
Abstract

The use of such plastic inserts (such as Vossloh dowels [1] and other soft fastening so-
lutions) in pre-stressed concrete sleepers and crossing bearers has become widespread
within the UK, Europe and the rest of the world. This paper uses a bespoke finite-
element analysis tool [2] to, for the first time, investigate the stress state around these
plastic inclusions specifically focusing on the likelihood of discontinuity development.
Most continuum stress analysis methods are over simplistic, in that they assume that
fracture occurs in a direction normal to the major (most tensile) principal stress once
it exceeds some limiting threshold. However, simply using a limiting stress approach
fails to interpret the problem from the viewpoint of material instability analysis. A
more physically realistic approach requires examination of the inelastic material stiff-
ness, to determine the direction in which the initial fractures will propagate. This
rigorous continuum-discontinuum approach [3], combined with an efficient instabil-
ity search algorithm, is used in this paper.

Keywords: stress analysis, fastening solutions, pre-stressed concrete, sleepers, bear-
ers, finite-element analysis, acoustic tensor analysis, material instability.

1 Introduction

The UKs rail infrastructure currently supports 1.3 billion passenger journeys and 100
million tonnes of freight each year. The freight transport alone contributes £870 mil-
lion to the UK economy [4]. The vast majority of this 32,000km of rail infrastruc-
ture is supported by pre-stressed concrete sleepers (PCSs) and crossing bearers (CBs).
These concrete members provide lateral restraint and vertical support to the running
steel rails. The PCSs and CBs are in turn supported on three sides by track ballast;
crushed stone 30-50mm in diameter. Since their introduction in the 1950s, PCSs have
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superseded traditional wooden sleepers in new track and Network Rail (NR) replaces
approximately 200,000 timber sleepers each year with PCSs. However, despite the
reliance of the UKs rail network on these concrete structures, and the simplicity of
their geometry, surprisingly their structural behaviour is poorly understood.

PCSs are attached to the running-rail (and other components, such as the electri-
fied third rail) through cast-in-place inclusions. Two types commonly used are: steel
shoulders, designed to clamp the rail through a reaction spring, and threaded plastic
inserts to allow in-situ bolting of components. The plastic inserts are soft relative to
the surrounding concrete (10-40 times lower Youngs moduli) and create local stress
concentrations exaggerated by high longitudinal pre-stressing. These concentrations
have the potential to initiate longitudinal fractures that can significantly reduce the
support system’s designed 50-year service life. In order to maintain a safe, reliable
and resilient rail network it is essential to understand how the concrete support sys-
tems can be designed to future proof them against ever increasing structural demands.

This paper describes a numerical framework that can be used to assess any potential
material instabilities that arise around cast-in-place inclusions within a concrete body.
In particular the numerical analyses presented in this paper focus on a plastic socket,
similar to the Vossloh dowel fastening solution [1], subjected to pre-stressing loads
and quantify the point at which material instabilities first arise. The difference between
the continuum-discontinuum approach [3] and a simpler limiting maximum tensile
stress is also explored.

The layout of this paper is as follows. Section 2 will present a simple perfect plas-
ticity concrete model that will be used within the instability assessment framework
presented in Section 3. Section 4 provides the results of a detailed finite-element anal-
ysis of a plastic socket embedded in pre-stress concrete body. Finally brief conclusions
are drawn in Section 5.

2 Concrete failure criteria

This paper uses a relatively simple constitutive model for the behaviour of the concrete
cast within the framework of small-strain perfect plasticity theory. Within this frame-
work the strain, {ε}, is additively decomposed into elastic and plastic components

{ε} = {εe}+ {εp}, (1)

where {εe} and {εp} are the elastic and plastic strain components respectively. A
linear relationship is assumed between the elastic strain and Cauchy stress vectors

{σ} = [De]{εe}, (2)

where [De] is the elastic stiffness matrix.
The yield envelope comprises of three planar surfaces in principal stress space: (i)

a Mohr-Coulomb (M-C) plane in the compressive region, (ii) a Rankine (R) cut-off in
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limiting the allowable tensile stress and (iii) an additional M-C surface linking the two
regions. The compressive portion of the Mohr-Coulomb (M-C) yield surface is given
by

fc = kσ1 − σ3 + σc = 0, (3)

where k = (1 + sinφ)/(1 − sinφ), σc is the uniaxial compressive strength of the
concrete and φ is the effective friction angle. σ1 and σ3 are the major and minor
principal stresses with the condition that σ1 ≥ σ2 ≥ σ3. The tensile Rankine cut-off
is given defined as

fr = σ1 − σt = 0, (4)

where σt is the tensile strength of the concrete. These two yield surfaces are connected
by an additional Mohr-Coulomb yield envelope

ft = ktσ1 − σ3 + σc = 0 (5)

where kt = |σc/σt|. The combined yield surface

f = max(fc, fr, ft) = 0 (6)

is shown in σ1 versus σ3 biaxial, and principal stress spaces in Figure 1.

Figure 1: Non-linear concrete model in: (a) biaxial stress space (linear grey area and
non-linear thick black line) and (b) principal stress space.

The plastic strains evolve according to

{ε̇p} = γ̇{g,σ }, (7)

where γ̇ is the scalar plastic multiplier and {g,σ } is the plastic flow direction (the
derivative of the plastic potential with respect to stress). The principal flow directions
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for the three surfaces are

{gcσ} =


m
0
−1

 {gtσ} =


mt

0
−1

 and {grσ} =


1
0
0

 , (8)

where m = (1 + sinψ)/(1− sinψ) and mt = (1 + sinψt)/(1− sinψt) where ψ and
ψt are the dilation angles for the two planar surfaces. (7) is subject to the standard
Kuhn-Tucker-Karush consistency conditions

f(σi) ≤ 0, γ̇ ≥ 0 and f(σi)γ̇ = 0. (9)

These conditions enforce that the material must either be on the yield surface under-
going elasto-plastic deformation (f = 0 and γ̇ ≥ 0) or inside the yield surface with
purely elastic behaviour (f ≤ 0 and γ̇ = 0).

2.1 Stress integration

The central problem in computational plasticity is given a previously converged elas-
tic strain state, (εe

n)i (or equivalently a converged stress state, σni ), that is subjected
to a strain increment, ∆εi, what is the updated elastic strain state, (εe

n+1)? The strain
increment comes from the boundary value simulation under consideration. The prob-
lem stems from the fact that inelastic constitutive relationships are constructed in rate
form and must be integrated to create such an incremental relationship.

Note that all of the yield surfaces presented in this paper are isotropic and therefore
the stress return algorithm can be constructed in principal stress space. This does not
detract from the generality of the algorithm as the generalised six-component stress
and strain measures are simply converted to principal stress space and back again at
the input and output of the function. See [5], amongst many others, for more details.

In this paper we consider elastic predictor, plastic corrector schemes. Within this
framework the elastic trial strain is given by

{σtr} = {σn}+ {∆σ}, where {∆σ} = [De]{∆ε} (10)

and
{σn} = [De]{εe

n}. (11)

{σn} and {εe
n} are the stress and elastic strain states from the previous load (or time)

step in the global solution algorithm, {∆ε} is the strain increment from associated
with the global boundary value displacement

If the trial elastic stress state, {σt}, exceeds the yield envelope (f > 0) then it must
be corrected back onto the yield surface using a plastic stress increment

{σn+1} = {σtr} − {∆σp}, where {∆σp} = [De]{∆εp} (12)
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ID description return type
A Rankine apex, fr point
B compression meridian intersection of ft and fr point
C extension meridian intersection of ft and fr point
D Rankine compression meridian, fr line
E intersection of the transition M-C and R planes, ft and fr line
F Rankine plane, fr plane
G compression meridian of ft line
H extension meridian of ft line
I M-C transition plane, ft plane
J intersection of the two M-C planes, fc and ft line
K compression meridian intersection of ft and fc point
L extension meridian intersection of ft and fc point
M compression meridian of the M-C plane, fc line
N extension meridian of the M-C plane, fc line
P main M-C plane, fc plane

Table 1: Stress return regions for the combined yield surface.

and ∆εp
j is the plastic strain increment obtained from the incremental form of (7).

Once this correction has been applied the updated elastic strain can be obtained from

{εe
n+1} = {εe

n}+ {∆ε} − {∆εp}. (13)

This paper follows the approach of Clausen et al. [6, 7] to construct analytical stress
return solutions for the 15 return locations give in Table 1. Depending on the return
type (point, line or plane), the return procedure is different as is the material stiffness
tangent used in the global boundary value simulation (see [6, 7] for full details).

2.2 Material tangents

To achieve optimal convergence within a boundary value simulation it is essential
to linearise the stress integration algorithm to form the algorithmic consistent tangent
(that is, the fourth order material stiffness tensor that is consistent with the stress-strain
algorithm). This paper again uses the approach of Clausen et al. [6, 7] to construct
the algorithmic consistent tangent. It is this tangent that is used by the finite-element
program to determine the stiffness of each element in the analysis allowing asymptotic
quadratic convergence of the global error.

The material instability analysis presented in Section 3 requires the formation of the
infinitesimal elasto-plastic stiffness tangent, [Dep]. This tangent links an infinitesimal
change of stress with total strain, that is

{σ̇} = [Dep]{ε̇}. (14)
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For the planar surface returns the tangent is given by

[Dep] =
[
De]

rank-one update of [De]︷ ︸︸ ︷[
[I]−

{g,σ }{f,σ }T
[
De
]

{f,σ }T
[
De
]
{g,σ }

]
, (15)

where {f,σ } is the derivative of the yield surface with respect to stress and [I] is the
identity matrix. The elasto-plastic tangent for other return locations are given by [6, 7],
in the subsequent section this tangent is used to definite the point at which continuum
assumptions are no longer valid.

3 Acoustic tensor analysis

Since the 1958 and 1962 papers by Hill [3, 8], there has been a strong interest in
the mathematical identification of instabilities which can be predicted purely from the
characteristics of the constitutive equations [9–22]. Failure1 indicators in materials can
be grouped into two categories: continuous (or loss of stability) and discontinuous (or
localisation) [10]. In continuous failure, the homogeneity of strains (and stresses) is
preserved, whereas for discontinuous failure a spatial discontinuity is observed in the
strain rate field. Continuous failure can be detected through investigating the infinites-
imal elasto-plastic tangent, [Dep]. The first indicator occurs when the determinant of
the symmetric component of [Dep] falls to zero

det

(
1

2

(
[Dep] + [Dep]T

))
= 0. (16)

We refer to this as a strong indicator of the loss of stability. The second indicator
occurs when the determinant of [Dep] falls to zero we refer to this as a weak indicator
of the loss of stability. These two continuous failure indicators can be expressed as

eA = min

(
det[Dep

sym]

det[De]

)
︸ ︷︷ ︸

strong instability

and eD = min

(
det[Dep]

det[De]

)
︸ ︷︷ ︸

weak instability

, (17)

where [(·)sym] denotes the symmetric component of [(·)]. The first of these, eA, is
the stricter condition (that is, a material will fail eA prior to eD) than the second.
This is due to the fact that the eigenvalues of the symmetric component of a positive
definite tensor bound those of the full matrix. If [Dep] is positive definite (that is,
det
(
[Dep

sym]
)
> 0) then the material response is unique under any loading [20].

In a load (or equivalently stress) controlled test, we have the following relation
between the rate of change of strain with stress

{ε̇} = [Dep]−1{σ̇}. (18)
1Here, the term failure is used to describe when the material no longer behaves as a continuum, that

is, some loss of stability or bifurcation of the material has taken place.
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When the determinant of the infinitesimal elasto-plastic tangent fall to zero, {ε̇} is
undefined and we obtain a loss of uniqueness of the strain solution for stress states
less than the point of det

(
[Dep]

)
= 0 [20], as shown in Figure 2. Under strain (or

displacement) controlled simulations, we have an equivalent relation to that of the
stress controlled test, however now

{σ̇} = [Cep]−1{ε̇}. (19)

Here [Cep] = [Dep]−1 is the infinitesimal elasto-plastic compliance matrix. A loss of
uniqueness occurs when the determinant of [Cep] falls to zero [20], that is when

{f,σ }T
[
De]{g,σ } = 0. (20)

in a non-associated, perfect-plasticity elasto-plastic material (refer to the denominator
of (15)). This condition corresponds to a snap-back in the stress versus strain response
of the material, as shown by point E in Figure 2.

Discontinuous failure indicators grew out of the work by Hill [8] on acceleration
waves. Hill considered planes (with unit normal denoted by ni or {n}) across which
the acceleration was discontinuous. This jump in acceleration is equivalent to a jump
in the strain rate (and consequently the stress rate) in a material’s constitutive relations
[8]. Using Hill’s procedure, a localisation (or acoustic) tensor can be defined as

(Q
(·)
at )jk = niD

(·)
ijklnl, (21)

where D(·)
ijkl is the fourth-order tangent stiffness tensor under consideration. Alterna-

tively (21) can be expressed in matrix form using the following expression

[
Q

(·)
at

]
=
[
T
]T [

D(·)][T ], where
[
T
]T

=

 n1 0 0 0 n3 n2

0 n2 0 n3 0 n1

0 0 n3 n2 n1 0


,

(22)
where ni are the components of the normal to the potential discontinuity plane. The
acoustic tensor allows us to specify two indicators of localisation

eB = min

(
det[Qep

atsym ]

det[Qe
at]

)
︸ ︷︷ ︸

strong localisation

and eC = min

(
det[Qep

at]

det[Qe
at]

)
︸ ︷︷ ︸

weak localisation

, (23)

where [Qep
at] and [Qe

at] denote the acoustic tensors associated with [Dep] and [De] using
the same search direction ni. For the case of associated plasticity, [Dep] is symmetric
and the localisation indicators eB and eC are identical, as are eA and eD.

The Bromwich bounds [24] allows the sequence of failure indicators to be estab-
lished. eA is the strictest condition, followed by eB, then eC and finally eD [25]; shown
schematically in Figure 2. The determinant of [Cep] drops to zero at point E in Figure 2
after passing through the non-unique stress point.
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Figure 2: Hierarchy of failure indicators (reproduced with permission from [23]).

3.1 Search algorithm

Acoustic tensor analysis requires the determination of the normal direction corre-
sponding to the minimum determinant of the acoustic tensor, [Qep

at]. Note that it is
necessary to only search one hemisphere of normal directions rather than the com-
plete sphere of possible directions. Here an efficient search algorithm is adopted that
initially equally spaces a number of search directions over this hemisphere using the
HEALpix algorithm of Górski et al. [26]. From this initial search cloud, the point with
the lowest value of the determinant of the acoustic tensor is taken as the starting point
for a Newton-Raphson search algorithm similar to that used by Andrade and Borja
[22].

4 Numerical computations

This section presents the finite-element analysis of a cast-in-place plastic socket sub-
jected to longitudinal pre-stress. Only a local region of concrete surrounding the
socket was modelled using 20-noded fully-integrated hexahedral elements (tri-quadratic
element with 27 Gauss points arranged in a 3 by 3 by 3 grid). The material constants
for the concrete constitutive model, as described in Section 2, are given in Table 2. The
plastic socket modelled as an isotropic linear elastic material with a Young’s modulus
of 1.1GPa and a Poisson’s ratio of 0.2. The finite-element analyses were conducted
using a bespoke finite-element code developed at Durham University based on the fi-
nite deformation elasto-plastic code of Coombs et al. [2], however in this paper only
small strain elasto-plastic simulations are undertaken.

The volume of concrete modelled had a height of 165mm and a width and breadth
of 250mm; typical sleepers and bearers have cross sections ranging between 140-
205mm in height and 250-380mm in width and are typically subjected to an average

8



material constant E ν σc σt φ ψ ψt
value 45GPa 0.2 −40MPa −σc/15 37◦ 0◦ 0◦

Table 2: Concrete material constants for the numerical analysis (representative values
at the point of transfer of the pre-stressing loads).

Figure 3: Finite-element discretisation using 20-noded hexaherdal elements: (i) three-
dimensional view of the mesh, (ii) plan view and (iii) side elevation looking in the
positive x-direction. The light and dark shaded elements are concrete and plastic,
respectively. The circles on parts (ii) and (iii) indicate roller boundary conditions.

compressive longitudinal pre-stress of between 11 and 15MPa. Here the analysis ap-
plied a compressive longitudinal stress of 11MPa over 100 loadsteps. Due to symme-
try only one quarter of the problem was analysed, as shown in Figure 3. The central
plastic socket was modelled having a total length of 165mm, a uniform internal di-
ameter of 20mm and an external diameter of 39mm at the top surface of the mesh,
tapering to a diameter of 31mm over 25mm down the length of the socket. Full dis-
placement compatibility was assumed between the concrete and plastic elements and
only pre-stressing loads are considered.

The evolution of the minimum determinant of the acoustic tensor (solid grey line)
and the number of elasto-plastic points (dashed line) with applied pre-stress is shown
in Figure 4 and four key points have been identified. The onset of elasto-plasticity
occurs at an applied pre-stress of 3.1MPa and at this point (point B on Figure 4)
there was a dramatic reduction in the minimum determinant of the normalised acoustic
tensor, eC. Up to this point eC is equal to one as the elasto-plastic stiffness is equal to
the elastic stiffness matrix.

At point C in Figure 4 the all of the instability indicators drop below zero, the
values of these indicators (eA through eD) are given Table 3. It is at this point that
the analysis suggests that some loss of stability or bifurcation of the material has
taken place. As the pre-stress increases the global minimum of eC continues to reduce
however, the instability analysis only allows a binary interpretation of the indicators -
that is continuum or discontinuum.

The curious surface plots in Figures 4 illustrate a way of visualising the determinant
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Figure 4: Evolution of the minimum determinant of the acoustic tensor (solid grey
line) and the number of elasto-plastic points (dashed line) with applied pre-stress. The
inset figures show the acoustic tensor surfaces at four points during the analysis.

point A B C D

eA 1.00× 1000 7.43× 10−20 −3.19× 10−01 −3.19× 10−01

eB 1.00× 1000 2.09× 10−03 −2.56× 10−01 −2.90× 10−01

eC 1.00× 1000 2.09× 10−03 −6.70× 10−02 −1.31× 10−01

eD 1.00× 1000 7.43× 10−20 −7.09× 10−17 −2.70× 10−16

Table 3: Concrete material constants for the numerical analysis (representative values
at the point of transfer of the pre-stressing loads).

of the acoustic tensor. The HEALPix software [26], which divides the surface of a
sphere into equal area patches, was used to generate 10,800 normal directions, {n},
for the acoustic tensor analysis (in this case over the entire sphere rather than just
a hemisphere to aim visualisation). For each of the 10,800 search directions, the
determinant of the acoustic tensor is calculated and a point generated from

{x} =
det
(
[Qep

at]
)

det
(
[Qe

at]
){n} = eC{n}. (24)

A surface is then constructed through these points. If the determinate of the acoustic
tensor drops to zero then the surface will pass through the origin whereas for a purely
elastic material the surface will be a unit sphere. This is a useful visual indicator of
the reduction in the determinant of the acoustic tensor with respect to various search
directions rather than just a single minimum value. These surfaces have been plotted
for points A through D (see Figure 4) for the Gauss point in the simulation that has
the minimum eC in the analysis. At A the acoustic tensor surface is a unit sphere due
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to the elastic behaviour however at the onset of elaso-plastic behaviour (point B) the
minimum determinant of the acoustic tensor surface drops to almost zero with the
normal direction of minimum determinant closely aligned with the x-axis. At point C
the eC instability indicator drops below zero with two directions of instability apparent
from the inset surface. This is more visible at point D, particularly in the enlarged view
of the acoustic tensor surface where the two instability directions have been identified.

Figure 5: Elasto-plastic points at three points during the analysis (see Figure 4), a top
plan view is also shown for point D.

The elasto-plastic Gauss quadrature locations for points B, C and D are shown
in Figure 5. At the point of first yield (point B) the elasto-plastic points are located
at the longitudinal limit of the plastic socket in the region immediately below the
tapered section of the insert. By point C at approximately 6MPa of pre-stress the
extent of elasto-plasticity spans the full depth of the concrete section with a larger
region of elasto-plasticity beginning to develop below the tapered part of the plastic
socket. At the end of the analysis (point D and a pre-stress of 11MPa) a plastic region
approximately equal in size to the outer radius of the socket has developed, this is
clearly seen by the inset plan view.

Figure 6 shows three predictions of the instability normal directions at the end of
the analysis based on: (i) major (most tensile) principal stress for points that exceed the
yield criterion, (ii) major plastic strain and (iii) the minimum value of eC. Note that any
fracture planes will develop perpendicular to these normal directions. Both the major
principal stress and major plastic strain vectors have been scaled according to their
magnitude. It is clear that both the locations and directions of the instabilities differ
for the three methods, the most noticeable difference being between the acoustic tensor
analysis and the other methods. The acoustic tensor analysis predicts two dominant
directions, consistent with the two negative eC directions shown in Figure 4.

Following the procedure of Borja and Aydin [27], comparing the search direction,
{n}, with the eigenvector associated with the minimum eigenvalue of [Qep

at] (denoted
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Figure 6: Potential discontinuity plane normal directions based on: (i) major principal
stress, (ii) major plastic strain and (iii) the minimum determinant of the acoustic tensor.
The inset figures show top plan views for the three cases.

here by {vmin}), we can determine the mode of the discontinuity,as follows

mode = {n}T{vmin} :

= −1 pure compaction
< 0 compactive shear
= 0 simple shear (≡ fracture mode II or III)
> 0 dilative shear
= 1 pure dilation (≡ fracture mode I)

(25)

The direction of the eigenvector associated with the minimum eigenvalue, {vmin}, can
be positive or negative. The direction of {vmin} can be determined from the require-
ment that [27]

{f,σ }T [De]{ξ} > 0, where [ξ] = {vmin}{n}T . (26)

{ξ} is the instability characteristic vector, whose trace is equivalent to the mode de-
fined in (25) (that is, tr[ξ] = {vmin}T{n}), where {ξ} is the vector equivalent of [ξ].
The inequality in (26) stems from the assumption that the material is exhibiting some
inelastic behaviour on both sides of the instability plane.

From (25) and (26) for point D the minimum eC corresponded to a mode of 0.217,
that is a dilative shear band. This is consistent between points C and D in the analysis
and it is not possible to obtain this information from by considering the major principal
stress or plastic strain directions alone.

5 Conclusion

A rigorous continuum-discontinuum approach [3], combined with an efficient insta-
bility search algorithm, was used in this paper to assess potential discontinuities that
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develop around plastic sockets embedded in pre-stresses concrete. The analysis con-
sidered a plastic dowel with a geometry typical of those used to attach components to
pre-stressed concrete sleepers and crossing bearers. It was observed that instabilities
first manifest themselves at a pre-stress of approximately 6MPa once an elasto-plastic
zone has developed through the full depth of the concrete. This discontinuity appears
to behave as a dilative shear band starting from the surface of the plastic socket. A
noticeable difference was observed between the directions predicted by the acoustic
tensor analysis and those obtained from the major (most tensile) principal stress and
plastic strain directions.

Based on the analyses presented in this paper, the use of plastic inserts within pre-
stressed concrete components increases the potential for longitudinal fracture devel-
opment.
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[26] KM Górski, E Hivon, AJ Banday, BD Wandelt, FK Hansen, M Reinecke, and
M Bartelmann. Healpix: A framework for high-resolution discretization and
fast analysis of data distributed on the sphere. The Astrophysical Journal, 622:
759–771, 2005.

[27] R. I. Borja and A Aydin. Computational modeling of deformation bands in gran-
ular media. i. geological and mathematical framework. Comput. Methods Appl.
Mech. Engrg., 193:2667–2698, 2004.

15


	Introduction
	Concrete failure criteria
	Stress integration
	Material tangents

	Acoustic tensor analysis
	Search algorithm

	Numerical computations
	Conclusion

