution for the scalar field and its

behavior at the limit of large and small scales, respectively,
in the left panel of Fig. 1.

2. Chameleon field

In order to describe the chameleon mechanism in fðRÞ
gravity, let us revisit Eq. (10), which for jfRj � 1 and

� ¼ ��=
ffiffiffi
6

p
becomes
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r2� ¼ � �ffiffiffi
6

p �m þ V 0ð�Þ: (33)

In high density regions, where ��m � � ffiffiffi
6

p r2�, the sca-
lar field becomesffiffiffi

2

3

s
�� ¼ fR0

� �R0

�2ð�m þ 4 ���Þ
�
nþ1 ¼ fR: (34)

Since �m � ��c, for n >�1, we get fR � �� ’ 0. Hence,
modifications of gravity are suppressed.

We consider three different approaches for describing
the transition of �flinR to �fchamR and compare them with
each other. The first approach is the assumption of a
simplified, but analytically describable, instantaneous tran-
sition to �fR ¼ �fR0, whereas the second is a semiana-
lytical match of the two regions and the third is a numerical
solution to Eq. (16). Thus, in the first case, in order to
implement the chameleon mechanism in our fit, we may
simply require

fchamR ¼ minðflinR ; 0Þ (35)

or equivalently, �fchamR ¼ minð�flinR ;�fR0Þ (see left and
middle panels of Fig. 1). As we will show in Sec. IV, this
yields a good approximation to the simulated chameleon
fR field. The difference being a more gradual decrease in
@rfR from �2@r�GR=3 to 0 instead of an instantaneous
transition (cf. right panel of Fig. 1). The chameleon tran-
sition is, however, very efficient, which allows the appli-
cability of this approach.

For comparison, we follow the semianalytic approach of
Pourhasan et al. [28] for describing the chameleon field for
an inverse power-law potential of a scalar field. Their
procedure corresponds to matching the fðRÞ chameleon
interior solution, Eq. (34), applying to r 2 ðr�; rþÞ to the

chameleon exterior solution, Eq. (31), for r > rc at the
transition scale rc. This defines the integration constants
in Eq. (31). K2 ¼ 0 follows from the requirement that
�fR ! 0 when r ! 1. K1 and rc are determined by re-
quiring that

�fRðrÞ � ð�finR;r<rc
[ �foutR;r
rc

ÞðrÞ 2 C1ðUÞ (36)

with rc 2 U � Rþ
0 , i.e., the matched scalar field and its

derivative are continuous at the transition. We compute rc
numerically and show the according solution for �fR in the
middle panel of Fig. 1. Note that Eq. (36) assumes that the
interior solution also applies to the shell r 2 ðrþ; rcÞ,
where rþ < rc. Following [28], the boundaries of the in-
terior region, i.e., the regime of applicability of Eq. (34),
r 2 ðr�; rþÞ, can be obtained from the roots of
�3r2fR=�

2�m ¼ 10�2. If for rþ < rc, we have ðrc �
rþÞ � rc, the interior solution may be extended into the
shell, which in this case is sufficiently thin. Strictly speak-
ing, the condition rþ > rc is not satisfied for the scalar field
shown in Fig. 1. The �fR computed with this procedure,
however, still yields a good description to the simulated
scalar field (see middle panel of Fig. 1).
As a third case, we numerically solve the differential

equation for �fR, Eq. (16), assuming spherical symmetry
and that ��m is given by a NFW profile. For stability

reasons we use the substitution fR ¼ �euðrÞ (see [20]) in
our computations. We compare the numerical solutions for
�fR obtained in this way to the chameleon scalar fields
obtained through the analytic and semianalytic approach,
Eq. (35) and (36), respectively, in the middle panel of
Fig. 1.
Note that due to the limited applicability of the NFW

density profile for the description of ��m beyond r 2
ðr0; rvirÞ and the unknown environment, when comparing
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FIG. 1 (color online). Properties of the scalar field �fR for a cluster of Mvir ¼ 1:36	 1014M�=h and a background field amplitude
of jfR0j ¼ 10�5 (long-dashed line) with n ¼ 1. Left: The analytically derived scalar field �fR (solid line) and its behavior at the limit
of large and small scales, respectively. The transition of the linearized field into a chameleon field occurs instantaneously where
�fR ¼ jfR0j. Middle: Comparison between the instantaneous chameleon transition (solid line) and the C1 transition for �fR (dashed
line) with analog semianalytical derivation to [28]. Matching �fR ¼ �fR;sim at rvir brings the approximations into good agreement

with the simulated �fRðrÞ (dots). The thick long-dashed lines show numerical solutions to Eq. (16) assuming a NFW profile with
integration constraints set by additionally requiring that �f0RðrvirÞ correspond to the analytic and semianalytic result, respectively.
Right: Enhanced force by the linearized (dotted line), the instantaneous chameleon (solid line), and the C1 (dashed line) chameleon
scalar field �fR (matched at rvir), respectively. The lines of the linearized and instantaneous chameleon field overlap beyond the
chameleon region.
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to simulations, we correct the analytic and semianalytic
solutions of fR to match them to fR;sim at rvir, or equiv-
alently, we require this constraint when numerically solv-
ing Eq. (16). In specific, this means adding a constant
deviation from the background density in Eq. (23) and
dropping the condition K2 ¼ 0 in the instantaneous and
C1 chameleon solution, respectively. This brings the com-
puted scalar fields into good agreement with the simulated
�fR over the radial range r 2 ðr0; rvirÞ as is demonstrated
in the middle panel of Fig. 1. For the comparison to
the numerical solution of Eq. (16), we further constrain
the integration by requiring that �f0RðrvirÞ correspond to the
derivative of the solution for the C1 and the instantaneous
chameleon field, i.e., the semianalytic and analytic �fR,
respectively.

It is important to note that matching �fRðrvirÞ to simu-
lations is essential for recovering the radial dependence of
the scalar field from simulations. As demonstrated in
Fig. 2, if we use the cosmological background as the
boundary condition instead, i.e., K2 ¼ 0 in Eq. (31), we
are not able to reproduce the scalar field �fR;sim.

D. Gravitational potential

For a spherically symmetric mass distribution, the gravi-
tational potential at r 2 ðr0; rvirÞ in Newtonian gravity is
obtained by the sum of the interior and exterior spherical
mass shells, i.e.,

�GR ¼ � �2

8�

�
1

r

Z r

0
dMðr0Þ �

Z 1

r

dMðr0Þ
r0

�
(37)

¼ ��2

2

�
1

r

Z r

0
dr0r02½�mðr0Þ þ ��mðr0Þ
ðr0 � r0Þ�

þ
Z 1

r
dr0r0½�mðr0Þ þ��mðr0Þ
ðr0 � rvirÞ�

�
(38)

¼ ��2�sr
3
s

2

lnð1þ r=rsÞ
r

� �2Mc

8�r
þ�c þ�ext: (39)

Here, �ext indicates an external gravitational field in case
the halo is not isolated and�c accounts for deviations from
the NFW density profile at r > rvir, e.g., the two-halo
contribution, i.e., �c does not vanish even if the halo is
isolated.
Combining Eqs. (16) and (18) yields

r2� ¼ �2

2
��m � 1

2
r2�fR (40)

¼ r2

�
�GR � 1

2
�fR

�
: (41)

By partial integration and with the analog boundary con-
ditions as in the integration of �GR, i.e.,

lim
r!0

r@r�fR ¼ 0; (42)

lim
r!1@r�fR ¼ 0; (43)

we obtain the modified gravitational potential

� ¼ �GR � 1

2
�fR: (44)

For comparison to simulations, the combination �c þ
�ext, i.e., the halo density correction to the NFW profile
beyond rvir and the external gravitational field �ext from
the environment, is calibrated to �simðrvirÞ.

E. Velocity dispersion

From contemplations on the self-similar secondary in-
fall and the shocked accretion of a collisional gas onto the
center of an initially spherical uniform overdensity in an
otherwise uniformly expanding Einstein-de Sitter universe,
Bertschinger [29] determined power-law behaviors for the
fluid variables, which produce the phase-space density
profile

�5=2

p3=2
/ r�15=8; (45)

where p denotes the pressure of the gas. We refer the reader
to Appendix A for details about this derivation and its
applicability to modified gravity. With a gas of pressure
p ¼ �m�

2, where � is the velocity dispersion, Eq. (45)
yields the PPSD profile

�m

�ðrÞ3 ¼ 1

4

�s

�3
s

�
rs
r

�
15=8

(46)

with�s � �ðrsÞ. The simple relation Eq. (46) was found to
give good fits to Newtonian CDM simulations [30].
As pointed out in Appendix A, the r dependence of the

PPSD profile does not change in a simplified approach of
fðRÞ gravity, i.e., where a simple force amplification of 4=3
is assumed. We therefore use the velocity dispersion

�2ðrÞ ¼ �2
s

�
4�m

�s

�
2=3

�
r

rs

�
5=4

(47)
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FIG. 2 (color online). Same as middle panel of Fig. 1 but with
cosmological background density as boundary condition instead
of matching to �fR;simðrvirÞ for �fR. For the radial derivatives,

we further require that �f0RðrvirÞ correspond to the analytic and
semianalytic result, respectively.
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to compare to simulations, where �s is taken to be an
additional degree of freedom that we fit to simulations
and �m is assumed to be correctly described by the NFW
density profile for r 2 ðr0; rvirÞ.

Note that the radial effect on �2 from a transition in the
modified forces is blurred out over a wide range of scales.
As shown in Sec. IV, the radial dependence of Eq. (47) fits
the chameleon fðRÞ, linearized fðRÞ, and �CDM simula-
tions equally well. For the estimation of �s, however, in
order to encompass the chameleon as a function of halo
mass, we can replace the constant force enhancement with
a weighted average over the modification shown in the
right panel of Fig. 1 (cf. [24,31]).

IV. COMPARISON TO SIMULATIONS

Based on the NFW fit for the halo density profile,
Eq. (21), we have constructed in Sec. III analytic fits to
the halo mass enclosed at radius r, Eq. (22), the scalar field
�fR, Eqs. (28) and (35), and the modified gravitational
potential given by Eqs. (39) and (44). We have further
assumed that the velocity dispersion of dark matter parti-
cles is correctly described by the power-law PPSD profile
predicted by the self-similar collapse of a collisional gas.

In this section, we shall test these relations against
collisionless dark matter N-body simulations of
Newtonian, linearized fðRÞ, and chameleon fðRÞ gravity.
Thereby, we assume the overdensity 	 (or equivalently �s)
and the characteristic scale rs in the NFW profile, as well as
the velocity dispersion at rs, i.e., �s, to be free fitting
parameters. We then compare the quality of these fits
between the different simulation outputs and analyze the
ability of scaling relations based on the spherical collapse
to give predictions for �s, rs, and �s.

A. N-body simulations

The simulations used in this work were carried out for
the Newtonian (GR), linearized (N), and full chameleon
(F) scenarios for each field strength jfR0j ¼ 10�6, 10�5,
10�4 with n ¼ 1 [20]. Each set of simulations consists of
10 realizations with each box size, Lbox ¼ 64h�1 Mpc,
128h�1 Mpc, 256h�1 Mpc, and a total particle number
of Np ¼ 2563 placed on 1283 domain grids. Thereafter,

the different set of simulations are denoted by GR-½Lbox�,
N� ½�log10jfR0j� � ½Lbox�, and F� ½�log10jfR0j� �
½Lbox�. During the simulation, the domain grids are refined
progressively where the local densities are sufficiently
large to reach a predefined threshold. In this way, the
grid structure efficiently follows the density distribution
so that the high density regions can be well resolved. The
cosmological parameters are fixed to values following
the WMAP 3-year results, �� ¼ 0:76, �m ¼ 1���,
h ¼ 0:73, ns ¼ 0:958, and the initial power in curvature
fluctuations As ¼ ð4:89	 10�5Þ2 at k ¼ 0:05 Mpc�1.

Halos within the simulation and their associated masses
are identified via a spherical overdensity (SO) algorithm

(cf. [32]). The particles are placed on the grid by a
cloud-in-cell interpolation and counted within a growing
sphere around the center of mass until the required
overdensity is reached. The mass of the halo is then defined
by the sum of the particle masses contained in the
sphere. This process is started at the highest overdensity
grid point and hierarchically continued to lower over-
density grid points until all halos are identified. Note
that the virial overdensity obtained for �CDM is used
to identify halos even in fðRÞ gravity in order to make a
fair comparison between the different models (see
Appendix B).

B. Performance of fits

We test the predictions made in Sec. III on the z ¼ 0
simulation output described in Sec. IVA. We calculate the
reduced �2 of the relative deviation between the prediction
for the quantity q from our analytic fits and the simulation
output, i.e.,

�2
q;red ¼

1

�

XN
n¼1

�
qfit
qsim

� 1

�
2

(48)

for each halo of the simulation independently, where N is
the number of bins in r 2 ðr0; rvirÞ and � ¼ N � n� 1, n
being the number of fitting parameters used in the fit. We
then calculate the mean of Eq. (48) over all halos. Our
results are summarized in Table I. The mass range chosen
for the selection of the clusters (see Table I) picks about
40–50 halos out of the 50–60 most massive halos of each
simulation. The average is then taken over the 10 realiza-
tions of each simulation configuration, leading to an aver-
age over about 500 halos for the results shown in each row
of Table I. We chose this simple approach of quantifying
the goodness of fit only for the qualitative comparison
between its performance in the concordance model and
in the linearized and chameleon fðRÞ gravity models.
In particular, we find that both the NFW profile and the

power-law PPSD profile with standard radial dependence,

r�15=8, yield equally good descriptions to the halos pro-
duced in the fðRÞ models as they do in the concordance
model. Note that for the scalar field �fR, we only take
into account the instantaneous transition to the chameleon
region (see Sec. III C) with the mass calibration at r0,
Eq. (22), in correspondence to the mass correction in the
gravitational potential Eq. (39).
For illustration of our fits on the simulation data, we

choose a set of simulations that highlights the effect of
the chameleon mechanism, i.e., where the transition from
the large-field to the small-field limit takes place within the
scales of interest. Thus, we seek a combination of medium
field strength jfR0j and medium halo masses. We therefore
illustrate the halo quantities produced for jfR0j ¼ 10�5 and
LBox ¼ 128 Mpc=h, corresponding to the set of simulation
outputs denoted by F-128-5 (see Sec. IVA). Fig. 3 shows
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the stacked fits to the F-128-5 simulation output, which is
also stacked, for the halo density profile, the cluster mass,
the velocity dispersion, the PPSD profile, the scalar field
fR, and the gravitational potential. The normalizations and
narrow mass range, ð1:65–1:70Þ 	 1014M�=h, are chosen
such that standard deviations of the simulation output are
small, in particular, at scales where the chameleon mecha-
nism is active. The narrow mass range is applied to the 10
realizations of the F-128-5 configuration, resulting in tak-
ing the average over 16 halos.

In Fig. 4 we show the overdensity ��m= ��m at rs, the
characteristic scale rs, the velocity dispersion squared at rs,
�2

s , and the concentration parameter cvir ¼ rvir=rs as a
function of the virial mass Mvir. The three types of data
points correspond to the Newtonian, linearized fðRÞ, and
full chameleon fðRÞ model, respectively. The three bins of
each type indicate the stacked best-fit values to each
halo produced in the simulations of the three different
box sizes, where the least massive ones correspond to
LBox ¼ 64 Mpc=h and the most massive ones to LBox ¼
256 Mpc=h. We stack the about 10 most massive halos in
the selection for Table I of each realization of each simu-
lation configuration, resulting in the average over about
100 halos for each data point. Fig. 4 is a good demonstra-
tion of the chameleon mechanism in several realizations.
For the fðRÞ models, we clearly observe a shift of the
average mass of each data point towards higher masses
with respect to GR. This corresponds to the enhanced

abundance of massive halos in fðRÞ gravity. Whereas for
high values of jfR0j the full chameleon simulations ap-
proach the linearized simulations, they reproduce the
Newtonian simulations at low values of jfR0j. We further
observe that in the full chameleon simulations, the dis-
placement in the mean mass with respect to GR is strongest
at high masses for large jfR0j and at low masses for small
jfR0j, respectively. This coincides with the expectations of
the fðRÞ halo abundance, i.e., where chameleon simula-
tions recover GR at high masses for low values of jfR0j but
differ at low masses; and for large values of jfR0j, the
strongest difference to GR is observed at high halo masses
(see [20,23]). A further realization of the chameleon effect
can be observed in the square of the velocity dispersion.
Here, the predictions of the chameleon simulations corre-
spond to the linearized simulations for jfR0j ¼ 10�4 that
are enhanced by a factor of�4=3 over the GR predictions.
For jfR0j & 10�5, however, the chameleon simulations
recover the GR velocity dispersion as the fðRÞ modifica-
tion is suppressed and the gravitational force returns to
being Newtonian.

C. Prediction of fitting parameters

We predict the virial halo concentration cvir along
with the two fitting parameters �s and rs in fðRÞ gravity
and GR using scaling relations based on spherical collapse
calculations (see Appendix B) following [23]. In order
to determine the third fitting parameter, the velocity

TABLE I. Comparison of goodness of fit of the analytic predictions of Sec. III based on the NFW halo density profile and the power-

law PPSD between the GR, linearized fðRÞ, and full chameleon fðRÞ simulations. Cluster masses are given in M�=h.
ffiffiffiffiffiffiffiffiffi
�2
red

q
is

computed from the %-deviation from simulations for the halo profile ��m, the massM, the velocity dispersion �, the scalar field �fR,
and the gravitational potential � in r 2 ðr0; rvirÞ.
Simulation Mass range hMi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�2

��m ;red
i

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�2

M;redi
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h�2
�;redi

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�2

�fR;red
i

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�2

�;redi
q

GR-64 2	 1013 � 2	 1014 4:25	 1013 10 17 10      
GR-128 1	 1014 � 5	 1014 1:74	 1014 8 14 9      
GR-256 3	 1014 � 7	 1014 4:14	 1014 5 9 9      
N-64-4 2	 1013 � 2	 1014 4:44	 1013 10 18 10 1 6

N-128-4 1	 1014 � 5	 1014 1:84	 1014 8 15 9 1 5

N-256-4 3	 1014 � 7	 1014 4:21	 1014 5 10 8 1 3

N-64-5 2	 1013 � 2	 1014 4:35	 1013 10 17 9 4 6

N-128-5 1	 1014 � 5	 1014 1:82	 1014 8 15 9 4 5

N-256-5 3	 1014 � 7	 1014 4:19	 1014 5 10 9 4 4

N-64-6 2	 1013 � 2	 1014 4:45	 1013 10 17 10 7 6

N-128-6 1	 1014 � 5	 1014 1:76	 1014 8 14 10 7 6

N-256-6 3	 1014 � 7	 1014 4:14	 1014 5 9 10 5 3

F-64-4 2	 1013 � 2	 1014 4:50	 1013 12 17 10 6 6

F-128-4 1	 1014 � 5	 1014 1:81	 1014 10 14 8 5 5

F-256-4 3	 1014 � 7	 1014 4:18	 1014 5 10 8 4 3

F-64-5 2	 1013 � 2	 1014 4:33	 1013 10 18 9 4 6

F-128-5 1	 1014 � 5	 1014 1:71	 1014 7 15 7 4 4

F-256-5 3	 1014 � 7	 1014 4:15	 1014 5 10 7 2 3

F-64-6 2	 1013 � 2	 1014 4:38	 1013 10 16 8 1 5

F-128-6 1	 1014 � 5	 1014 1:73	 1014 8 14 8 0.1 4

F-256-6 3	 1014 � 7	 1014 4:12	 1014 5 9 9 0.1 4
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dispersion at the characteristic scale rs, �s, we require
that the Jeans equation must be satisfied at rs given
the assumptions of a NFW halo density profile and
the standard radial dependence of the PPSD profile,
along with a fit for the velocity dispersion anisotropy
relation based on concordance model simulations (see
Appendix B).

We find that the scaling relations obtained in this
way yield qualitatively good reproductions of the best-
fit values of �s, rs, �s, and cvir. Our results are shown in
Fig. 4.

V. CONCLUSIONS

Modifications of gravity have extensively been tested on
solar-system scales (see, e.g., [33]) and to a lesser degree at
large cosmological scales using specific alternative theo-
ries of gravity (e.g., [15,16,34–36]), as well as generic
modifications to GR while adopting a �CDM background
(e.g., [37–42]) or simultaneously allowing a dynamic ef-
fective dark energy equation of state [43,44]. However,
gravity may also be tested by the structure observed at
intermediate scales [12,14,45]. In this regime, nonlinear
gravitational interactions gain in importance and need to be
modeled correctly to obtain reliable predictions for both
GR and its competitors, which in turn can be compared

with observations to infer constraints on modified gravity
theories. Besides the usual difficulties of modeling the
nonlinear structure known to studies of the standard
Newtonian gravity, modifications of gravity may be com-
plicated by additional nonlinear mechanisms such as the
chameleon effect, which suppresses modifications of grav-
ity in high density regions. In order to obtain reliable
constraints from observations, these effects need to be
consistently incorporated.
In this paper, we concentrate on fðRÞ gravity and aim at

describing the scalar field, the gravitational potential, and
the velocity dispersion within virialized clusters produced
in fðRÞ N-body dark matter simulations of the Hu-Sawicki
model. We derive and test analytic, semianalytic, and
numerical relations for these quantities that can be used
to compare theory with observations at the virialized scales
of clusters. We assume the standard NFW halo density
profile and the PPSD profile with usual power law, which
we find to provide comparably good fits to the fðRÞ sce-
nario as they do for the concordance model. We argue that
this is not unexpected from the consideration of modified
forces in the secondary infall of a collisional gas for the
approximate description of the N-body collisionless dark
matter system. The fits to the simulation output are based
on three degrees of freedom, the characteristic density �s,
the characteristic scale rs, and the velocity dispersion at rs,
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FIG. 3 (color online). Comparison of radial dependencies of fðRÞ halo quantities predicted by simulations and the fits constructed in
Sec. III for jfR0j ¼ 10�5 (n ¼ 1) and LBox ¼ 128 Mpc=h (F-128-5). The simulated halos and their individual fits are stacked for
M ¼ ð1:65–1:70ÞM�=h. The error bars show the standard deviation in the simulation output. Top left: Cluster density profile ��m= ��m.
Top middle: Halo mass M. Top right: Velocity dispersion �. Bottom left: Pseudo-phase-space distribution �=�3 normalized at rs.
Bottom middle: fR scalar field for the stacked instantaneous (solid) and C1 (dot-dashed) transition to the chameleon solution. Bottom
right: Gravitational potential � for the �fR solutions in the bottom middle panel along with the limiting assumptions of Newtonian/
GR (dotted) and linearized fðRÞ (dashed) forces.
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�s. We find that scaling relations based on the gravitational
collapse and the requirement of the validity of the Jeans
equation yield good qualitative predictions for these quan-
tities when accounting for the modified forces at work.

The extension of our results to scales beyond the virial
radius exhibits additional challenges, such as the correct
modeling of the two-halo contribution (cf. [14,23]), which
we shall leave for future work.
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FIG. 4 (color online). Stacked halo fitting parameters along with the concentration cvir for the three different box sizes and
predictions for them from scaling relations (see Appendix B). In fðRÞ gravity, halo abundances and therefore mean masses are
enhanced. Clearly identifiable, in the linearized fðRÞ regime, velocity dispersions squared are enhanced by a factor of 4/3 over the
Newtonian results, i.e., in addition to smaller effects of different cvir. The chameleon effect returns the cluster abundance at high halo
masses and the velocity dispersion to the Newtonian/GR predictions. The predictions from scaling relations based on the spherical
collapse and the Jeans function are shown for the Newtonian (GR—solid line) and linearized fðRÞ (N—dashed line) case, respectively.
Rows from top: The matter overdensity at rs (given by 	 or �s), the characteristic scale rs, and the velocity dispersion squared at rs, �

2
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as well as the concentration cvir. Columns from left: jfR0j ¼ 10�4, 10�5, 10�6 (n ¼ 1).
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APPENDIX A: DENSITY PROFILES IN
MODIFIED GRAVITY

In Sec. IVB, we have seen that the NFW halo density
profile for r 2 ðr0; rvirÞ provides as good fits to the virial-
ized clusters in fðRÞ gravity as it does in the Newtonian
scenario. In the following, we shall give qualitative argu-
ments for why this may be expected from a theoretical
point of view. In order to study the gravitational collapse in
fðRÞ gravity, we parametrize the enhancement of gravita-
tional forces by the factor (1� F), where for simplicity,
the quantity F is defined by

F ¼
��1=3; fðRÞ gravity;
0; Newton=GR;

(A1)

which holds in the linear regime and when modifications
are absent or suppressed, respectively (see right panel of
Fig. 1).

1. Self-similar infall of a collisional gas

We follow Bertschinger [29] for the self-similar infall
and the shocked accretion of a collisional gas onto the
center of an initially spherical uniform overdensity in an
otherwise uniformly expanding Einstein-de Sitter universe.
The equations governing the post-shock motion of the fluid
are, nondimensionalized (see [29]),�
V � 8

9


�
D0 þDV 0 þ 2DV


� 2D ¼ 0;

�
V � 8

9


�
V0 � 1

9
V þ P0

D
¼ � 2

9

M

2
ð1� FÞ;

�
V � 8

9


��
P0

P
� �

D0

D

�
¼ 20

9
� 2�;

M0 ¼ 32D; (A2)

i.e., the continuity, Euler, adiabatic, and mass equations.
Here, V,D, P, andM are the nondimensionalized velocity,
density, pressure, and mass, respectively, and � indicates
the ratio of specific heats, which is taken to be � ¼ 5=3,
i.e., the ratio for a monatomic ideal gas. Primes denote
derivatives with respect to  ¼ r=rta, where rta is
the turnaround radius. Note that we have introduced here
the modification of the gravitational force F. The non-
dimensionalized quantities relate to the fluid variables via
(see [29])

vðr; tÞ ¼ rta
t
VðÞ;

�ðr; tÞ ¼ ��EdSDðÞ;
pðr; tÞ ¼ ��EdS

�
rta
t

�
2
PðÞ;

mðr; tÞ ¼ 4�

3
��EdSr

3
taMðÞ;

(A3)

where ��EdS ¼ 4��2t�2=3 is the Einstein-de Sitter back-
ground density and t is the cosmic time.
Factoring out the asymptotic behavior of Eqs. (A2) at the

origin, requiring the boundary conditions

V ¼ M ¼ 0;  ¼ 0; (A4)

characterizing the shock, it is easy to see that

D¼�9=4 ~DðÞ; P¼�5=2 ~PðÞ; M¼3=4 ~MðÞ
(A5)

with finite ~D, ~P, and ~M at  ¼ 0. In the following, we
assume that  (or r) is sufficiently close to the origin. Note
that changing F changes the relation between ~P and ~D too,
but dependencies on  remain the same, i.e., the nondi-
mensionalized radial dependence of the density profile is
not affected by the force modification. Therefore, for equal
nondimensionalized mass,

~D ¼ ~DGR; ~P ¼ ~PGRð1� FÞ: (A6)

We compare halos in the different gravitational models,
however, by equating the corresponding virial (dimen-
sional) masses with each other. But since we define the
virial radius by the same virial overdensity�vir in all of the
models (see Appendix B), assuming equivalent back-
ground, the virial radius rvir and therefore rta are the
same. For a gas of pressure p ¼ ��2, this therefore implies

�ðrÞ ¼ �GRðrÞ; �ðrÞ2 ¼ �GRðrÞ2ð1� FÞ: (A7)

Note, however, that Eq. (A5) implies �� r�9=4, which
does not provide a good fit to simulated dark matter halos,
but we shall assume for now that the relations in Eq. (A7)
hold even in cases where �ðrÞ is not described by a simple
power law. As pointed out in Secs. A2 and A3, this as-
sumption remains consistent with the Jeans equation and
virial theorem, respectively. Rather than the directly pre-
dicted radial dependence in Eq. (A5), we are interested in

the relation D5=2=P3=2, which defines the PPSD �=�3.
According to the relations in Eq. (A5),

�ðrÞ
�ðrÞ3 / r�15=8; (A8)

which in turn is found to yield a good description for the
results obtained from CDM simulations [30]. With the
force modification F, we find that
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�ðrÞ
�ðrÞ3 ¼ �GRðrÞ

�GRðrÞ3
1

ð1� FÞ3=2 : (A9)

Finally, note that we consider collisionless dark matter
in this paper, whereas for simplicity, we have assumed here
a collisional fluid.

2. Jeans equation

The Jeans equation is derived from the collisionless
Boltzmann equation, which describes the particle phase-
space distribution as a function of position, momentum,
and time. Thereby, the Boltzmann equation is multiplied
by and integrated over the velocity. The collisionless
Boltzmann equation is the analog to the conservation of
energy-momentum and thus applies to all metric theories
of gravity and hence the fðRÞ model considered here. In
spherical coordinates and with the force enhancement F,
the Jeans equation can be written as

D�2
r ¼ �ð1� FÞ d

dr
�GR;

D ¼
�
d

dr
þ d ln�

dr
þ 2	�

r

�
;

(A10)

where �r denotes the radial component of the velocity
dispersion �, D defines a linear operator, and 	�ðrÞ de-
notes the anisotropy in the velocity dispersion, i.e.,

	� ¼ 1� �2

 þ �2

’

2�2
r

: (A11)

Using Eq. (A9), we infer

D
��

�

�GR

�
2=3

�2
r;GR

�
¼ � d

dr
�GR ¼ DGR�

2
r;GR; (A12)

where we have divided the Jeans equation by (1� F) and
DGR is the linear operator with �GR and 	�;GR. Hence, for

� ¼ �GR and �2
r ¼ �2

r;GRð1� FÞ, the Jeans equation is

satisfied, implying 	� ¼ 	�;GR. Note, however, that this

solution is not the only one satisfying Eq. (A10).
Describing the alternative solutions is, however, beyond
the scope of this paper.

3. Virial theorem

Multiplying the collisionless Boltzmann equation by
velocity and position and integrating over both, we obtain
for a system in steady state the virial theorem

WGR ¼ �2TGR; (A13)

where WGR and TGR are the potential and kinetic energies
in Newtonian gravity, respectively, i.e.,

WGR � �
Z

d3x�GRðxÞx  r�GRðxÞ; (A14)

TGR � 1

2

Z
d3x�GRðxÞ�2

GRðxÞ: (A15)

With � ¼ �GR and �2 ¼ ð1� FÞ�2
GR, we have W ¼ ð1�

FÞWGR and T ¼ ð1� FÞTGR, which consistently reprodu-
ces the virial theorem W ¼ �2T. Following from the
Boltzmann equation, this is as expected since using the
Jeans equation in the integration of Eq. (A14) or Eq. (A15)
leads to the virial theorem, Eq. (A13).

APPENDIX B: SCALING RELATIONS
FROM SPHERICAL COLLAPSE AND

THE JEANS EQUATION

The three degrees of freedom used in the fits of Sec. III,
the amplitude �s (or 	) of the NFW halo density profile,
Eq. (21), the characteristic scale rs, and the velocity dis-
persion at rs, �s, can be predicted by scaling relations
based on the spherical collapse (see, e.g., [23]) and the
Jeans equation. Here, we assume the usual collapse density
�c � 1:673 and virial overdensity �vir � 390 inferred
from spherical collapse calculations with a standard force,
i.e., F ¼ 0. See [23] for derivations of �c and �vir in
the modified spherical collapse with enhanced force
F ¼ �1=3.
The variance is defined by

�2
varðrÞ ¼

Z d3k

ð2�Þ3 j
~WðkrÞj2PLðkÞ; (B1)

where ~W is the Fourier transform of the real-space top-hat
window function of radius R, i.e.,

~WðkRÞ ¼ 3

�
sinðkRÞ
ðkRÞ3 � cosðkRÞ

ðkRÞ2
�

(B2)

andPLðkÞ is the linear matter power spectrum of the model.
We determine PLðkÞ by using the Eisenstein-Hu transfer
function [46,47] and the parametrized post-Friedmannian
framework [48] for the designer fðRÞ gravity model to
determine the approximate growth needed to obtain the
power spectrum (cf. [16]). The radius r in Eq. (B1) is
defined by the cluster mass M enclosed by it through

rðMÞ ¼
�

3M

4� ��m

�
1=3

; (B3)

which defines �varðMÞ.
Given the virial overdensity �vir and a virial mass Mvir,

the virial radius rvir of the dark matter cluster is determined
by Mvir ¼ 4� ��m�virr

3
vir=3. We further assume a concen-

tration cvir � rvir=rs given by [49]

cvirðMvir; z ¼ 0Þ ¼ 9

�
M�
Mvir

�
0:13

; (B4)

requiring �varðM�Þ ¼ �c. This describes the characteristic
scale rs as a function of the virial massMvir. The amplitude
�s of the NFW profile, Eq. (21), is then defined by the
integration to Mvir.

LOMBRISER, KOYAMA, ZHAO, AND LI PHYSICAL REVIEW D 85, 124054 (2012)

124054-12



The fits provided by this scaling relation are shown in
Fig. 4. Note that the relation Eq. (B4) was obtained from
fitting to halos of mass ð1011–1014ÞM�=h produced in
Newtonian CDM simulations [49] and the applica-
bility to the halos in this study is therefore limited.
Nevertheless, this scaling relation is found to qualitatively
reproduce the fitting parameters of the two extreme cases,
i.e., �CDM and linearized fðRÞ gravity. The chameleon
effect can be incorporated by interpolating the variance
�var between its linearized fðRÞ and �CDM value [17]. In
[17], it was shown that with the help of such a transition
function in �var, one can describe the chameleon effect on
the halo mass function and the nonlinear matter power
spectrum. Employing this interpolation in Eq. (B4), can
change the value of M� in fðRÞ gravity under the chame-
leon effect to its �CDM counterpart and hence, causes the
concentration cvir to recover its �CDM limit for small
values of jfR0j. This approach does, however, not include
a dependency of the chameleon effect in cvir on the halo
mass Mvir, i.e., as long as utilizing the unaltered form of
Eq. (B4).

Note that due to differences in the linear matter power
spectrum between GR and the fðRÞ model, the character-
istic scale rs and therefore �s for a given Mvir changes for
fðRÞ modifications with respect to the Newtonian results.
Hence, the relation �ðrÞ ¼ �GRðrÞ (see Appendix A) does
not hold anymore. Note, however, also that assuming
modified forces in the gravitational collapse changes �c

and �vir and counteracts the changes in �s, rs, and cvir (see
[23]) to some extent. For the illustration in Fig. 4, we
assume standard forces in the derivation of �c and �vir,
i.e., F ¼ 0.

Finally, in order to obtain the velocity dispersion at rs,
we revisit the Jeans equation, Eq. (A10), for a cluster

produced with Newtonian gravity. Assuming a NFW pro-
file and the PPSD profile of Eq. (46), we obtain

�2
r;GR;s ¼ �2�GR;sr

2
s

6 ln2� 3

25� 24	�;GR;s

; (B5)

where 	�;GR;s � 	�;GRðrsÞ. We further assume that at rs,
the velocity anisotropy relation is correctly described by
[50]

	�;GR;s ’ 1

40

�
17� 23

6

d ln�

d lnr

���������r¼rs

¼ 37

60
; (B6)

where d ln�=d lnr ¼ �2 at r ¼ rs. Eq. (B6) was con-
structed as a fit to concordance model simulations in
[50]. The modified velocity dispersion is obtained from
�2

r;s ¼ ð1� FÞ�2
r;GR;s with F ¼ �1=3. We assume 	�;s ¼

	�;GR;s and compare the predictions from Eqs. (B5) and

(B6) with the fits to the simulation output in Fig. 4. Note
that �2

s ¼ ð3� 2	�;sÞ�2
r;s. This procedure yields a quali-

tatively good description of the velocity dispersions pro-
duced in the simulations. Note that we do not assume a
radial dependence of the force modification F (cf. right
panel of Fig. 1) to determine the velocity dispersion in fðRÞ
gravity (see Fig. 3) since the effect is blurred out over the
different scales. In Fig. 4, we illustrate only the two ex-
treme cases of the force modification, which correspond to
the Newtonian and linearized fðRÞ scenarios, respectively.
However, to estimate the correct halo-mass-dependent am-
plitude of the velocity dispersion, �s, in the transition
region to the chameleon regime, we can replace the con-
stant force enhancement with a weighted average over
the modification shown in the right panel of Fig. 1
(cf. [24,31]).
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