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Accurate method of modeling cluster scaling relations in modified gravity
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2Institute for Computational Cosmology, Department of Physics, Durham University,
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(Received 1 September 2015; published 8 June 2016)

We propose a new method to model cluster scaling relations in modified gravity. Using a suite of
nonradiative hydrodynamical simulations, we show that the scaling relations of accumulated gas quantities,
such as the Sunyaev-Zel’dovich effect (Compton-y parameter) and the x-ray Compton-y parameter, can be
accurately predicted using the known results in the ΛCDM model with a precision of ∼3%. This method
provides a reliable way to analyze the gas physics in modified gravity using the less demanding and much
more efficient pure cold dark matter simulations. Our results therefore have important theoretical and
practical implications in constraining gravity using cluster surveys.

DOI: 10.1103/PhysRevD.93.123512

I. INTRODUCTION

Clusters of galaxies are the largest gravitationally bound
objects in the Universe, and their formation and evolution
are strongly affected by gravity. Therefore, their abundance
and distribution are sensitive to the nature of gravity,
making them an ideal cosmological probe to test and
constrain gravity theories [1]. With the use of various
observational techniques, including x-ray observations,
optical richness, the Sunyaev-Zel’dovich (SZ) effect [2]
and weak lensing, we are entering a new era of precision
cluster cosmology. The upcoming eROSITA project [3], for
example, will probe up to ∼105 galaxy clusters on the
whole sky out to redshift z ≥ 1, and there will be follow-
ups and synergies with other surveys, such as Euclid [4],
which will further improve the determination of cluster
properties.
However, the robustness of the cosmological constraints

from cluster surveys depends strongly on the accuracy of
the measurement of cluster mass. The latter is highly
nontrivial and, indeed, is one of the main challenges in
cluster cosmology. Although the mass of a cluster can be
directly derived from the gas density and temperature
profiles in x-ray surveys, this method requires high-quality
spectra and therefore long exposure time, which is expen-
sive for distant clusters (z > 0.5) and also for a large
number of clusters. It also assumes hydrostatic equilibrium
in clusters, which induces a systematic error of ∼10% in the
cluster mass estimation [5].
In practice, this difficulty can be overcome by using

scaling relations which relate the cluster mass to mass
proxies that are combinations of observables which are
easy to measure and have small intrinsic scatters. These
scaling relations can be calibrated either by observations or
by hydrodynamical simulations [6,7]. In observations, this

can be done by using either complementary observables,
e.g., weak lensing, or a subset of observational data with
better mass determination. In the ΛCDM model, with ever
improving resolution and modeling of baryonic physics,
simulation calibration of the scaling relations is becoming
more accurate and found to have a good match with
observations [7].
However, using cluster observations to test gravity in a

fully self-consistent way is nontrivial. People usually
compare the observational data with theoretical predictions
for certain representative modified gravity models [8]. One
important point, which is sometimes missed, is that the
calibration of the observational data itself in such models is
generally much more nontrivial. The intrinsic nonlinearity
in these models changes not only the various scaling
relations from the known results in ΛCDM, but also their
intrinsic scatters and correlations with other cluster proper-
ties. For example, in the widely studied fðRÞ gravity model
[9], the lensing and hydrostatic masses of a cluster can be
different, and the difference depends on the screening effect
which further depends on many factors such as the cluster’s
redshift, mass, and environment (see Ref. [10] for detailed
discussion). This makes it difficult, both in observations
and simulations, to calibrate the scaling relations that
involve hydrostatic observables, such as the x-ray lumi-
nosity and temperature.
To tackle this important but so far not well understood

issue, in this work, we propose a new method to model
cluster scaling relations in modified gravity. We show that
the effect of modified gravity can be modeled as a rescaling
of the cluster gas mass fraction. This rescaling can be
quantified directly using less demanding pure dark matter
simulations, and then used to accurately predict cluster
scaling relations in modified gravity, based on the known
results in ΛCDM. We demonstrate the accuracy of this
method by comparing the predictions from our rescaling
method for three mass proxies—the x-ray luminosity LX,
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the SZ Compton-y parameter YSZ and the x-ray Compton-y
parameter YX [11]—with those from nonradiative hydro-
dynamical simulations. We find that the method works at
∼3% accuracy for the latter two proxies.
This paper is organized as follows. In Sec. II, we

introduce the hydrodynamical simulations used in this
work. In Sec. III, we introduce the halo catalogs con-
structed in this work. In Sec. IV, we describe the features of
profiles of the gaseous halos in our simulations. In Sec. V,
we compare the gas fractions in ΛCDM and fðRÞ gravity.
In Sec. VI, we show that the effect of modified gravity can
be modeled as a rescaling of the cluster gas mass fraction.
In Sec. VII, we summarize and conclude this work.

II. HYDRODYNAMICAL SIMULATIONS

We ran a suite of hydrodynamical simulations using
ECOSMOG [12], a modified gravity simulation code based
on the publicly available RAMSES [13] code. We simulated
an fðRÞ model which exactly reproduces the ΛCDM
background expansion history [14], using a box of size
Lbox ¼ 100 h−1Mpc that contains N ¼ 2563 cold dark
matter particles. The cosmological parameters are the same
as the Planck [15] best-fit ΛCDM model (Ω0

b ¼ 0.045,
Ω0

c ¼ 0.271, Ω0
d ¼ 0.684, h ¼ 0.671, ns ¼ 0.962, and

σ8 ¼ 0.834). Initial conditions were generated using the
MPGRAFIC package [16] at z ¼ 49.
Due to the expensive cost of hydrodynamic simulations,

we focus only on the fðRÞmodel with fR0 ¼ −10−5 (where
fR0 is the present value of df=dR). We run three realiza-
tions in total for the fðRÞ model, and for each fðRÞ
simulation, we run two ΛCDM simulations as control, one
with exactly the same initial conditions as the correspond-
ing fðRÞ run and the other with a rescaled baryon fraction,
3
4
Ω0

b, while keeping Ω0
m ¼ Ω0

b þ Ω0
c unchanged.

We assume that the baryon component in our simulation
is a nonradiative ideal gas which obeys Pgas ¼
kBTgasρgas=ðμmpÞ, where Pgas is the thermal pressure of
gas, ρgas ¼ μmpngas is the density, kB is the Boltzmann
constant, μ is the mean molecular weight, ngas is the
number density of gas particles and mp is the proton mass.
We also assume that the gas is fully ionised with compo-
sitions of electrons, hydrogen and helium. We take the
primordial mass fraction of hydrogen as nH=ðnH þ 4nHeÞ≈
0.75, so that the mean molecular weight is μ ≈ 0.59.
Finally, for a monatomic gas the adiabatic index is γ ¼ 5

3
.

III. GAS TRACER PARTICLES AND
EFFECTIVE HALO CATALOGS

RAMSES is a mesh-based code which does not define gas
particles by default. In order to trace the gas density field on
the simulation grids, we sample it with tracer particles
following a Poisson process. The tracer particles have a
uniform mass and their local mean is set to be proportional

to the local gas density on the grid. By comparing the
density power spectra of the tracer particles and of the
density field on the grids, we find that with a large enough
number of particles (e.g. Ngas ¼ 8003 as shown in Fig. 1),
the tracer particles can accurately represent the original gas
density field on the simulation grids.
Our halo catalogs are constructed using a modified

version of the publicly available AMIGA Halo Finder
(AHF) [17]. We call the halo catalog produced using the
true density field, the standard catalog. On the other hand,
as discussed in Ref. [18], the modified Poisson equation in
fðRÞ gravity can be cast into the standard form

∇ϕ ¼ 4πGa2δρeff ; ð1Þ

by defining the effective energy density δρeff which
incorporates all the modified gravity effects, with G being
Newton’s constant. The halo catalog constructed using δρeff
is referred to as the effective catalog (see Refs. [18,19] for
technical details).

IV. PROFILES

We use halos in the mass range of 1013M⊙=h <
M < 1013.8M⊙=h, in which most halos are unscreened
for fR0 ¼ −10−5. This range is further divided into two
different bins: 1013M⊙=h < M < 1013.4M⊙=h and
1013.4M⊙=h < M < 1013.8M⊙=h. We consider profiles

FIG. 1. A comparison of the power spectra from the gas
density field on adaptive mesh refinement (AMR) grids
(black solid line) and the gas tracer particles with two
different numbers of particles (stars). With a large
enough number of particles (e.g. Ngas ¼ 8003), the tracer
particles and the original gas density field have almost
the same power spectra, which indicates that the tracer
particles can accurately represent the original gas density
field on the AMR grids.

JIAN-HUA HE and BAOJIU LI PHYSICAL REVIEW D 93, 123512 (2016)

123512-2



only within 10 kpc=h < r < Rvir, where the virial radius
Rvir is defined by an overdensity of 300 with respect to the
critical density.
The gas temperature profiles are shown in the first row

of Fig. 2. We can see that the effective halos in fðRÞ
gravity and the ΛCDM halos are very similar to each
other. This is as expected since gas temperature is closely
related to the gravitational potential of halos. The physical
reason behind this is that, during gas accretion, the
shocked gas converts the energy that it gains from
gravitational infall into the thermal energy of itself.
Since the bulk motion of gas accounts for only a small
fraction of the total gained energy, the gravitational
potential energy is mainly converted into its thermal

energy, and so the temperature of the gas is mainly
determined by the gravitational potential.
Compared with the temperature profile, the density

profile is more complicated. Unlike cold dark matter,
gas has a core at the halo center and its density profile
is flat at r≲ Rvir=20. The specific entropy of gas does not
vary significantly in this core region, as shown in the third
row of Fig. 2, and the shocked gas can be considered as
adiabatic [20]. From simulations, we find that effective
fðRÞ halos and ΛCDM halos have very close density and
entropy profiles in this core region (see the second and third
rows in Fig. 2).
The shape of the gas density profile outside the core

region (r > Rvir=2) can be described by the β model [20],
where β is the ratio between the specific kinetic energy
Kcdm (kinetic energy per unit mass) of cold dark matter and
the specific internal energy Egas (internal energy per unit
gas mass) of gas

β≡Kcdm

Egas
¼ σ2vcdm=2

Pgas=ρgas=ðγ − 1Þ ¼
μmpσ

2
vcdm

3kBT
: ð2Þ

If we consider the three-dimensional velocity dispersion
σ2vcdm as a measure of the temperature of cold dark matter
[21], then β is simply the ratio of temperatures between
cold dark matter and gas.
As shown in Fig. 2, the temperature profile does not vary

significantly outside the core region and so gas and cold
dark matter can be roughly treated as isothermal.
Furthermore, if we assume a hydrostatic equilibrium
between them, the shapes of the gas and dark matter
density profiles are related by [22]

β ≈
d ln ρgas=d ln r

d ln ρcdm=d ln r
: ð3Þ

In the ΛCDM model, this feature has been verified by a
number of numerical simulations [23]. As shown in the
fourth row of Fig. 2, it is interesting to find that β is almost
identical in fðRÞ and ΛCDMmodels. According to Eq. (3),
outside the core region, the gas density profile in fðRÞ
gravity should trace the dark matter density profile in the
same way as that in ΛCDM. As indicated in the second row
of Fig. 2, at r > Rvir=2, in the standard catalog, the gas
density profile in fðRÞ gravity matches the ΛCDM result
(blue and black lines); in the effective catalog, the gas
density profile in the fðRÞ model matches the ΛCDM one
with a rescaled baryon fraction (red and green lines).
According to the gas density and temperature profiles, it

can be expected that the profiles of other physical quantities
that depend on gas density and temperature should have
the following features: inside the core region, effective
halos should behave similarly to ΛCDM halos; outside the
core region, effective halos should resemble ΛCDM halos

with rescaled gas fractions byMfðRÞ=MfðRÞ
Eff . For illustrative

FIG. 2. Profiles for different gas quantities from four different
halo catalogs: ΛCDM (black lines), ΛCDM with rescaled baryon
fraction 3

4
Ωb (green lines), standard halo catalog in fðRÞ gravity

(blue lines), and effective halo catalog in fðRÞ gravity (red lines).
From top to bottom we have the profiles of gas temperature Tgas,

density ρgas, entropy Sgas ¼ Tgas=n
2=3
gas , β ¼ μmpσ

2
vcdm=ð3kBTÞ and

surface brightness ρ2gasT
1=2
gas . The two columns in each row are

halos within different mass bins. The shaded regions represent the
1σ scatter.
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purposes, we show the profile of the surface brightness
IðrÞ. Since IðrÞ is related to ρgasðrÞ2TgasðrÞ1=2, in the last
row of Fig. 2 we only show the profile of ρgasðrÞ2TgasðrÞ1=2.
It is evident that the ρgasðrÞ2TgasðrÞ1=2 profile has the
features described above.

V. GAS FRACTIONS

After having studied the gas density profiles, we turn to
the cumulative halo gas mass fraction. Since outside the
core regions, the gas density profile in fðRÞ gravity traces
the dark matter density profile, the cluster gas fraction is a
tracer of the true, rather than the effective, halo mass. In
objects as large as galaxy clusters, it is well known that the
gas fraction is more sensitive to Ωb=Ωm rather than the
theory of gravity. This is illustrated in Fig. 4 (also see
Ref. [24]), where we can see that the standard halos in fðRÞ
gravity and ΛCDM halos have essentially identical gas
fraction profiles (blue points versus black triangles). On the
other hand, the gas fraction in the fðRÞ effective halo agrees
with that of ΛCDM halos with rescaled Ωb.

VI. SCALING RELATIONS

We next turn to the scaling relations of accumulated
physical quantities. The accumulated quantities, such as
the luminosity LX, describe the properties of clusters as a
whole. In general, they are less sensitive to the profiles in
the core region because the latter has a small volume and
contributes little to the total accumulated value, but they are
more sensitive to the profiles at a relatively larger radius.
As noted earlier, outside the core region, the profiles of
effective halos in fðRÞ gravity closely resemble those in the
ΛCDM model with rescaled gas fractions. This feature, as
we shall show later, can help us build a connection between
the scaling relations of physical quantities of fðRÞ effective
and ΛCDM halos.

We start with the temperature-mass relation. As shown in
the left panel of Fig. 3, in the standard catalog, the gas
temperature of unscreened fðRÞ halos are higher than those
of the ΛCDM halos with the same masses, which is
consistent with what was found in Ref. [25]. However,
in the effective catalog, as shown in the right panel of
Fig. 5, the Tgas-M relation in the two models agree very
well with each other

FIG. 3. Gas temperature as a function of halo mass in the
ΛCDM model (black symbols) and fðRÞ gravity (red symbols).
Left: The standard halo catalog of fðRÞ gravity is used. Right:
The effective halo catalog of fðRÞ gravity is used. The shaded
regions represent 1σ scatter.

FIG. 4. The cumulative halo gas fraction as a function of the
distance from the halo center. In the standard fðRÞ halo catalog
(blue points), the gas fraction agrees very well with that of the
ΛCDM halos (black triangles). In contrast, the gas fraction of
effective fðRÞ halos (red points) agrees with that of ΛCDM halos
with rescaled Ωb (green triangles). The left panel is for a mass bin
in which most halos are unscreened and the right panel is for a
mass bin in which halos are partially screened.

FIG. 5. Cluster x-ray luminosity (upper panels), YSZ parameter
(middle panels) and YX parameter (lower panels) as a function of
halo mass in the ΛCDM model (black symbols) and fðRÞ gravity
(red symbols). Left: Results without the rescaling of Eq. (9).
Right: Results with the rescaling of Eq. (9). The results are almost
identical in the two models in the latter case while differences are
apparent in the former case. The shaded regions represent 1σ
scatter.
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TfðRÞ
gas ðMfðRÞ

Eff Þ ¼ TΛCDM
gas ðMΛCDMÞ: ð4Þ

This is a natural result from the gas temperature profile as
discussed above.
For gas densities, we have seen above that outside the

core region we have

ρfðRÞgas ðrÞ ≈MfðRÞ

MfðRÞ
Eff

ρΛCDMgas ðrÞ ∝ MfðRÞ

MfðRÞ
Eff

Ωb

Ωm
ðr2 þ r2coreÞ−3β=2;

where rcore is the core radius. For an fðRÞ effective halo

with the same mass as a ΛCDM halo, MfðRÞ
Eff ¼ MΛCDM,

from the above equation and the fact that fðRÞ effective and
ΛCDM halos have very similar temperature profiles, it
follows that

Z
r

0

dr4πr2ðρfðRÞgas ÞaðTfðRÞ
gas Þb

≈
�
MfðRÞ

MfðRÞ
Eff

�a Z r

0

dr4πr2ðρΛCDMgas ÞaðTΛCDM
gas Þb; ð5Þ

where a and b are indices of power.
The above relation is one of the key results in this paper

and it indicates the important relation of accumulated gas
quantities between fðRÞ effective halos and ΛCDM halos.
In order to test the validity and illustrate the use of Eq. (5),
we investigate the three most important and frequently
used quantities in cluster surveys as examples. The first one
is the x-ray luminosity LX which, for a cluster, can be
written as

LXð< rÞ ¼
Z

r

0

dr4πr2ρ2gasT
1=2
gas : ð6Þ

LX is sensitive to the details of the gas distribution in the
central region and depends on the dynamical state of the
cluster. As a cluster mass proxy, LX-M has large scatters.
The second one is the integrated SZ Compton-y

parameter

YSZð< rÞ ¼ σT
mec2

Z
r

0

dr4πr2Pe; ð7Þ

where σT is the Stefan-Boltzmann constant, me is the
electron mass and c is the speed of light. Pe is the electron
pressure, which is given by Pe ¼ 2þμ

5
ngaskBTgas.

The third one is the x-ray equivalent of the integrated SZ
flux, the YX parameter [11]

YXð< rÞ ¼ T̄gas

Z
r

0

dr4πr2ρgas; ð8Þ

where T̄gas is the average mass-weighted temperature. The
YX-M relation is relatively insensitive to the dynamical

state of clusters and to the detailed modeling of gas physics
[6] and the YX-M scaling relation is often practically used
in x-ray surveys (e.g. Ref. [26]).
From Eq. (5), it follows that

MfðRÞ
Eff

MfðRÞ Y
fðRÞ
SZ ðMfðRÞ

Eff Þ ≈ YΛCDM
SZ ðMΛCDM ¼ MfðRÞ

Eff Þ;
�
MfðRÞ

Eff

MfðRÞ

�2

LfðRÞ
X ðMfðRÞ

Eff Þ ≈ LΛCDM
X ðMΛCDM ¼ MfðRÞ

Eff Þ;

MfðRÞ
Eff

MfðRÞ Y
fðRÞ
X ðMfðRÞ

Eff Þ ≈ YΛCDM
X ðMΛCDM ¼ MfðRÞ

Eff Þ:
ð9Þ

The numerical results of the scaling relations are shown
in Fig. 5, from which we can see that without the rescaling
of Eq. (9), the fðRÞ and ΛCDM models have very different
scaling relations (left panels), but after the rescaling not
only the mean value but also the scatters of the scaling
relations in the two models highly resemble each other
(right panels). In particular, for YSZ and YX after the
rescaling the average relative difference between the
models is only at the level of 3% (see Table I).
Therefore, using this rescaling method, the complicated
effect of modified gravity on the cluster scaling relations
can be accurately modeled and the error is much smaller
than the typical uncertainty caused by the modeling of
baryonic physics in galaxy formation (e.g. Ref. [6]).

VII. DISCUSSION

In this paper, we investigated the gas properties in a
representative nonstandard gravity model, fðRÞ gravity,
based on a suite of nonradiative hydrodynamical simula-
tions. We studied both the profiles and the cluster scaling
relations of gas properties. We found that the effective
halos, which were proposed in Ref. [18], in fðRÞ gravity
have similar temperature profiles as ΛCDM halos with the
same masses. For the gas density profile, effective halos
closely resemble ΛCDM halos in the core region, while
outside the core region they behave like ΛCDM halos with
rescaled gas fractions.
Based on those observations, we have demonstrated that

not only the mean value but also the scatters of the scaling
relations of accumulated gas quantities in fðRÞ effective

TABLE I. The average relative differences of scaling relations
between fðRÞ and ΛCDM models.

Before Rescaling After Rescaling

hLfðRÞ
X =LΛCDM

X i − 1 27.2% 13.1%

hYfðRÞ
SZ =YΛCDM

SZ i − 1 19.7% 3.1%

hYfðRÞ
X =YΛCDM

X i − 1 19.6% 3.2%
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halos with rescaled gas mass fractions are very similar to
those in the ΛCDMmodel, cf. Eq. (5). In particular, for YSZ
and YX, which are the two most frequently used mass
proxies in cluster surveys, our rescaling method enables us
to model the effect of modified gravity on the scaling
relations with an accuracy of ∼3%, which is much smaller
than the typical uncertainty caused by the modeling of
baryonic physics in galaxy formation (e.g. Ref. [6]). The
error in modeling the impact of modified gravity on the
scaling relations is a minor source of the overall uncertainty
in cluster cosmology. This, therefore, provides an accurate
way to calibrate the scaling relations in fðRÞ gravity and a
way to correctly interpret them in the context of nonstand-
ard gravity theories. It will enable us to test gravity using
cluster observations in a fully self-consistent way, and
avoid substantial systematic biases. Moreover, this pro-
vides a reliable way to analyze the gas physics in
modified gravity using much more efficient pure cold dark
matter simulations with the known knowledge in the
ΛCDM model.
Although we illustrated our idea using a specific fðRÞ

model with a fixed value of fR0, our main results are
expected to apply to other values of fR0 and other fðRÞ
models as well. This is because the fðRÞ model with the
value of fR0 chosen here contains the totally screened,
partially screened, and totally unscreened halos. As shown
in Fig. 5, our rescaling method works very well for all these
halos that have different levels of screening. The difference
in different models of fðRÞ gravity and different values of
fR0 only lies in the exact mass ranges within which halos

are totally unscreened, totally screened or partially
screened. Therefore, varying fR0 does not affect the overall
workability of our method and our method works for other
fðRÞ models as well.
From the above argument, our main results are also

expected to apply to other models that employ the cha-
meleon screening mechanism [27] as well as dilaton [28]
and symmetron [29] models and their generalizations [30].
Therefore, our method can have much wider applications
and provide a useful way to constrain modified gravity
theories using observations from upcoming cluster surveys
such as eROSITA [3].
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