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ABSTRACT

We propose a formulation for linear elastic fracture mechanics (LEFM) in
which the stress intensity factors (SIF) are found directly from the solution
vector of an extended boundary element method (XBEM) formulation. The
enrichment is embedded in the BEM formulation, rather than adding new
degrees of freedom for each enriched node. Therefore, a very limited num-
ber of new degrees of freedom is added to the problem, which contributes
to preserving the conditioning of the linear system of equations. The Stroh
formalism is used to provide BEM fundamental solutions for any degree
of anisotropy, and these are used for both conventional and enriched de-
grees of freedom. Several numerical examples are shown with benchmark
solutions to validate the proposed method.

Keywords: extended boundary element method; implicit enrichment; frac-
ture mechanics; anisotropic materials; Stroh formalism

1 Introduction

Enriched formulations have been studied over 15 years since the parti-
tion of unity (PU) method [1] was first employed in the finite element
method framework [2, 3] to model cracks through additional degrees of
freedom that capture the asymptotic behaviour of the displacement around
the crack tip. This approach has allowed engineers to achieve more accu-
rate displacement solutions at the crack surface using coarser meshes than
conventional finite element formulations, and also liberated crack growth
simulations from the requirement to remesh since the crack may pass through
elements. This approach was named extended finite element method (XFEM),
and the development of enrichment functions remains a topic of consider-
able interest [4, 5, 6, 7, 8].

With its high accuracy of boundary solutions and ability to capture dis-
continuous solution fields, the boundary element method (BEM) has been
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a tool of choice for decades in linear elastic fracture mechanics. Since the
discretisation is applied only to the boundaries in BEM, the crack surface is
still part of the geometry. The PU has been shown to be applicable within
a BEM framework [9, 10], and its convergence properties shown to outper-
form conventional BEM formulations.

The main inconvenience of the enriched formulations is that the num-
ber of additional degrees of freedom may affect the solution since it might
cause ill-conditioning of the system of linear equations. For instance, Laborde
et al. [11] have analysed different enrichment approaches and compared
how the conditioning degrades with each. Fixed area enrichment around
the crack (geometrical enrichment) has been shown to improve the overall
results of the analysis [12]. However, it can be very sensitive to the number
of enriched degrees of freedom with crack tip enrichment functions. A high
number will lead to an ill-conditioned system of equations. This character-
istic is the main deficiency in XFEM formulations. One can verify that the
conditioning can degrade quite rapidly depending of the enrichment ap-
proach employed. Béchet et al. [13] have used preconditioners to improve
the conditioning of the system. In this paper, we define the enrichment
strategies used in XFEM as explicit enrichment.

An alternative to the use of explicit enrichment is to embed the enrich-
ment into the formulation. This approach can be defined as implicit en-
richment, and the main advantage is to allow the direct calculation of the
Stress Intensity Factors (SIF) without the need of post-processing such as
the J-integral.

Several authors have studied different methodologies to evaluate the
SIFs. Liu et al. [14] have used the leading and high order terms of the
asymptotic displacements around the crack tip using the partition of unity.
To enforce that the displacements converge to the actual asymptotic fields
around the crack tip, the actual displacements around the crack tip are set
to zero. The displacements around the crack tip can be expressed using an
expression for the asymptotic fields and the SIFs. Hence, the SIFs can be
obtained without the need for post-processing the displacements. Xiao et
al. [15] have used a hybrid crack element to calculate the SIFs of mixed
mode cracks without any post-processing.

Weak-form displacement and traction integral equations are used to
model 3D fracture mechanics problems in BEM by [16]. A special crack
tip element is introduced, while making the relative displacements vanish
on the crack front. The remaining degrees of freedom for the nodes on the
crack front are directly associated with the SIFs.

Watson [17] has proposed singular boundary elements for modelling
straight and curved cracks combining Hermitian interpolation functions
and singular shape functions which come from the Williams expansion. In
this scheme, the singular functions extend over many boundary elements
on each crack surface. The SIFs are calculated from the crack opening dis-
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placements and the singular functions.
A new singularity subtraction technique is introduced by [18], where

the first term of the Williams expansion is used as a regularisation param-
eter. Using this strategy, the SIFs become unknowns of the BEM problem.
Hence, the displacements around the crack tip are enforced to be equal to
those predicted by the leading order term in the Williams expansion, so
that the problem can be solved.

Recently, Alatawi and Trevelyan [19] have implemented a direct method
approach, where the SIFs are part of the unknown variables of the problem
rather than a parameter obtained after the solution is known. In this case,
the leading order term in the Williams expansion is also used to model the
asymptotic behaviour around the crack tip.

All the previous works have tackled the direct evaluation of SIFs for
isotropic materials. The objective of this work is to extended the work of
[19] to a more general range of materials. Anisotropic materials have been
extensively used in the aerospace and automobile industries, and more re-
cently for the study of geological materials applied to the hydraulic frac-
turing problem. The Stroh formalism is used to provide the necessary
anisotropic enrichment functions, in the same way as performed in [12].
The advantage of the Stroh formalism is a concise enrichment function
which depends only on the material properties.

The remainder of this paper is organised as follows: in Section 2, the
constitutive equations for elastic problems are presented. The BEM formu-
lation and the Stroh formalism are explained in detail in Section 3. The
direct approach is tackled in Section 4. Section 5 presents several numeri-
cal results to validate the proposed method. We conclude with some final
remarks in Section 6.

2 Constitutive equations

Let Ω ⊂ R
2 be a fully anisotropic elastic domain; the static equilibrium

equations in the absence of body forces are stated as

σij,j = 0 (1)

The linear constitutive equations are given by the generalized Hooke’s
law

σij = Cijklεkl (2)

where σ is the stress tensor, εij is the strain tensor and Cijkl defines the
elastic stiffness tensor. In the case of an anisotropic material, the number of
unique elements in the Cijkl tensor also determines the type of symmetry of
the material.

3



Let us remark that the elastic stiffness tensor satisfies the following sym-
metry relations

Cijkl = Cjikl = Cijlk = Cklij (3)

The strain tensor εij is defined as

ε ij =
1

2
(ui,j + uj,i) (4)

where ui stands for the displacements. It is important to remark that the
stress and strain tensors also exhibit symmetry properties, i.e.

σij = σji (5)

ε ij = ε ji, (6)

3 The dual boundary element method (DBEM)

The BEM emerged in the 1960s as an alternative for domain discretisation
methods such as the finite element method (FEM). It gained popularity
from the 1970s, as engineers found its boundary-only discretisation very
attractive, since the number of degrees of freedom of the problem were re-
duced. Moreover, it has been shown in different works of fracture mechan-
ics problems that BEM models can be more accurate and stable than FEM
models, which tend to suffer from instabilities arising of highly deformed
elements at the crack tips.

Figure 1 illustrates a typical fracture mechanics problem in which an
anisotropic elastic body containing a crack is subject to an arbitrary load-
ing. We seek the solution to general problems in elastostatics in terms of
the boundary displacements, uj, and tractions, pj. For LEFM problems we
also seek the SIFs at any crack tips located in Ω. Conventional collocation
BEM formulations fail for this problem because the coincident nodes on the
opposing crack surfaces give rise to a degeneracy in the resulting linear sys-
tem of equations. Of the different approaches proposed to circumvent this
problem, the most popular is the Dual Boundary Element Method (DBEM).

In the dual BEM formulation, two boundary integral equations (BIEs)
are necessary. The displacement boundary integral equation (DBIE) is de-
fined as

cij(ξ)uj(ξ) +−
∫

Γ
p∗ij(ζ,ξ)uj(ζ)dΓ(ζ) =

∫

Γ
u∗

ij(ζ,ξ)pj(ζ)dΓ(ζ), ξ ∈ Γ (7)

where Γ denotes all the boundaries of the problem including crack sur-
faces Γ+ and Γ− of domain Ω; −

∫

stands for the Cauchy Principal Value
integration; cij is the free term deriving from the Cauchy Principal Value
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Figure 1: Crack problem in anisotropic material.

integration of the strongly singular kernels p∗ij; u∗
ij and p∗ij are the displace-

ment and traction fundamental solutions, respectively, and are detailed in
the next section.

In order to overcome the degeneracy in the linear system, a traction
boundary integral equation (TBIE) is obtained from the differentiation and
further substitution into Eq. (2) of the kernels u∗

ij and p∗ij, resulting into two

new kernels d∗kij and s∗kij. The TBIE is given by

cij(ξ)pj(ξ) + Nk=
∫

Γ
s∗kij(ζ,ξ)uj(ζ)dΓ(ζ) = Nk−

∫

Γ
d∗kij(ζ,ξ)pj(ζ)dΓ(ζ), ξ ∈ Γ

(8)
where =

∫

stands for the Hadamard Finite Value integration and Nk is the k
component of the outward unit normal to the boundary at the collocation
point ξ.

3.1 Fundamental solutions and the Stroh formalism

The u∗
ij and p∗ij kernels are given in terms of the Stroh formalism by [20, 21]

u∗
ij = − 1

π
ℜ
{

AjmQmi ln(zζ
m − z

ξ
m)

}

(9)

p∗ij =
1

π
ℜ
{

BjmQmi
µmn1 − n2

z
ζ
m − z

ξ
m

}

(10)

where n = (n1,n2) is the unit normal at the observation point; z
ζ
m = ζ1 +

µmζ2, z
ξ
m = ξ1 +µmξ2 are evaluated at the observation and collocation points,

respectively; ℜ denotes the real part ; Q = A−1(L−1 + L
−1
)
−1

with L =
iAB−1 and L represents the complex conjugate of L.

After substitution of Eqs. (9) and (10) into Eq. (2), we obtain the follow-
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ing relations

d∗kij =
Ckilr

π
ℜ
{

AjmQml
δr1 + µmδr2

z
ζ
m − z

ξ
m

}

(11)

s∗kij =
Ckilr

π
ℜ
{

BjmQml
(µmn1 − n2)(δr1 + µmδr2)

(zζ
m − z

ξ
m)2

}

(12)

The matrices A, B and constant µm are parameters from the Stroh for-
malism [22, 23] and can be obtained through solution of the following
eigenvalue problem

(

−C2ij2
−1C2ij1 −C2ij2

−1

C1ij1 − C2ij1
TC2ij2

−1C2ij1 −C2ij1
TC2ij2

−1

)(

Am

Bm

)

= µm

(

Am

Bm

)

(13)
where there is no summation on the m index.

The calculated eigenvalues are complex numbers, and µm will take only
the eigenvalues with positive imaginary part. For anisotropic materials,
the eigenvalues are always different (µ1 6= µ2 for 2D problems). However,
if this approach is used to model an isotropic material, we have µ1 = µ2, the
eigenvectors are not unique, and some special assumptions must be taken
into account [22, 23].

3.2 Regularisation of the singular integrands

The kernel u∗
ij of Eq. (7) presents a logarithmic singularity, which can be

easily regularised by applying a special quadrature for the logarithm. This
approach was employed in the works of [20, 24], for instance. Another
method to regularise the weakly singular integral is to use the Telles trans-
formation [25], where the singularity is cancelled by the Jacobian of a coor-
dinate transformation, allowing the integral to be evaluated using Gauss-
Legendre quadrature.

The kernels p∗ij and d∗kij present strong singularities of order O(1/r).

Finally, the kernel s∗kij presents a hypersingularity of order O(1/r2). To

evaluate the singular integrals containing these kernels, we use the method
employed by Guiggiani and Casalini in [26] initially for 2D BEM elasticity
problems and extended to hypersingularities in [27, 28]. This approach has
the advantage to be used for singularities of order O(1/rn) and consists in
expanding the shape functions and Jacobian components in Taylor series in
the same way as in the work of Aliabadi et al. [29].

When Eq. (8) is discretised, the hypersingular integral it contains can
be rewritten as

∫ +1

−1
skij(ζ,ξ)∗Na(ζ)J(ζ)dζ =

∫ +1

−1
G(ζ,ξ)dζ (14)
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where Na(ζ) represents the shape function for node a and J(ζ) is the Jaco-
bian. We seek to express the integrand in the following form

G(ζ,ξ) = G0(ζ,ξ) +
G−1(ξ)

ζ − ξ
+

G−2(ξ)

(ζ − ξ)2
(15)

where the singularities ζ − ξ and (ζ − ξ)2 become explicit, and G0 is a reg-
ular function with the singularities removed.

Adding and subtracting this description of the singularities yields

∫ +1

−1
G(ζ,ξ) dζ =

∫ +1

−1
G0(ζ,ξ) dζ +−

∫ +1

−1

G−1(ξ)

ζ − ξ
dζ +=

∫ +1

−1

G−2(ξ)

(ζ − ξ)2
dζ (16)

The hypersingular integral has been rewritten as the sum of a regular
integral that can be evaluated using Gauss-Legendre quadrature, and sin-
gular and hypersingular integrals that can be taken analytically. Since the
numerator of both integrands is a constant that does not depend on ζ, the
solution of the singular integrals can be easily calculated as

−
∫ +1

−1

G−1(ξ)

ζ − ξ
dζ = G−1(ξ) ln

∣

∣

∣

∣

1 − ξ

−1 − ξ

∣

∣

∣

∣

(17)

=
∫ +1

−1

G−2(ξ)

(ζ − ξ)2
dζ = G−2(ξ)

(

1

−1 − ξ
− 1

1 − ξ

)

(18)

To calculate G−1(ξ) and G−2(ξ) we follow the works of Guiggiani [27,
28]. The elements of Eq. (14) can be expressed in terms of their Taylor
series expansion around the singular point, which occurs when ξ → ζ. The
expansion of the shape functions in Taylor series is given by

Na(ζ) = Na(ξ) +
dNa(ζ)

dζ

∣

∣

∣

∣

ζ=ξ

λ +O(λ2) (19)

where λ = ζ − ξ. The Jacobian has to be multiplied by the normal compo-
nents n1 and n2 before a Taylor series expansion is possible [27, 29]. Hence
we have

Ji(ζ) = ni J(ζ) = Ji(ξ) +
dJi(ζ)

dζ

∣

∣

∣

∣

ζ=ξ

λ +O(λ2) (20)

and

J1(ζ) =
dNa(ζ)

dζ
xa (21)

J2(ζ) =
dNa(ζ)

dζ
ya (22)

where xa and ya represent the coordinates at the node a in the x and y
directions, respectively.
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The singularity 1/(zζ
m − z

ξ
m)

2 also has to be expanded in Taylor series.

In this work, the expansion of z
ζ
m − z

ξ
m rather than (zζ

m − z
ξ
m)

2 is used. The
reason is that the expansion of the latter is more complicated and the same
result can be achieved with the square of the expansion of the former. Thus
we have

z
ζ
m − z

ξ
m = ζ1 − ξ1 +µm(ζ2 − ξ2) =∑ Na(ζ)xa −∑ Na(ξ)xa +µm

(

∑ Na(ζ)ya − Na(ξ)ya
)

(23)
Substituting Eq. (19) into (23) we obtain

z
ζ
m − z

ξ
m =

dNa(ζ)

dζ

∣

∣

∣

∣

ζ=ξ

λ
(

∑ xa + µm ∑ya
)

= ∆zλ (24)

Finally, after substitution of Eqs. (19), (20) and (24) into (14), the regu-
larised hypersingular integral is redefined as

∫ +1

−1
s∗kij(ζ,ξ)Na(ζ)J(ζ)dζ =

∫ +1

−1
G0(ζ,ξ) dζ +

∫ +1

−1

G−1(ξ)

λ
dζ +

∫ +1

−1

G−2(ξ)

λ2
dζ

(25)
with

G−1(ξ) =
Ckilr

π(∆z)2
ℜ
{

BjmQml(δr1 + µmδr2)(Na(ξ)(J1(ξ)
′µm − J2(ξ)

′) + Na(ξ)′(J1(ξ)µm − J2(ξ)))
}

(26)

G−2(ξ) =
Ckilr

π(∆z)2
ℜ
{

Na(ξ)BjmQml(δr1 + µmδr2)(J1(ξ)µm − J2(ξ))
}

(27)

where (′) denotes differentiation with respect to ζ.
Let us remark that during the evaluation of the Taylor series expansion

in Eq. (25), terms with order O(λ2) and higher do not contribute to the
singular behaviour of the integrands. For this reason, they do not appear
in Eqs. (26) and (27).

The same approach is used to regularise the strongly singular integrand
from Eqs. (7) and (8), so further calculations will not be repeated here. The
final expression of the regularised integral is given by

∫ +1

−1
p∗ij(ζ,ξ)Na(ζ)J(ζ)dζ =

∫ +1

−1
G0(ζ,ξ) dζ +

∫ +1

−1

G−1(ξ)

λ
dζ (28)

with

G−1(ξ) =
1

π∆z
ℜ
{

BjmQmlN
a(ξ)(J1(ξ)µm − J2(ξ))

}

(29)

To the best of the authors’ knowledge, this regularisation scheme was
not presented before for anisotropic materials and using the Stroh formal-
ism.

8



4 The direct approach

Crack tip enrichment functions were first introduced in the BEM frame-
work in the work of Simpson and Trevelyan [9], where isotropic enrich-
ment functions were associated with the nodes of the elements containing
the crack tip. It was shown that this type of enrichment is more general
than using the quarter-point approach (see [30] for details of the quarter-
point in a dual BEM formulation). Nevertheless, this type of strategy has
the inconvenience of adding new degrees of freedom for every node that
is enriched, which can significantly increase the condition number of the
system.

An alternative was presented in the works of [10, 19], where the enrich-
ment functions are embedded in the BIE. In this case, the Williams expan-
sion was used to capture the asymptotic behaviour around the crack tip.
The displacement field in the crack surfaces is defined in a similar way as
in the work of Benzley [31],

uj =
M

∑
a=1

Naua
j + K̃I FIj + K̃I I FI Ij (30)

where Na represents the shape function for node a, ua
j is a general coeffi-

cient rather than the nodal displacement, M is the number of nodes, K̃I and
K̃I I stand for the mode I and mode II SIF, respectively, and they are now
part of the solution vector instead of being calculated after the displace-
ment solution is obtained. In [10, 19], FIj and FI Ij are enrichment functions
derived from the leading order term in the Williams expansion.

Adopting a polar coordinate system (r,θ) with origin at the crack tip,
the asymptotic displacement field around a crack tip in a plane anisotropic
domain can be expressed by means of the Stroh formalism [21] as

ui(r,θ) =

√

2

π
ℜ
(

Kα AimB−1
mα

√

r (cosθ + µm sinθ)

)

(31)

where the summation convention over repeated indices holds; i,m = 1,2;
α = I, I I is associated with the fracture modes. In the current paper, the
enrichment functions FIj and FI Ij in (30) are obtained from the expansion
and rearrangement of the terms of Eq. (31) in the same way as in [12], so
that the enrichment functions are calculated as

Flj(r,θ) =

√

2r

π

(

A11B−1
11 β1 + A12B−1

21 β2 A11B−1
12 β1 + A12B−1

22 β2

A21B−1
11 β1 + A22B−1

21 β2 A21B−1
12 β1 + A22B−1

22 β2

)

(32)

where βi =
√

cosθ + µi sinθ, r is the distance between the crack tip and
an arbitrary position, θ is the orientation measured from a coordinate sys-
tem centred at the crack tip. Note that these enrichment functions are the
equivalent of Williams expansion for isotropic materials [19].
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The enriched DBIE and TBIE are defined as

cij(ξ)uj(ξ) +
∫

Γ
p∗ij(ζ,ξ)uj(ζ)dΓ(ζ) +

∫

Γc

p∗ij(ζ,ξ)K̃ljFlj(ξ)dΓ =
∫

Γ
u∗

ij(ζ,ξ)pj(ζ)dΓ(ζ)

(33)

cij(ξ)pj(ξ) + Nk

∫

Γ
s∗kij(ζ,ξ)uj(ζ)dΓ(ζ) + Nk

∫

Γc

s∗kij(ζ,ξ)K̃ljFlj(ξ)dΓ = Nk

∫

Γ
d∗kij(ζ,ξ)pj(ζ)dΓ(ζ)

(34)

where Γc is the portion of the boundary Γ over which the enrichment is
applied. Typically for an edge crack this might be the entire crack surfaces.

When the equations are discretised, K̃I and K̃I I become part of the un-
known vector. The main consequence is that the number of additional de-
grees of freedom is now fixed to two (for each crack tip), independent of the
size of the enriched boundary. This represents a great advance compared
to the number of additional degrees of freedom that are necessary in [9].
As well as reducing the size of the linear system, this restricted number of
enrichment degrees of freedom has beneficial effects on conditioning.

The BIE containing the enrichment functions has singularities of the
same order as discussed earlier for Eqs. (7) and (8). Therefore, the Guig-
giani regularisation procedure is employed again. For the hypersingular
enriched BIE, the regularisation terms are given by

Genr
−1 (ξ) =

Ckilr

π(∆z)2
ℜ
{

BjmQml(δr1 + µmδr2)(Flj(ξ)(J1(ξ)
′µm − J2(ξ)

′) + Flj(ξ)
′(J1(ξ)µm − J2(ξ)))

}

(35)

Genr
−2 (ξ) =

Ckilr

π(∆z)2
ℜ
{

Flj(ξ)BjmQml(δr1 + µmδr2)(J1(ξ)µm − J2(ξ))
}

(36)

and the regularisation terms of the strongly singular enriched BIE are given
by

Genr
−1 (ξ) =

1

π∆z
ℜ
{

BjmQmlFlj(ξ)(J1(ξ)µm − J2(ξ))
}

(37)

Since K̃I and K̃I I are unknowns added to the linear system of equations,
two more equations are required for the system of equations to be solved.
As introduced by [19], these additional equations may come from a restric-
tion in the crack faces, in order to remove the displacement discontinuity
that may generally be observed at the crack tip when using discontinuous
elements. The displacement continuity can be enforced by extrapolating,
from a set of nodes on the upper and lower crack surfaces, to write an ex-
pression for the displacement at the crack tip. The resulting displacements
are constrained to be identical, i.e.

L

∑
a=1

Nau
a upper
j =

L

∑
a=1

Naua lower
j (38)
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where L is the number of nodes used for the crack tip extrapolation. Eq.
(38) is applied for both x and y directions, resulting in two different equa-
tions. It should be noted that the extrapolation process is most accurate
when taken over more than one element, i.e. L exceeds the number of
nodes on a single element. The use of L = 9 with quadratic discontinuous
elements has been found optimal in numerical tests.

5 Numerical results

In this section some numerical examples will be presented to validate the
proposed direct evaluation approach. Reference solutions have been taken
from the work of several authors. For instance, in reference [12], an 85 × 85
mesh is used with the geometrical enrichment approach. The fixed area
enrichment is r/a = 0.2. The DBIE is used for discretisation of the exter-
nal boundaries and the upper crack face, while the TBIE is used for the
discretisation of the lower crack surface.

5.1 Crack in an infinite anisotropic domain

First, we analyse an infinite anisotropic domain subject to a uniform uni-
directional loading in a direction perpendicular to a crack. This problem
has a pure mode I exact solution of KI = σ∞

√
πa, where σ∞ represents the

applied loading and a is the half-length of the crack. The problem is de-
picted in Figure 2.

2a

σ∞

σ∞

Figure 2: Crack in an infinite domain under uniform loading.

The crack is discretised with 8 discontinuous elements per crack sur-
face. The material constants are given in the Voigt notation as: C11 = 137.97
GPa, C12 = 5.78 GPa, C16 = 20.54 GPa, C22 = 12.45 GPa, C26 = 2.30 GPa and
C66 = 12.98 GPa.
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Table 1 shows the percentage errors of KI using (i) conventional, unen-
riched DBEM with the J-integral; (ii) unenriched DBEM with the extrap-
olation method; (iii) the enriched XBEM formulation using the direct SIF
approach; (iv) the enriched XBEM with the J-integral; and (v) the enriched
XBEM with the extrapolation method.

A modified version of the J-integral has been used for anisotropic mate-
rials, and is explained in detail in reference [32]. The extrapolation method
consists of using the crack opening displacement (COD) and the crack rel-
ative sliding (CRS) to estimate the SIFs. The SIFs are thus given by [20]

(

KI I

KI

)

=

√

π

8r
(ℜ(iAB−1))−1

(

∆u1

∆u2

)

(39)

with r = L/6, and L is the length of the element containing the crack tip.

Table 1: Results for the crack in an infinite anisotropic domain.

SIF calculation KI = 1 Error (%)

Unenriched J-integral 1.0296 2.9622
Unenriched Extrapolation 1.1554 15.5441

Direct SIF 1.0000 0.00115
Enriched J-integral 1.0240 2.4008

Enriched Extrapolation 0.9999 −0.00002

It is clear that the results obtained through the presence of the implicit
enrichment are matching the exact solution. It is expected to have higher
errors in the SIF extrapolation since there is no specific modelling of the
asymptotic behaviour at the crack tip in this case. The results obtained
with the enriched and non-enriched J-integral are practically identical.

The convergence is shown in Figure 3, where the SIF obtained with the
direct approach is compared to the post-processed SIF calculated with the J-
integral, for the non-enriched and enriched case. The results obtained with
XBEM are very accurate even when the element size is large. The J-integral
is converging to 0.98, which represents an error of 2%. One can verify that
the enriched J-integral shows slightly better results than the non-enriched
J-integral.

The high accuracy obtained on a coarse mesh should come as no sur-
prise, since it is the enrichment, rather than piecewise polynomial func-
tions, that are principally responsible for capturing the solution around the
crack tip.

5.2 Orthotropic plate with a centred crack

Figure 4 shows a rectangular orthotropic plate, of dimensions 2h× 2w, with
a centred crack subject to a uniform loading. Here we consider the case of a
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Figure 3: Convergence of the mode I SIF with respect to the element size.

square plate, i.e. h/w = 1. The crack length is defined such that a/w = 0.2.
The material properties in this example are given by: ν12 = 0.03, G12 = 6
GPa, and E1 and E2 are defined in terms of the parameter φ

2w

2h

E2

E1

σ

σ

2a

Figure 4: Centred crack in an orthotropic plate.
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E1 = G12(φ + 2ν12 + 1) (40)

E2 =
E1

φ
(41)

The direct SIF method is compared with an XFEM formulation with
orthotropic enrichment functions [33], an XFEM formulation with fully
anisotropic enrichment functions [12] and a BEM formulation [24]. A 85 ×
85 mesh was employed with the XFEM formulation from [33]. The BEM
mesh used 24 continuous elements on the external boundary and 10 dis-
continuous elements on the crack surfaces.

Figure 5 shows the results for the normalised mode I SIF in terms of the
parameter φ. One can verify that the direct approach and the XFEM from
[12] present good agreement, while the BEM and XFEM from [33] appear
to be overestimating the SIF when φ > 0.7.
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Figure 5: Normalised mode I SIF for the orthotropic centred crack.

5.3 Anisotropic plate with double edge crack

In this example, a square plate (h/w = 1) with edge cracks in both left and
right sides is analysed. The crack length is obtained from a/w = 0.5. A
uniform load is applied in the upper and lower surfaces. Figure 6 illustrates
the problem.
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Figure 6: Double edge crack in an anisotropic plate.

The plate is a symmetric angle ply composite laminate of four graphite-
epoxy laminae, with the following elastic properties: E1 = 144.8 GPa, E2 =
11.7 GPa, G12 = 9.66 GPa and ν12 = 0.21. The fibre is rotated from φ = 0◦ to
φ = 90◦ and SIFs calculated.

The BEM mesh contains 24 discontinuous elements on the external bound-
aries and 16 discontinuous elements on the crack surfaces. Figure 7 shows
the normalised mode I SIF for the proposed approach and some reference
solutions. Excellent agreement with the solution from reference [34] is
achieved. The solution from reference [24] seems to be underestimating
the SIFs for 30◦ ≤ β < 70◦. The solutions obtained with the anisotropic
J-integral are the same for both unenriched and enriched cases. The extrap-
olation method only provides a meaningful solution when the enrichment
is present.

5.4 Anisotropic plate with slanted centred crack

A rectangular (h/w = 2) composite laminate with a centred crack under a
uniform loading is shown in Figure 8. The angle θ represents the orienta-
tion of the crack, while β represents the rotation of the fibres with respect to
the principal axis. The crack length is defined as: 2a = 0.4w. The material
properties of the laminate are given by: E1 = 48.26 GPa, E2 = 17.24 GPa,
G12 = 6.89 GPa, ν12 = 0.29. In this example, θ = 45◦.

The external boundary is discretised with 36 continuous elements and
the crack surfaces with 10 discontinuous elements. Figures 9 and 10 repre-
sent the normalised mode I and II, respectively, of the direct approach and
BEM reference solutions from [24] and [35] and the XFEM solution from
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Figure 8: Anisotropic plate with slanted centred crack.
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[12]. Good agreement is attained with both XFEM and BEM reference solu-
tions.
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Figure 9: Normalised mode I SIF for the anisotropic centred crack (θ = 45◦).
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Figure 10: Normalised mode II SIF for the anisotropic centred crack (θ =
45◦).
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5.5 Cracks emerging from a hole

A rectangular plate (h/w = 2) with two cracks emerging from a hole is
shown in Figure 11. The diameter of the hole is fixed at r/w = 0.5 and
0.55 ≤ a/r ≤ 0.7. The plate is an unidirectional boron-epoxy composite
laminate presenting the following material properties: E1 = 204 GPa, E2 =
18.5 GPa, G12 = 5.59 GPa and ν12 = 0.23. The anisotropy of the plate is
achieved through variation of the fibre orientation φ from 0◦ to 90◦.

2h

2w

σ

σ

2a

r

E2

E1
φ

Figure 11: Cracks emerging from a hole.

The BEM meshes consist of 34 continuous elements on the external
boundaries, 28 continuous elements on the hole and 5 elements on the crack
surfaces. Figures 12 and 13 illustrate the results for the normalised mode
I and mode II, respectively. Good agreement with the reference solution is
achieved in both cases.

6 Summary

A direct evaluation of the SIF for problems in linear elastic fracture me-
chanics in anisotropic materials has been proposed. The Stroh formalism
has been used as the fundamental solution of a dual BEM formulation and
in the expression of the asymptotic behaviour of the anisotropic materials
around the crack tip. A concise and orientation-free enrichment function
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Figure 12: Normalised mode I SIF for the crack emerging from a hole.
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Figure 13: Normalised mode II SIF for the crack emerging from a hole.

is obtained, which depends only on the material properties. The Guiggiani
method for regularising singular and hypersingular kernels has been used
for the first time for anisotropic materials with the Stroh formalism for both
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singularities of the regular kernels from the BEM formulation as well as in
the application of these kernels in the integrals containing the enrichment
functions. Several examples have been presented comparing the proposed
methodology with other BEM and XFEM solutions, and good agreement
has been found between them. Furthermore, the approach could be ex-
tended to 3D, and this is work in progress. At each location on the crack
front, an enrichment based on the plane strain asymptotic displacement
can be applied in the plane perpendicular to the crack front.
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