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Contrasting the wide Feshbach resonances in 6Li and 7Li
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We compare and contrast the wide Feshbach resonances and the corresponding weakly bound states in the
lowest scattering channels of ultracold 6Li and 7Li. We use high-precision measurements of binding energies
and scattering properties to determine interaction potentials that incorporate non-Born-Oppenheimer terms
to account for the failure of mass scaling between 6Li and 7Li. Correction terms are needed for both the
singlet and the triplet potential curves. The universal formula relating binding energy to scattering length is not
accurate for either system. The 6Li resonance is open-channel-dominated and the van der Waals formula of Gao
[J. Phys. B 37, 4273 (2004)] gives accurate results for the binding energies across much of the resonance width.
The 7Li resonance, by contrast, is weakly closed-channel-dominated and a coupled-channel treatment of the
binding energies is required. Plotting the binding energies in universal van der Waals form helps illustrate subtle
differences between the experimental results and different theoretical forms near the resonance pole.

DOI: 10.1103/PhysRevA.89.052715 PACS number(s): 34.20.Cf, 33.20.−t, 34.50.Cx

I. INTRODUCTION

The magnetically tunable threshold scattering resonances
of two atoms provide a powerful tool for investigating
many-body and few-body phenomena in ultracold quantum
gases [1]. Here we compare and contrast the wide resonances
of the species 6Li and 7Li using accurate quantum scattering
calculations, interpreted within the framework of universal van
der Waals quantum-defect theory. These Li resonances, which
are quite different in character despite a superficial similarity
in magnetic-field width [1], have been used in numerous
experimental studies involving the 6Li fermion [2–13] or 7Li
boson [14–22]. They serve as a prototype of the variations
encountered among the many different resonances and species
of interest for ultracold physics. Using the universal properties
of the van der Waals potential gives a powerful way to
characterize the variation in resonance properties in terms of
dimensionless variables.

The fundamental quantity for studies of the interactions of
ultracold atoms at very small collision energy E is the s-wave
scattering length, which can be tuned approximately according
to the resonant formula [1,23]

a(B) = abg

(
1 − �

B − B0

)
, (1)

where abg is a near-constant background scattering length far
from the resonance pole at magnetic field B = B0 and � is the
resonance width. The resonance is due to the variation with
magnetic field of the energy of a closed-channel bound state
with a magnetic moment μmol that is different from the com-
bined magnetic moment μatoms of the two separated atoms that
define the open entrance channel. The mixing of the bare or un-
coupled open and closed channels results in a coupled-channel
bound state with an energy Eb that is universally related to the
scattering length when the latter is sufficiently large [1],

Eb(B) ≈ − �
2

2μa(B)2
, (2)

where μ is the reduced mass of the pair of atoms. While this
equation is widely used, it is actually not quantitatively very
accurate until the scattering length become extraordinarily
large and departures from it show up readily in experimental
measurements of binding energies. In fact, the binding energy
of a Feshbach molecule comprised of two 6Li atoms in
different spin states has been measured so accurately [13] that
the actual binding energy of the resonant state deviates from
the universal value in Eq. (2) by 200 times the measurement
uncertainty, even when the scattering length is on the order
of 2000a0, where a0 is the Bohr radius. We will use accurate
coupled-channel calculations to investigate the relationship
between Eb(B) and a(B) for resonances for both 6Li atoms
and 7Li atoms and compare these to the predictions of simple
single-channel formulas that correct Eq. (2) in the case of a
van der Waals potential [1,24,25]. The two species show quite
different departures from the universal formula because of
their very different resonance character.

The long-range potential between two S-state neutral
atoms has the van der Waals form −C6/R

6, where R is
the interatomic distance. The strength of the van der Waals
potential sets a characteristic length and energy associated
with low-energy collisions [1,24],

ā = 2π

�
(

1
4

)2

(
2μC6

�2

)1/4

, Ē = �
2

2μā2
. (3)

Using C6 = 1393.39Eha
6
0 [26], where Eh is the Hartree

energy, and the respective values of ā and Ē/h are 29.884a0

and 671.93 MHz for two 6Li atoms and 31.056a0 and 533.41
MHz for two 7Li atoms.

Ultracold s-wave collisions occur in the domain of collision
energy E � Ē or, correspondingly, of de Broglie wavelength
2π/k � ā, where �k is the relative collision momentum.
Furthermore, the pole strength of the resonant pole in a(B)
in Eq. (1) is characterized by a dimensionless parameter sres =
(abg/ā)(δμ�/Ē), where δμ = μatoms − μmol. Chin et al. [1]
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distinguish two distinct types of resonance. Those with
sres � 1 are open-channel-dominated and have a bound state
that takes on the character of the open entrance channel over a
tuning range spanning much of the width of the resonance. By
contrast, closed-channel-dominated resonances with sres � 1
have bound states that take on the character of the closed
channel except when B is tuned very close to the resonance
pole. The 6Li and 7Li resonances that we study have respective
sres parameters of 59 [1] and 0.49 [27] and thus show very
different relationships between Eb(B) and a(B), in spite of the
fact that they have widths � of similar magnitude.

For heavy diatomic molecules, the differences between the
binding energies for different isotopes can be well accounted
for by retaining the same potential curves and simply changing
the masses used in the calculation [28–34]. However, it is
known that mass corrections due to the breakdown of the Born-
Oppenheimer approximation are important for light species
such as H2 [35,36] and also have significant effects in LiK [37]
and LiRb [38]. For the case of Li2, Le Roy and co-workers
have analyzed extensive electronic spectra and have shown
that mass corrections are essential for both the singlet [39]
and triplet [40] states. In order to reproduce the resonance
positions, we also find that we have to use slightly different
singlet and triplet potentials for the two isotopes. The mass
corrections correspond to an isotopic shift of about 4 G in the
position of the 7Li resonance from its mass-scaled position.

This paper describes the basic molecular physics of the
near-threshold states of the Li2 molecule and our fitting of the
potentials to the combined experimental results for 6Li2 and
7Li2. Our potentials reproduce the measured threshold two-
body results for both isotopes. We then compare the binding
energies calculated from our coupled-channel models, using a
universal van der Waals form to demonstrate the near-threshold
relationships between scattering length and binding energy and
to test the approximate formulas that have been developed to
treat this relationship. Both isotopes exhibit clear deviation
from the universal predictions of Eq. (2), even in regions of
magnetic tuning where the scattering length is large compared
to ā. However, the behavior depends upon the value of the
sres parameter. We show that the formula of Gao [25] for the
bound states in a single van der Waals potential provides a
good approximation for the strong resonance in 6Li2 but fails to
represent the binding energies for the much weaker resonance
in 7Li2.

II. OVERVIEW OF 6Li AND 7Li

Figure 1 shows the hyperfine-Zeeman atomic structure of
the 2S1/2 ground state of the 6Li and 7Li atoms. The electron
spin s = 1

2 couples to the nuclear spin i to give a resultant
atomic spin f with projection mf . When B is non-zero, the
states of different f mix, but the projection mf remains a good
quantum number. We designate the atomic states in order of
increasing energy by the labels 1,2, . . . for each species. A
collision of two atoms is characterized by their relative angular
momentum given by the partial-wave quantum number L. We
are interested in the lowest-energy L = 0 (s-wave) spin chan-
nels of 6Li2 and 7Li2, for which the Feshbach resonances have
been identified and characterized. These are the (1,2) channel
of 6Li2 [7,8,13] with MF = mf,a + mf,b = 0 and the (1,1)
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FIG. 1. (Color online) Energy levels of the 2S1/2 ground state of
the 6Li and 7Li atoms, showing the different hyperfine structure of the
two isotopes, which at zero field have upper and lower total angular
momentum quantum numbers f = 1

2 and 3
2 for 6Li and f = 1 and

2 for 7Li. The energy zero is the energetic center of gravity of the
hyperfine multiplet. The numbers indicate the state labels for all
the states of 7Li and the lowest two states of 6Li. The lowest- and
highest-energy states at finite B have mf = 1

2 and 3
2 for 6Li and

mf = 1 and 2 for 7Li.

[17,19–22] and (2,2) [18,20] channels of 7Li2 with MF = 2
and 0, respectively. Here we label the channels by the states
(i,j ) of the two separated atoms.

Figure 2 shows the adiabatic potential energy curves for
the lowest singlet and triplet states of the Li2 molecule, 1�g

+

and 3�u
+. The inset shows the asymptotic hyperfine structure

for the five spin channels of 7Li2 that have projection MF = 2,
which are (1,1), (1,7), (2,8), (6,8), and (7,7). For a light species
such as Li, where the spacing between vibrational levels is
much larger than the atomic hyperfine splitting, the molecular
bound states, even near threshold, are primarily of either 1�g

+

or 3�u
+ character. The inset of Fig. 2 indicates the energy
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FIG. 2. (Color online) Born-Oppenheimer potential energy
curves of the Li2 molecule correlating with two ground-state atoms.
The inset shows the adiabatic potential curves of the five-channel
potential matrix at B = 0 for the states with partial wave L = 0
(s wave) and total spin projection MF = 2, using the notation of
Fig. 1 to label the channels. The inset also shows the location of the
last zero-field s-wave level of the 7Li2 molecule.
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FIG. 3. (Color online) Energies of the separated-atom channels
for s-wave scattering with total spin projection MF = 2 for 7Li2

(solid lines) and MF = 0 for 6Li2 (dotted lines). The dashed lines
show the energy of the last molecular bound state in each case. The
arrows show the pole positions B0 of the Feshbach resonances in the
lowest-energy s-wave channel of each species.

−2.668 GHz × h of the last zero-field s-wave bound state of
the 7Li2 molecule; this is the v = 41 vibrational level of the
1�g

+ potential, with total nuclear spin I = 2 and projection
MI = 2. The next s-wave bound states down from threshold
are the hyperfine components of a 3�u

+ level near −12 GHz.
A similar figure for 6Li in Ref. [1] shows the long-range
hyperfine channels for the MF = 0 states of 6Li2; in this case
the highest zero-field level is the v = 38 vibrational level of
the 1�g

+ state, which has two nuclear spin components I = 0,
MI = 0 and I = 2, MI = 0 that lie respectively at −1.625 and
−1.612 GHz. The next 6Li2 levels down are components of
the 3�u

+ state near −24 GHz.
Figure 3 shows the separated-atom energies for the re-

spective MF = 0 and 2 states of 6Li2 and 7Li2. The upper
dashed line for 6Li2 shows the v = 38, I = 2, MI = 0 1�g

+

level that is very weakly coupled to the entrance-channel
continuum. It crosses threshold near 543.26 G to make a very
narrow closed-channel-dominated resonance [1,4,8,41]. The
lower dashed line shows the bound state that makes the very
broad open-channel-dominated resonance near 832 G [7,13].
For fields below approximately 540 G, this bound state has
the character of the v = 38, I = 0, MI = 0 1�g

+ level, but
it switches at higher B to become the last (v = 10) level of
the 3�u

+ state, with the spin character of the (1,2) channel.
Above 600 G, it is a halo state of open-channel character and
produces a scattering length that is large compared to the van
der Waals length for a field range spanning nearly 200 G below
resonance, or approximately 70% of the resonance width � ≈
300 G [1]. While the v = 41, I = 2, MI = 2 1�g

+ level of
7Li shown in Fig. 3 also produces a resonance with a large
width � ≈ 170 G [20,22], in this case the bound state takes
on the character of an open-channel halo molecule over only
approximately 1% of the resonance width, very close to the
resonance pole. We will demonstrate that the very different
character of the 6Li and 7Li resonances shows up clearly in
precise measurements of binding energies.

The scattering lengths for 6Li and 7Li are shown as a
function of magnetic field in Fig. 4. Despite the similarity
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FIG. 4. (Color online) Scattering length a as a function of mag-
netic field B for the (1,2) channel of 6Li and the (1,1) channel of 7Li,
showing the difference in pole strength for the two systems despite
a superficial similarity in magnetic-field width �. The feature near
543 G in 6Li is an additional narrow resonance.

in magnetic-field widths �, it may be seen that they have
visually quite different pole strengths corresponding to their
different sres values. The magnetic-field width � for 7Li is in
a sense anomalously large because the resonance has a very
small background scattering length.

III. THEORETICAL MODEL

The Hamiltonian for the interaction of two alkali-metal
atoms in their ground 2S states may be written

�
2

2μ

[
−R−1 d2

dR2
R + L̂2

R2

]
+ ĥ1 + ĥ2 + V̂ (R), (4)

where L̂2 is the operator for the end-over-end angular
momentum of the two atoms about one another, ĥ1 and ĥ2

are the monomer Hamiltonians, including hyperfine couplings
and Zeeman terms, and V̂ (R) is the interaction operator.

In the present work we solve the bound-state and scat-
tering problems by coupled-channel calculations using the
MOLSCAT [42] and BOUND [43] packages, as modified to
handle magnetic fields [44]. Both scattering and bound-state
calculations use propagation methods and do not rely on
basis sets in the interatomic distance coordinate R. The
methodology is exactly the same as described for Cs in Sec. IV
of Ref. [45], so it will not be repeated here. The basis sets
included all functions for L = 0 and L = 2 with the required
Mtot = MF + ML. The energy-dependent s-wave scattering
length a(k) is obtained from the diagonal S-matrix element in
the incoming channel,

a(k) = 1

ik

(
1 − S00

1 + S00

)
, (5)

where k2 = 2μE/�
2 and E is the kinetic energy [46].

The interaction operator V̂ (R) may be written

V̂ (R) = V̂ c(R) + V̂ d(R). (6)

Here V̂ c(R) = V0(R)P̂ (0) + V1(R)P̂ (1) is an isotropic potential
operator that depends on the electronic potential energy curves
V0(R) and V1(R) for the lowest singlet and triplet states of Li2,
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as shown in Fig. 2. The singlet and triplet projectors P̂ (0) and
P̂ (1) project onto subspaces with total electron spin quantum
numbers 0 and 1, respectively. The term V̂ d(R) accounts for
the dipolar interaction between the magnetic moments of the
two atoms and for Li is represented simply as

V̂ d(R) = Ehα
2

(R/a0)3
[ŝ1 · ŝ2 − 3(ŝ1 · �eR)(ŝ2 · �eR)], (7)

where �eR is a unit vector along the internuclear axis and
α ≈ 1/137 is the fine-structure constant.

At long range, the electronic potentials are

V LR
S (R) = − C6/R

6 − C8/R
8 − C10/R

10 ± Vex(R), (8)

where S = 0 and 1 for the singlet and triplet, respectively.
The dispersion coefficients Cn are common to both potentials
and are taken from Yan et al. [26]. The exchange contribution
is [47]

Vex(R) = A(R/a0)γ exp(−βR/a0), (9)

with parameters β = 1.259 02a−1
0 and γ = 4.559 88 [48]. The

prefactor A is chosen to match the difference between the
singlet and triplet potentials at R = 15.5a0. The exchange term
makes an attractive contribution for the singlet and a repulsive
contribution for the triplet.

The detailed shapes of the short-range singlet and triplet
potentials are relatively unimportant for the ultracold scatter-
ing properties and near-threshold binding energies considered
here, although it is crucial to be able to vary the volume of the
potential wells to allow adjustment of the singlet and triplet
scattering lengths. In the present work we retain the functional
forms used by O’Hara et al. [49] and Zürn et al. [13], which
are based on the short-range singlet potential of Coté et al. [48]
and the short-range triplet potential of Linton et al. [50]. We
use the methodology of Ref. [48] to connect the short-range
and long-range potentials. The flexibility needed to adjust the
singlet and triplet scattering lengths is provided by simply
adding a quadratic shift to each of the singlet and triplet
potentials inside its minimum,

V shift
S (R) = SS(R − ReS)2 for R < ReS, (10)

with Re0 = 2.673 247 Å and Re1 = 4.173 Å.

IV. FITTING INTERACTION POTENTIALS

We have carried out simultaneous fits to experimental
results for the scattering properties and near-threshold bound
states of both 6Li and 7Li. For 6Li the experimental data set
was exactly the same as for the fitting described in Ref. [13]
and was made up of highly precise bound-state energies Eb,
expressed as frequencies νb = |Eb|/h, for the (1,2) channel at
fields between 720 and 812 G [13], together with transition
frequencies between states in the (1,2) and (1,3) channels at
fields between 660 and 690 G [7] and a precise measurement
of the position of the zero crossing in the scattering length
for the (1,2) channel [51]. For 7Li we fitted to a subset of the
bound-state energies for the (1,1) channel measured by Dyke
et al. [22] at fields between 725 and 737 G, together with
measurements of a zero crossing in the (1,1) channel [17] and
two poles in the (2,2) channel [20]. We carried out direct least-
squares fitting to the results of coupled-channel calculations,

using the I-NOLLS package [52] (interactive nonlinear least-
squares), which gives the user interactive control over step
lengths and assignments as the fit proceeds.

As described above, it is not adequate to use the same
interaction potentials for 6Li and 7Li and to rely on mass
scaling (and changes in hyperfine parameters) to reproduce
the results for both isotopes. We have therefore chosen to
introduce different short-range shift parameters S0 and S1 for
the two isotopes, with the difference between them as explicit
fitting parameters. We define S

(7)
S = S

(6)
S + �SS and fit to the

four parameters S
(6)
0 , �S0, S(6)

1 , and �S1. In principle we could
also fit to additional parameters such as C6, C8, etc., as was
done for Cs [45], but this was not found to be necessary to
reproduce the threshold results for Li.

The set of experimental results used for fitting is listed
in Table I. The quantity optimized in the least-squares fits
was the sum of squares of residuals [(obs−calc)/uncertainty],
with the uncertainties listed in Table I. We carried out both
three-parameter and four-parameter fits, either including or
excluding the �S1 parameter that describes the deviation from

TABLE I. Quality of fit between coupled-channel calculations
on the best-fit four-parameter Li potential and the experiments,
together with key derived quantities calculated using the potential. All
frequencies are given in kHz, all lengths in a0, and all magnetic fields
in G. The quantities in parentheses are statistical 95% confidence
limits in the final digits for the fit results and quoted uncertainties for
the experiments. The quantity νff is the frequency of the transition
between thresholds 2 and 3 for free 6Li atoms at the magnetic field
concerned.

Quantity Present fit Experiment

6Li
νb,12 − νb,13 + νff 83 665.9(8) 83 664.5(10) [7]

at 661.436 G
νb,12 − νb,13 + νff 83 297.3(5) 83 296.6(10) [7]

at 676.090 G
νb,12 at 720.965 G 127.115(58) 127.115(31) [13]
νb,12 at 781.057 G 14.103(37) 14.157(24) [13]
νb,12 at 801.115 G 4.342(24) 4.341(50) [13]
νb,12 at 811.139 G 1.828(16) 1.803(25) [13]
zero in a12 527.32(8) 527.5(2) [51]
narrow pole in a12 543.41(12) 543.286(3) [41]
as 45.154(2)
at −2113(2)

7Li
pole in a11 737.69(2)
zero in a11 543.64(19) 543.6(1) [17]
pole in a22 845.31(4) 844.9(8) [20]
pole in a22 893.78(4) 893.7(4) [20]
νb,11 at 736.8 G 34.3(1.0) 40(3) [22]
νb,11 at 736.5 G 61.4(1.3) 62(2) [22]
νb,11 at 735.5 G 209.2(2.3) 212(2) [22]
νb,11 at 734.3 G 474.6(3.5) 469(3) [22]
νb,11 at 733.5 G 772(5) 775(9) [22]
νb,11 at 732.1 G 1378(7) 1375(10) [22]
νb,11 at 728.0 G 4114(14) 4019(90) [22]
as 34.331(2)
at −26.92(7)
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TABLE II. Parameters of the fitted potential, together with
statistical confidence limits and sensitivities that indicate the precision
needed to reproduce the calculated quantities.

Confidence
Parameter Fitted value limit (95%) Sensitivity

S
(6)
0 (μEha

−2
0 ) −11.8959 0.0383 0.0003

�S0 (μEha
−2
0 ) 3.0429 0.0714 0.0006

S
(6)
1 (μEha

−2
0 ) 0.510 31 0.002 03 0.000 02

�S1 (μEha
−2
0 ) 0.699 55 0.151 49 0.001 42

mass scaling for the weakly bound triplet potential. We found
that three-parameter fits were capable of reproducing most of
the experimental results, but gave a zero crossing about 1 G in
error for the scattering length in the (1,1) channel for 7Li. The
four-parameter fit, by contrast, was able to reproduce this along
with all the other data. We thus consider the four-parameter
fit preferable and give the results based on it in Table I. The
optimized parameter values are given in Table II, together with
their 95% confidence limits [53]. The optimized potential for
6Li is identical to that of Ref. [13], because the data set is
identical for this isotope, but the parameter correlations and
hence the 95% confidence limits are different in the four-
parameter space used in the present work. It may be seen that
the 95% confidence limits for the �S0 parameter is less than
2.5% of its value and even that for the �S1 parameter is less
than 25% of its value.

It should be emphasized that the 95% confidence limits
are statistical uncertainties within the particular parameter set.
They do not include any errors due to the choice of the potential
functions. Such model errors are far harder to estimate, except
by performing a large number of fits with different potential
models, which is not possible in the present case.

In a correlated fit, the statistical uncertainty in a fitted
parameter depends on the degree of correlation. However,
to reproduce the results from a set of parameters, it is often
necessary to specify many more digits than implied by the
uncertainty. A guide to the number of digits required is given
by the parameter sensitivity [53], which essentially measures
how fast the observables change when one parameter is varied
with all others held fixed. This quantity is included in Table II.

The singlet and triplet scattering lengths and the pole
positions of the s-wave resonances are not directly observed
quantities. Nevertheless, their values may be extracted from
the final potential. In addition, the statistical uncertainties
in any quantity obtained from the fitted potentials may be
obtained as described in Ref. [53]. The values and 95%
confidence limits obtained in this way, for both the derived
parameters such as scattering lengths and the experimental
observables themselves, are given in Table I. It may be noted
that the statistical uncertainties in the calculated properties
are independent of the experimental uncertainties and in some
cases are smaller.

V. DISCUSSION OF RESULTS

A. Born-Oppenheimer corrections

For a single potential curve with long-range form
−C6R

−6, the scattering length is given semiclassically

TABLE III. Phase integrals obtained from the fitted singlet and
triplet scattering lengths.

Phase Mass-scaled
integral 6Li 6Li to 7Li 7Li

�s/π 38.974 63 42.092 50 42.091 56
�t/π 10.620 56 11.470 18 11.468 46

by [24]

a = ā

[
1 − tan

(
� − π

8

)]
, (11)

where � is a phase integral evaluated at the threshold energy,

� =
∫ ∞

R0

(−2μV (R)

�2

)1/2

dR, (12)

and R0 is the inner turning point at this energy. A value of
a thus directly implies the fractional part of �/π . In the
Born-Oppenheimer approximation, V (R) is independent of
reduced mass, so the values of �/π for different isotopologs
are related by simple mass scaling. For alkali metals heavier
than Li, such mass scaling is very accurate [28–30,54–56].
For Li, however, significant corrections are needed, as shown
in Sec. IV. Equation (11) may be used to convert the singlet
and triplet scattering lengths in Table I into the corresponding
fractional parts of �/π . Together with the reduced mass
ratio μ(7)/μ(6) = 1.116 639 4, these are sufficient to determine
unambiguously the integer part of �/π , which for 6Li is 38 for
the singlet state and 10 for the triplet state. The resulting values
for �/π for both isotopes are given in Table III. Comparison
of these values obtained directly from the scattering lengths for
7Li with those obtained by mass scaling the 6Li results shows
that the non-Born-Oppenheimer terms contribute an additional
−9.4 × 10−4 to �/π for singlet 7Li and −1.7 × 10−3 for
triplet 7Li. The deviations from mass scaling in the scattering
lengths thus do not by themselves contain any information
on the R dependence of the non-Born-Oppenheimer terms,
but do provide a strong constraint on their overall magnitude,
which could be included in spectroscopic fits such as those of
Refs. [39,40].

B. Relationship of binding energy to scattering length

Figure 5 shows the calculated bound-state energy as a
function of B for the (1,1) channel of 7Li, illustrating the good
agreement with the results of Dyke et al. [22]. Our calculation
also agrees well with the results of Navon et al. [57], although
we did not use these in the fits to obtain potentials. We do
not show the results of Gross et al. [20] since they report a
magnetic-field calibration uncertainty of 0.3 G. Their results
would be in reasonable agreement with our calculation if they
were shifted to lower field by about 0.34 G.
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FIG. 5. (Color online) Observed and calculated bound-state en-
ergies Eb in the (1,1) channel of 7Li as a function of magnetic field B:
coupled-channel calculation (solid line), experimental results from
Refs. [22] (open circles) and [57] (diamonds), and approximations
from the universal (dotted), Gribakin-Flambaum (dot-dashed), and
Gao (dashed) formulas.

Figure 5 also shows the results of three simple single-
channel formulas that relate the energy of the least-bound state
to the scattering length,

EU
b = − �

2

2μa2
, (13)

EGF
b = − �

2

2μ(a − ā)2
, (14)

EGao
b = − �

2

2μ(a − ā)2

[
1 + g1ā

a − ā
+ g2ā

2

(a − ā)2

]
, (15)

where g1 = �(1/4)4/6π2 ≈ 2.9179 and g2 = (5/4)g2
1 − 2 ≈

−0.9468. The first formula is the familiar universal relation-
ship between the last bound state and the scattering length [1].
The second gives a correction for the van der Waals potential
that follows from the work of Gribakin and Flambaum [24].
The final formula, due to Gao [25], includes higher-order
corrections based on the analytic solutions of the Schrödinger
equation for the van der Waals potential.

A good way to highlight the differences between the
calculations, experimental results, and approximate formulas
is to plot εr2 as a function of 1/r2, using van der Waals units
of energy ε = Eb/Ē and length r = a/ā [58]. In these units
the approximate formulas are

εUr2 = −1, (16)

εGFr2 = − 1(
1 − 1

r

)2 , (17)

εGaor2 = − 1(
1 − 1

r

)2

[
1 + g1

r − 1
+ g2

(r − 1)2

]
. (18)

In this representation, the positions of the experimental points
themselves depend upon the a(B) mapping used to interpret
them.
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FIG. 6. (Color online) Plots of εr2 against 1/r2, using van der
Waals units of energy and length. The solid lines show the coupled-
channel calculation, the points give the experimental results mapped
using the calculated a(B) function evaluated at the measured B

values, and the dotted, dot-dashed, and dashed lines give the results of
the universal, Gribakin-Flambaum, and Gao formulas, respectively.
(a) Bound-state energies in the (1,2) channel of 6Li, showing
experimental results from Zürn et al. [13]. The inset shows an
expanded view near 1/r2 = 0.000 18, or a ≈ 2200a0. (b) Bound-state
energies in the (1,1) channel of 7Li, showing experimental results from
Dyke et al. [22].

Figure 6(a) compares the coupled-channel bound-state en-
ergies, the experimental results of Zürn et al. [13], and the three
approximate formulas near the pole of the broad resonance in
the (1,2) channel of 6Li. Even for this open-channel-dominated
resonance with sres � 1, the universal formula differs from the
coupled-channel bound-state energy by 3% at 1/r2 = 0.0001,
or a = 100ā. The Gribakin-Flambaum correction reduces the
difference to about 1%, while Gao’s single-channel formula
[Eq. (18)] gives an excellent representation of the binding
energy that differs from the coupled-channel result by only
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FIG. 7. (Color online) Plot of εr2 against 1/r2 in the (1,1)
channel of 7Li, showing the experimental results of Dyke et al. [22],
mapped with two different a(B) functions calculated when the 1�g

+

potential is adjusted slightly to give two different pole positions,
737.74 and 737.64 G, which differ by ±0.05 G from our fitted value
of 737.69(2) G.

0.06% at 1/r2 = 0.0001. Nevertheless, the measurement
precision of Ref. [13] is so good that the difference between
the experimental results and the Gao formula reaches 5 times
the experimental error of 0.02% near 1/r2 = 0.000 18, or
a = 74ā, as shown in the inset of Fig. 6(a). The coupled-
channel model, on the other hand, agrees with the measured
value within experimental uncertainty. It may be noted that
the universal value of −1 for εr2 differs from the experimental
value by nearly 200 times the experimental uncertainty for this
point.

Figure 6(b) shows a similar comparison between the
calculated bound-state energies and the experimental results
of Dyke et al. [22] for the (1,1) channel of 7Li. There is
much more scatter in the experimental results than for the
6Li results of Zürn et al., but the overall agreement with
the coupled-channel model is good. The fluctuations in the
experimental results near the pole are much more evident in
this plot than in Fig. 5. It is also clear that the bound-state
energies are quite poorly represented by Gao’s single-channel
formula around this closed-channel-dominated resonance with
sres < 1. The apparent agreement with the universal formula
over a wider range than for 6Li is an artifact, arising because, in
the 7Li case, εr2 deviates from its universal value of −1 in the
opposite direction to that predicted by Gao’s single-channel
formula.

Plotting measured values of Eb(B) as εr2 against 1/r2

provides a sensitive test of the mapping a(B) between magnetic
field B and scattering length a. In particular, if a mapping with
an incorrect pole position is used, the results do not properly
approach the limit −1 as 1/r2 → 0. Figure 7 shows this
behavior for two coupled-channel models that have slightly
incorrect pole positions, in this case differing by about ±0.05 G
from our best value. It may be seen that the two sets of points
clearly deviate from −1 in opposite directions as 1/r2 → 0.
Such an error would be even more apparent in Fig. 6(a) if we
plotted the recent experimental results of Zürn et al. [13] using

the older a(B) mapping from Bartenstein et al. [7]. The points
would then lie well off the coupled-channel and Gao curves
and the point nearest the pole would lie 10% away from the
limiting value of −1 because of the difference of 2 G in pole
position between Bartenstein et al. and Zürn et al.

VI. CONCLUSION

We have produced a coupled-channel model for the col-
lision of two cold Li atoms, based on published bound-state
and scattering properties for both isotopic species 6Li and
7Li. Our model simultaneously fits results for both isotopes to
obtain 1�g

+ and 3�u
+ interaction potentials that include terms

to account for the small mass-dependent corrections to the
Born-Oppenheimer approximation. It is necessary to include
such corrections for both the 1�g

+ and 3�u
+ potentials. Our

calculations show the overall magnitude of the mass-correction
effect through the difference in threshold phase for each of
these potentials. Such constraints on the magnitude can be
tested against theory if future ab initio studies determine the
magnitude of the mass-dependent corrections to the Born-
Oppenheimer approximation.

Our model allows a careful study of the differences between
three different approximate formulas that relate the binding
energy of the Feshbach molecule to the scattering length of
the two atoms. To do this, it is helpful to express the binding
energy and scattering length in van der Waals units of Ē

and ā. In these units, the conventional universal relationship
predicts that the product of the bound-state energy and the
square of scattering length has a constant magnitude −1,
independent of species. Departures from this limit are readily
apparent. Plotting the results in this way requires a mapping
between the magnetic field B and the scattering length a

and provides a sensitive test of the position of the resonance
pole in a(B). The high precision of measurement for 6Li2
bound states and the quality of our coupled-channel model
permit the differences between the experimental results and
the approximate formulas to be seen clearly. Both the 6Li2
and 7Li2 bound states show pronounced departure from the
universal formula as the binding energy increases away from
resonance, even while the scattering length remains large
compared to the characteristic van der Waals length. The two
isotopologs show quite different patterns of variation away
from the universal relationship, due to the large difference in
their resonance pole strength sres. The binding energies near
the strong 6Li resonance with sres � 1 agree well with the
Gao relationship [25] for a single channel. However, those
near the much weaker 7Li resonance with sres < 1 are not well
reproduced by any of the approximate formulas and require a
coupled-channel model.

ACKNOWLEDGMENTS

The authors thank Professor Randall Hulet and Professor
Christophe Salomon for providing numerical tables of their
published experimental results and acknowledge support from
AFOSR-MURI Grant No. FA9550-09-1-0617 and EOARD
Grant No. FA8655-10-1-3033.

052715-7



PAUL S. JULIENNE AND JEREMY M. HUTSON PHYSICAL REVIEW A 89, 052715 (2014)

[1] C. Chin, R. Grimm, P. S. Julienne, and E. Tiesinga, Rev. Mod.
Phys. 82, 1225 (2010).

[2] J. Cubizolles, T. Bourdel, S. J. J. M. F. Kokkelmans, G. V.
Shlyapnikov, and C. Salomon, Phys. Rev. Lett. 91, 240401
(2003).

[3] S. Jochim, M. Bartenstein, A. Altmeyer, G. Hendl, S. Riedl,
C. Chin, J. Hecker Denschlag, and R. Grimm, Science 302,
2101 (2003).

[4] K. E. Strecker, G. B. Partridge, and R. G. Hulet, Phys. Rev. Lett.
91, 080406 (2003).

[5] T. Bourdel, L. Khaykovich, J. Cubizolles, J. Zhang, F. Chevy,
M. Teichmann, L. Tarruell, S. J. J. M. F. Kokkelmans, and
C. Salomon, Phys. Rev. Lett. 93, 050401 (2004).

[6] M. W. Zwierlein, C. A. Stan, C. H. Schunck, S. M. F. Raupach,
A. J. Kerman, and W. Ketterle, Phys. Rev. Lett. 92, 120403
(2004).

[7] M. Bartenstein, A. Altmeyer, S. Riedl, R. Geursen, S. Jochim,
C. Chin, J. H. Denschlag, R. Grimm, A. Simoni, E. Tiesinga,
C. J. Williams, and P. S. Julienne, Phys. Rev. Lett. 94, 103201
(2005).

[8] C. H. Schunck, M. W. Zwierlein, C. A. Stan, S. M. F. Raupach,
W. Ketterle, A. Simoni, E. Tiesinga, C. J. Williams, and P. S.
Julienne, Phys. Rev. A 71, 045601 (2005).

[9] G. B. Partridge, K. E. Strecker, R. I. Kamar, M. W. Jack, and
R. G. Hulet, Phys. Rev. Lett. 95, 020404 (2005).

[10] M. W. Zwierlein, J. R. Abo-Shaeer, A. Schirotzek, C. H.
Schunck, and W. Ketterle, Nature (London) 435, 1047 (2005).

[11] M. W. Zwierlein, A. Schirotzek, C. H. Schunck, and W. Ketterle,
Science 311, 492 (2006).

[12] G. B. Partridge, W. Li, R. I. Kamar, Y. Liao, and R. G. Hulet,
Science 311, 503 (2006).

[13] G. Zürn, T. Lompe, A. N. Wenz, S. Jochim, P. S. Julienne, and
J. M. Hutson, Phys. Rev. Lett. 110, 135301 (2013).

[14] E. R. I. Abraham, W. I. McAlexander, J. M. Gerton, R. G. Hulet,
R. Côté, and A. Dalgarno, Phys. Rev. A 55, R3299 (1997).

[15] C. C. Bradley, C. A. Sackett, and R. G. Hulet, Phys. Rev. Lett.
78, 985 (1997).

[16] K. E. Strecker, G. B. Partridge, A. G. Truscott, and R. G. Hulet,
Nature (London) 417, 150 (2002).

[17] S. E. Pollack, D. Dries, M. Junker, Y. P. Chen, T. A. Corcovilos,
and R. G. Hulet, Phys. Rev. Lett. 102, 090402 (2009).

[18] N. Gross, Z. Shotan, S. Kokkelmans, and L. Khaykovich,
Phys. Rev. Lett. 103, 163202 (2009).

[19] N. Gross, Z. Shotan, S. Kokkelmans, and L. Khaykovich,
Phys. Rev. Lett. 105, 103203 (2010).

[20] N. Gross, Z. Shotan, O. Machtey, S. Kokkelmans, and
L. Khaykovich, C. R. Phys. 12, 4 (2011).

[21] B. S. Rem, A. T. Grier, I. Ferrier-Barbut, U. Eismann, T. Langen,
N. Navon, L. Khaykovich, F. Werner, D. S. Petrov, F. Chevy,
and C. Salomon, Phys. Rev. Lett. 110, 163202 (2013).

[22] P. Dyke, S. E. Pollack, and R. G. Hulet, Phys. Rev. A 88, 023625
(2013).

[23] A. J. Moerdijk, B. J. Verhaar, and A. Axelsson, Phys. Rev. A 51,
4852 (1995).

[24] G. F. Gribakin and V. V. Flambaum, Phys. Rev. A 48, 546
(1993).

[25] B. Gao, J. Phys. B 37, 4273 (2004).
[26] Z.-C. Yan, J. F. Babb, A. Dalgarno, and G. W. F. Drake,

Phys. Rev. A 54, 2824 (1996).
[27] K. Jachymski and P. S. Julienne, Phys. Rev. A 88, 052701 (2013).

[28] J. Y. Seto, R. J. Le Roy, J. Vergès, and C. Amiot, J. Chem. Phys.
113, 3067 (2000).

[29] O. Docenko, M. Tamanis, R. Ferber, E. A. Pazyuk,
A. Zaitsevskii, A. V. Stolyarov, A. Pashov, H. Knöckel, and
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