
Durham Research Online

Deposited in DRO:

13 January 2016

Version of attached �le:

Accepted Version

Peer-review status of attached �le:

Peer-reviewed

Citation for published item:

Osman, A.S. and Rouainia, M. (2014) 'A semi-analytical solution for consolidation around a spherical cavity
in an elasto-plastic medium and its potential application for tunneling.', International journal of
computational methods., 11 (02). p. 1342010.

Further information on publisher's website:

http://dx.doi.org/10.1142/S0219876213420103

Publisher's copyright statement:

Electronic version of an article published as International journal of computational methods, 11, 2, 2014, 1342010,
10.1142/S0219876213420103, c© World Scienti�c Publishing Company,
http://www.worldscienti�c.com/worldscinet/ijcm

Additional information:

Use policy

The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or charge, for
personal research or study, educational, or not-for-pro�t purposes provided that:

• a full bibliographic reference is made to the original source

• a link is made to the metadata record in DRO

• the full-text is not changed in any way

The full-text must not be sold in any format or medium without the formal permission of the copyright holders.

Please consult the full DRO policy for further details.

Durham University Library, Stockton Road, Durham DH1 3LY, United Kingdom
Tel : +44 (0)191 334 3042 | Fax : +44 (0)191 334 2971

https://dro.dur.ac.uk

https://www.dur.ac.uk
http://dx.doi.org/10.1142/S0219876213420103
http://dro.dur.ac.uk/17148/
https://dro.dur.ac.uk/policies/usepolicy.pdf
https://dro.dur.ac.uk


A semi-analytical solution for consolidation around a
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Abstract

An analytical solution for consolidation around spherical cavity contraction is de-

veloped. This solution has the potential to be applied to evaluate consolidation around

tunnel heads. The initial excess pore water pressure immediately after the creation of

the cavity is evaluated from the cavity expansion/contraction theory using a linear-

elastic-perfectly-plastic soil model. Expressions for the decay of pore water pressure

with time are obtained using elasticity. Curves shows the variation of pore water

pressure with time is plotted in non-dimensional form.
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1 Introduction

Consolidation around a contracting cavity can be applied to the analysis of a variety of

geotechnical problems. In pressuremeter tests, for example, the removal of cavity pressure

takes place after a partly plastic state of soil has been reached. The interpretation of the

test relies on the use of the contracting phase. Yu and Houlsby (1995) obtained closed

from solutions for stresses and displacements in the contracting phase of the pressuremeter

in-situ test. The solution is based on contraction of spherical cavity in a soil which obeys

non-associated Mohr-Column failure criteria. Yu and Rowe (1999) extended this solution

to tunnel problems in conjunction with critical state soil models. In tunnel construction

in clay, significant change of excess pore water pressure will occur during the construction

in response of the reduction of the total stress acting across the tunnel heading. Mair

and Taylor (1993) studied the displacement and the excess pore water pressure around

different tunnels constructed in London clay and demonstrated that tunnel in saturated

clay can be idealised as a cavity contraction problem. They illustrated that displacements

and excess pore water pressure during construction can be reasonably predicted by cavity

theory assuming the soil is linear perfectly plastic material. The conditions around the

tunnels can be simulated by cylindrical cavity and around tunnel heads can be simulated

by spherical cavity.

However, once construction is completed or temporarily stopped, the excess pore water

suctions will gradually dissipate and the soil surrounding the tunnel will swell and soften.

Thus, soil strength will reduce. Therefore, it is important to study the consolidation process

around spherical and cylindrical cavity contractions. Consolidation around cylindrical and

spherical cavity was studied by many researchers. Consolidation around spherical cavity

was first examined by de Josselin de Jong (1953) who studied the pore pressure meters.

Cryer (1963) developed a solution for a poroelastic sphere subjected to an external radial

stress field in the presence of boundary drainage. Scott (1990) studied the problem of radial

compression of a sphere in phase-change soil. Zhou et al., (1998) analyse coupled, linear

thermoporoelastic fields in a saturated porous medium under radial and spherical symmetry.

Randolph and Wroth (1978) studied the consolidation around a driven pile and Carter

(1988) investigated the effect of swelling around boreholes. The problems of consolidation

around driven piles and around boreholes are idealised as consolidation around cylindrical

cavity and the initial excess pore water pressure immediately after the creation of the cavity

is evaluated from the cavity expansion/contraction theory using a linear-elastic-perfectly-

plastic soil model.

The aim of this paper is to present an analytical solution around a contracting cavity. In

this solution, it is assumed that the distribution of excess pore water pressure immediately
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after removal of the cavity pressure can be obtained from the undrained analysis of spherical

contraction in a linear-elastic perfectly plastic material that obeys Tresca yield criteria. It

is also assumed that during the consequent consolidation process the soil skeleton deforms

elastically and governs by Darcy’s law.

2 Initial excess pore water pressure around contract-

ing spherical cavity

Immediately after creation of the spherical cavity, a plastic zone will be developed adjacent

to the cavity (see Fig. 1). In this zone, the equilibrium equation in terms of total stress is

governed by:

∂σr

∂r
+ 2

(σr − σθ)

r
= 0 (1)

where σr, σθ are the circumferential stress and the radial stress respectively, and r repre-

sents the radial distance. In undrained conditions:

σθ − σr = 2su (2)

where su represents the undrained shear strength. Substituting Eq. (2) into Eq. (1) and

making use of σr = σli at r = ro, together with some algebraic manipulation, the following

explicit expression for the radial stress in the plastic zone is obtained:

σr = σli + 4su ln

(
r

r0

)
(3)

and the circumferential stress is given by:

σθ = σli + 4su ln

(
r

r0

)
+ 2su (4)

If the initial mean stress before the creation of the spherical cavity is taken to be equal

to σ0, then the change of the total mean stress, ∆p, is given by:

∆p =
(σr + 2σθ)

3
− σ0 = σli + 4su ln

(
r

r0

)
+

4

3
su − σ0 (5)

Since ∆p is equal to zero in the elastic zone, the following relationship is obtained:
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∆σr = −2∆σθ (6)

when r is equal to rp, we get the following relationship:

∆σθ −∆σr = 2su (7)

Combining Eq. (6) and (7) gives:

σr = σ0 − 4

3
su at r = rp (8)

where the radius of the plastic zone, rp, can be evaluated by Eqs. (3) and (8)

rp = r0 exp

(
N

4
− 1

3

)
(9)

where N is the stability number defined as follows:

N =
σ0 − σil

su

(10)

If it is assumed that no consolidation takes place during cavity unloading and the change

in mean total stress, ∆p, is equal to the excess pore water pressure generated during yielding,

the excess pore water pressure distribution around the spherical cavity is given by:

u0

su

=
4

3
−N + 4 ln

(
r

r0

)
at r ≤ rp

u0

su

= 0 at r > rp (11)

3 Solution of the consolidation equation around spher-

ical cavity

The equations governing the consolidation of fully saturated porous elastic soil under one-

dimensional may be attributed to Terzaghi (1923). These equations were extended by Biot

(191) to cover the general three dimensional situations. Several modifications and develop-

ments have been made to the consolidation theories. A list of principal contributions to this

subject can be found in Schiffman (1984), de Bore (2000), Schrefler(2002) and Selvadurai

[12].
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The relation between the variation of the volumetric strain v with time and the excess

pore water pressure ue around a spherical cavity can be expressed by:

∂εv

∂t
= − k

γw

[
1

r2

∂

∂r

(
r2∂ue

∂r

)]
(12)

where k is the permeability coefficient and γw is the unit weight of water.

For a linear elastic material we have:

δεv =
3(1− 2ν)

2G(1 + ν)
δp′ (13)

where v is the Poisson’s ratio of the soil and G is the shear modulus, p′ is the mean effective

stress. If it is assumed that the total stresses remain constant during the consolidation, the

change of the mean effective stress can be taken to be proportional to the change of excess

pore water pressure. The mean effective stress decreases with the increase of pore water

pressure. Eq. (12) can then be re-written as:

∂ue

∂t
= c

(
∂2ue

∂r2
+

2

r

∂ue

∂r

)
(14)

where c is the coefficient of consolidation given by:

c = 2kG
(1− ν)

(1− 2ν)γw

(15)

where G is the shear modulus and ν is the Poisson’s ratio.

If the coefficient of consolidation c is taken to be constant throughout the consolidation

process, then Eq. (14) can be solved if the excess pore water pressure ue can be expressed

as a multiplication of two functions:

ue = ξ(t) · ψ(r) (16)

Substituting in Eq. 14, gives:

1

cξ

∂ξ

∂t
=

1

ψ
∇2ψ (17)

The left-hand side is now a function of t only and the right-hand side is a function of r,

θ and ψ. Therefore equation 17 can be re-written as two separate equations:

1

cξ

∂ξ

∂t
= −λ2 (18)
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and

∂2ψ

∂r2
+

2

r

∂ψ

∂r
+ λ2ψ = 0 (19)

where λ is a constant. The solution of Eq. (18) is given by:

ξ(t) = exp(−cλ2t) (20)

and the solution of Eq. (19) is a given by a combination of Bessel functions of the first

and of the second kinds:

f1(r) =
A√
λr

[
J1/2(λr) + αY1/2(λr)

]
(21)

The full expression for ue will involve a summation of all possible solutions:

ue =
∞∑

k=1

Ak√
(λkr)

[
J1/2(λkr) + αkY1/2(λkr)

]
exp(−cλkt) (22)

where Ak, αk, and λk are constants which are evaluated from the boundary conditions

and J and Y are the Bessel functions of the first and second kind, respectively.

The boundary conditions around the spherical cavity are:

ue = 0 at r = ∞ (23)

∂uu

∂r
= 0 at r = r0 for impermeable cavity (24)

ue = 0 at r = r0 for permeable cavity

ue = u0 at t = 0 (25)

At some radial distance R À r0, the excess pore pressure and the deformation are never

more than negligibly small. Therefore, it could be assumed that ue = 0 at r = R.

Satisfying the first boundary conditions in Eq. (23) implies that:

J1/2(λkR) + αkY1/2(λkR) = 0 (26)

so that the coefficients αk are given by:

αk = −J1/2(λkR)

Y1/2(λkR)
= tan(λkR) (27)
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By substituting Eq.(27) in Eq. (24), the boundary condition given in Eq. 24 can be

re-written as follows:





sin[λk(R− r0)] = 0 for permeable cavity

sin[λk(R− r0)] + λkr0 cos[λk(R− r0)] = 0 for impermeable cavity
(28)

where λk represent the non-zero roots. Thus, for a permeable cavity, we get:

λk =
πk

R− r0

(29)

Satisfying the first boundary conditions at t = 0 in Equation (25) implies that:

∞∑

k=1

Ak√
(λkr)

[
J1/2(λkr) + αkY1/2(λkr)

]
= u0 (30)

Multiplying both sides of Equation (30) by r3/2[J1/2(λkr) + αkY1/2(λkr)], integrating be-

tween r0 and R and using the orthogonal properties of Bessel functions (McLachlan, 1957),

gives:

Ak

∫ R

r0

r√
λk

[
J1/2(λkr) + αkY1/2(λkr)

]2

dr =

∫ R

r0

u0r
3/2

[
J1/2(λkr) + αkY1/2(λkr)

]
dr (31)

Substituting the expression of u0 from Eq. (11) and integrating both sides of Eq. (31),

the values of Ak can then be found as follows:

Ak =

Bsu

√
2π

[
[sin(λkrp)(1− λkrp tan(λkR))− cos(λkrp)(λkrp + tan(λkR))]

−[sin(λkr0)(1− λkr0 tan(λkR))− cos(λkr0)(λkr0 + tan(λkR))]

]

+4su

√
2π

[
cos(λkrp)(tan(λkR)) + tan(λkR) ln(rp) + λkrp ln(r0))

− sin(λkrp)(1 + ln(rp) + λkrp tan(λkR0) ln(rp))

+Si(λkrp)− Ci(λkrp)

]

+4su

√
2π

[
cos(λkr0)(tan(λkR)) + tan(λkR) ln(r0) + λkrp ln(r0))

− sin(λkr0)(1 + ln(r0) + λkr0 tan(λkR0) ln(r0))

+Si(λkr0)− Ci(λkr0)

]

[
2λk(R− r0)− sin(λk(R− r0))

(1 + cos(2λkR))

] (32)
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where B, Ci(x) and Si(x) are given by:

B =
4

3
−N − 4 ln(r0)

Ci(x) = −
∫ ∞

x

cos(t)

t
dt

Si(x) =

∫ x

0

sin(t)

t
dt

4 Results and discussions

Fig.2 shows the variation of the excess pore water pressure with time for a point adjacent

to impermeable cavity (r = r0) for different values of stability numbers N . The excess

pore water pressure normalized by undrained soil strength is calculated using Eq. 11. The

normalized excess pore water pressure is plotted against the time factor T (Soderberg, 1962)

defined as:

T =
ct

r0

(33)

The calculations are carried out assuming that the fixed-boundary of the soil deformation

zone is located at R/r0=60. A summation of 11268 terms of Eq. 22 was used. This number

of terms corresponds to the number of nonzero roots λk of equation 30b for values of λr0

between 0 and 600. This number of terms gives insignificant maximum error of 0.642% for

N=2 for the value of the initial excess pore water pressure (at t=0 and r = r0) calculated

using Eq. (11).

The analytical solution shows that the negative pore water pressure developed adjacent

to the spherical cavity and its magnitude is proportional to the stability number. Nega-

tive excess pore pressure around tunnels is evident from field measurements (Palmer and

Belshaw, 1980; Glossop, 1980; Shirlaw and Doran, 1988) and centrifuge data (Mair and

Taylor, 1993).

Fig. 3 shows the isochrones of pore water pressure around impermeable spherical cavity.

The results are shown for N = 2 and N = 10. The results show that development of pore

water pressure is more localized around the tunnel in the case of N = 2 compared to N = 10.

This is due to the fact that negative pore water pressure is resulted from the development

of plastic zone around the tunnel. The extent of the plastic zone is proportional to the

stability number N as illustrated from Eq. (9). The results shown in Fig. 3 also illustrates
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that the gradient of pore water pressure adjacent to the cavity contraction decreases with

the consolidation time. Fig. 4 shows the isochrones adjacent to permeable spherical cavity.

5 Conclusion

A closed form solution for the variation of the excess pore water pressure with time around

spherical cavity contraction was derived. The initial pore water pressure is evaluated from

cavity contraction theory assuming the soil is elasto-perfectly plastic material. The variation

of pore water pressure with time is established taking the soil to be a porous linear elastic

material. In this solution, drainage is assumed to occur at the boundary of the assumed

zone of deformable soil around the elastic sphere.

As demonstrated by Mair and Taylor (1993), the conditions around the tunnels can be

simulated by cylindrical cavity and around tunnel heads can be simulated by spherical

cavity. Therefore, this solution can be used to estimate initial pore water pressure during

tunnel construction. It could also be used to variation of pore water pressure with time.
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Figure 1: Schematic of cavity contraction problem.
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Figure 2: Variation of excess pore water pressure with time for a point adjacent to imper-

meable spherical cavity.
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Figure 3: Isochrones of excess pore water pressure around impermeable cavity (a) N=2 and

(b) N=10.
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Figure 4: Isochrones of excess pore water pressure around permeable cavity (a) N=2 and

(b) N=10.


