
Durham Research Online

Deposited in DRO:

25 May 2017

Version of attached �le:

Published Version

Peer-review status of attached �le:

Peer-reviewed

Citation for published item:

Spannowsky, Michael and Tamarit, Carlos (2017) 'Sphalerons in composite and non-standard Higgs models.',
Physical review D., 95 (1). 015006.

Further information on publisher's website:

https://doi.org/10.1103/PhysRevD.95.015006

Publisher's copyright statement:

Reprinted with permission from the American Physical Society: Spannowsky, Michael Tamarit, Carlos (2017).
Sphalerons in composite and non-standard Higgs models. Physical Review D 95(1): 015006 c© 2017 by the American
Physical Society. Readers may view, browse, and/or download material for temporary copying purposes only, provided
these uses are for noncommercial personal purposes. Except as provided by law, this material may not be further
reproduced, distributed, transmitted, modi�ed, adapted, performed, displayed, published, or sold in whole or part,
without prior written permission from the American Physical Society.

Additional information:

Use policy

The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or charge, for
personal research or study, educational, or not-for-pro�t purposes provided that:

• a full bibliographic reference is made to the original source

• a link is made to the metadata record in DRO

• the full-text is not changed in any way

The full-text must not be sold in any format or medium without the formal permission of the copyright holders.

Please consult the full DRO policy for further details.

Durham University Library, Stockton Road, Durham DH1 3LY, United Kingdom
Tel : +44 (0)191 334 3042 | Fax : +44 (0)191 334 2971

https://dro.dur.ac.uk

https://www.dur.ac.uk
https://doi.org/10.1103/PhysRevD.95.015006
http://dro.dur.ac.uk/21881/
https://dro.dur.ac.uk/policies/usepolicy.pdf
https://dro.dur.ac.uk


Sphalerons in composite and nonstandard Higgs models

Michael Spannowsky* and Carlos Tamarit†

Institute for Particle Physics Phenomenology, Department of Physics, Durham University,
Durham DH1 3LE, United Kingdom

(Received 28 November 2016; published 10 January 2017)

After the discovery of the Higgs boson and the rather precise measurement of all electroweak boson’s
masses the local structure of the electroweak symmetry breaking potential is already quite well established.
However, despite being a key ingredient to a fundamental understanding of the underlying mechanism of
electroweak symmetry breaking, the global structure of the electroweak potential remains entirely
unknown. The existence of sphalerons, unstable solutions of the classical action of motion that are
interpolating between topologically distinct vacua, is a direct consequence of the Standard Model’s SUð2ÞL
gauge group. Nevertheless, the sphaleron energy depends on the shape of the Higgs potential away from the
minimum and can therefore be a litmus test for its global structure. Focusing on two scenarios, the minimal
composite Higgs model SOð5Þ=SOð4Þ or an elementary Higgs with a deformed electroweak potential, we
calculate the change of the sphaleron energy compared to the Standard Model prediction. We find that the
sphaleron energy would have to be measured to Oð10Þ% accuracy to exclude sizeable global deviations
from the Standard Model Higgs potential. We further find that because of the periodicity of the scalar
potential in composite Higgs models a second sphaleron branch with larger energy arises.

DOI: 10.1103/PhysRevD.95.015006

I. INTRODUCTION

The recent discovery of the Higgs boson [1,2] and the
ongoing measurements of its properties [3] are in good
agreement with the hypothesis that this particle is a remnant
of the Brout-Englert-Higgs mechanism, i.e. the spontane-
ous breaking of SUð2ÞL × Uð1ÞY → Uð1ÞQED.
While the precise determination of the Higgs and gauge

boson masses, as well as the interactions of the Higgs
boson with elementary particles, including itself, will
continue to improve our understanding of the scalar
potential’s local structure in the vicinity of the vacuum,
its global structure, which can possibly explain the nature
of electroweak symmetry breaking, is very difficult to
probe experimentally.
For example, the nature of the Higgs, whether elemen-

tary or composite, is still an open question. Even if the
Higgs is assumed to be elementary, the shape of its
potential remains unknown. It could be of Mexican-hat
shape as in the Standard Model (SM), or it could be
deformed by strong quantum corrections due to virtual
effects of additional fields. Were the Higgs boson to be a
composite pseudo-Nambu-Goldstone boson of a strongly
coupled sector, one would expect a periodic potential
involving trigonometric functions. In all cases, the Higgs
mass is fixed by the curvature of the potential at its
minimum, and so in the vicinity of the latter the shape
of the potential will be similar in all possible models.
Nevertheless, deviations are allowed away from the

minimum. For example, one could have a barrier at zero
temperature between the vacuum and the origin of field
space. Moreover, in composite Higgs models the relation
between the Higgs field’s vacuum expectation value (VEV)
and the gauge boson masses differs from its SM counter-
part, and thus the location of the minimum in field-space
may vary.
Discriminating between the different possibilities is of

fundamental importance for our understanding of nature
and, hence, the embedding of the effective Standard Model
in an underlying UV theory. This motivates us to consider
possible observables which could be sensitive to the Higgs
potential beyond its minimum. A possible candidate is the
energy scale of baryon-number-violating processes. If
baryon number is only violated by the anomaly under
the weak interactions, then it follows that processes that
violate baryon number are associated with transitions
between vacua classified by their weak topological charge.
The minimum energy barrier between these vacua thus sets
the expected scale of baryon-violating processes, which is
an observable that could potentially be probed by experi-
ments, either at colliders [4–9] or cosmic ray and neutrino
detectors [10–15]. Getting accurate predictions for the rates
of baryon-number-violating interactions is a difficult prob-
lem, due to a possible breakdown of the semiclassical
expansion used to compute vacuum transitions. There have
been extensive discussions in the literature (see for example
[16–26]), which has not led to a definite consensus. Recent
estimates point towards rates that could be probed by future
experiments [25,26]. However, these estimates use different
methods than previous calculations giving more negative
results, and a detailed understanding of the reasons for the
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discrepancies is still lacking. For recent analyses of
measurement prospects at colliders, cosmic ray and neu-
trino detectors, see for example [27–29].
Aside from determining the rate of observable baryon-

violation effects, it should be noted that the energy barrier
between topological vacua can also play a crucial role in
potential explanations of the baryon asymmetry of the
Universe. In the early Universe, finite temperature effects
become important and affect the height of the barrier. At
temperatures at which the electroweak symmetry is
restored, the barrier effectively disappears and vacuum
transitions are unsuppressed [30–32], while below the
electroweak phase transition the tunneling rate becomes
Boltzmann suppressed. In scenarios of electroweak baryo-
genesis [33] (for reviews, see [34,35]), the baryon asym-
metry is created during the nucleation of bubbles of the
broken electroweak phase in a first order transition in such
a way that unsuppressed vacuum transitions in the unbro-
ken phase convert a chiral asymmetry into net baryon
number. The latter can then survive in the broken phase
only if the corresponding vacuum transitions are strongly
suppressed, which enforces a bound on the relative size of
the energy barrier with respect to the temperature at the
onset of bubble nucleation. On the other hand, in mech-
anisms of leptogenesis [36] (see [37,38] for reviews), out-
of-equilibrium decays or oscillations of heavy neutrinos
generate a net lepton asymmetry, which is then partly
reprocessed into baryon number by vacuum transitions. A
viable mechanism then requires the lepton asymmetry to be
generated while vacuum transitions are still active.
The existence of a minimum energy barrier between

vacua can be inferred from topological arguments [39], and
indeed one can calculate the field configurations at the top
of the barrier. These are the so called sphalerons, which
correspond to saddle points of a bosonic energy functional.
This functional depends on the spatial derivatives of the
gauge and scalar fields, as well as the scalar potential. The
resulting sphaleron configurations involve a nontrivial
profile for the scalar fields, which probe field values
beyond the minimum of the scalar potential. Thus the
resulting sphaleron energy is potentially sensitive to the
details of the potential away from the Higgs vacuum. On
the other hand, nonstandard derivative interactions can also
affect the energy functional and the sphaleron barrier.
The previous considerations motivate us to calculate the

sphaleron barrier in nonstandard realizations of the Higgs
vacuum, in order to look for possible deviations with
respect to the SM value coming from a modified potential
and/or derivative terms. Sphaleron configurations have
been calculated not only for the Standard Model [40,41]
(with a resulting energy barrier of the order of 9 TeV for the
observed value of the Higgs mass), but also in a number of
extensions of the Standard Model involving an elementary
Higgs and other scalars [42–52]. In many of these models,
the deviations from the SM behavior arise mainly due to the

existence of additional scalars with electroweak charges, all
of them acquiring nontrivial profiles in the sphaleron
configuration. Still, the sphaleron barrier was never found
to deviate substantially from its SM value. In this work, we
restrict to models with a single electroweak scalar, and
focus on possible large deformations of the SM case, either
through sizable interactions that change the shape of the
potential for an elementary Higgs, or by considering
composite Higgs models, in which not only the potential
is modified, but there are also new derivative interactions.
In the first case, a good example of a potential which is

very different from that of the SM is one in which the Higgs
vacuum is separated from the origin by a potential energy
barrier at zero temperature. Such type of scenario was
introduced in Ref. [53], using higher-dimensional opera-
tors, and motivated by electroweak baryogenesis. An UV
completion involving extra scalars with strong couplings to
the Higgs was found in [54,55], and the large couplings
were shown not to spoil perturbation theory in [56]. Hence,
we will here adopt a general parametrization of the
potential, capturing its features without worrying about
the concrete realization in terms of additional scalars. We
assume additional scalars to be stabilized at the origin,
without inducing tadpoles in a given Higgs background,
and thus playing no role in the calculation of sphaleron
configurations.
Composite Higgs scenarios, well motivated by natural-

ness considerations, realize the Higgs boson as a pseudo-
Goldstone boson with a potential that remains protected
from large quantum corrections due to an approximate
global symmetry. We will center our attention on the
minimal composite scenarios of Ref. [57], in which the
pattern of global symmetry breaking is SOð5Þ → SOð4Þ.
The organization of the paper is as follows. In Sec. II we

summarize the link between Bþ L violating processes and
the sphaleron barrier. The calculation of the sphaleron
configuration in the SM is reviewed in Sec. III, while IV
focuses on the case of a deformed potential. Section V
focuses on the sphaleron energy in minimal composite
Higgs models and in Sec. VI we offer a summary.

II. OVERVIEW OF SPHALERONS
AND BþL VIOLATION

In a non-Abelian gauge theory, vacua are associated with
pure gauge configurations: since the Hamiltonian is gauge
invariant, such configurations have the same energy as the
one with zero gauge fields. For more general field con-
figurations, the requirement of finite action demands them
to tend to such vacuum configurations at infinity. “Infinity”
can be understood as a 3-sphere S3 of infinite radius within
R4, and thus finite action configurations are associated with
mappings from S3 to the gauge group. If the group is
compact, such as the electroweak SUð2ÞL, which itself has
the topology of a sphere, the mappings are classified by an
integer winding number or topological charge, counting the
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number of times that the compact group can be wrapped
around S3.
This topological charge q can be written in terms of the

non-Abelian field strength as

q ¼ 1

16π2

Z
d4xtr ~FμνFμν; ð2:1Þ

where ~Fμν ≡ 1
2
ϵμνρσFρσ. The integrand above is a total

derivative, and thus only picks a contribution from the
boundary at infinity, as expected from the fact that q is
associated with mappings of the sphere at infinity into the
gauge group. One can always choose a so-called topologi-
cal gauge in which A0 ¼ 0 and all the gauge field
components go to zero at spatial infinity. Then the only
nonzero contributions to q at the boundary of R4 are
localized at the two space slices at t ¼ �∞. It can then be
seen that one may write

q ¼ NCSðt ¼ ∞Þ − NCSðt ¼ −∞Þ; ð2:2Þ

where NCSðtÞ, known as the Chern-Simons number, is
given in the topological gauge by the following integral
over a spatial slice with fixed t:

NCSðtÞ ¼
1

16π2

Z
t
d3xϵijk

�
Aa
i ∂jAa

k þ
1

3
ϵabcAa

i A
b
jA

c
k

�
:

ð2:3Þ

Although the topological charge q is an integer, NCS is not
necessarily so. The Chern-Simons number becomes an
integer only when evaluated over pure gauge configura-
tions. Note that, since arbitrary gauge configurations of
finite action tend to a pure gauge transformation at infinity,
the topological charge given by (2.2) is indeed an integer.
We conclude that vacua can be characterized by integer

values of the Chern-Simons number. This implies that there
can be an energy barrier between configurations with
integer NCS. One can then consider paths in field space
between vacuum configurations along which the height of
the barrier is minimized. The field configurations at the top
of this minimal barriers are known as sphalerons, and the
height of the barrier is the sphaleron energy.

In order to be more precise about the aforementioned
energy of the gauge field configurations, it can be defined,
in analogy with a zero-dimensional quantum mechanics
problem, from the contributions to the Hamiltonian that do
not involve time derivatives. This gives a functional Vbos
which in the topological gauge adopts the form

Vbos½Aa
μ;ϕi�

≡
Z

d3x

�
1

4g2
Fa
ijF

a
ij þ Lmatter

kin;sp ½Aa
μ;ϕi� þ Vmatter½ϕi�

�
;

ð2:4Þ

where ϕi represents generic scalar fields, Lmatter
kin;sp stands for

the contributions of spatial derivatives to their kinetic
terms, while Vmatter denotes their potential energy density.
Sphalerons correspond to saddle points of Vbos, as is
intuitively clear from their role as configurations with
maximal energy along minimal-barrier paths between
vacua. Being extremal points of Vbos, sphalerons are static
solutions of the Euclidean equations of motion of the
theory, i.e. satisfying

∂ν
δVbos

δ∂νAa
μ
−
δVbos

δAa
μ

¼ 0; ∂ν
δVbos

δ∂νϕi
−
δVbos

δϕi
¼ 0: ð2:5Þ

As emphasized in Sec. I, because Vbos is sensitive to the
potential energy density of the scalars and contributions
involving their spatial derivatives, the sphaleron energy can
vary if either of them is modified.
Aside from the sphaleron configurations, which are

extrema of Vbos, one can also define constrained extrema
of Vbos by demanding a fixed value of NCS. This gives a
function Vsaddle

bos ½NCS�. Sphalerons correspond to local
maxima of Vsaddle

bos ½NCS�. As Vbos is invariant under gauge
transformations, and because gauge transformations with
nontrivial topological charge change NCS by integer quan-
tities, Vsaddle

bos ½NCS� is a periodic function of NCS. Further,
Vbos is also invariant under parity transformations of the
fields, under which NCS changes sign. It then follows that
the graph of the function Vsaddle

bos ½NCS� is invariant under
reflections around lines with constant half-integer and
integer values of NCS, as illustrated in Fig. 1. It is known
that Vsaddle

bos ½NCS� can be multivalued away from integer

FIG. 1. Left: Schematic representation of Vsaddle
bos ½NCS� in the presence of a single-valued branch of extremal solutions. Note the

translation and reflection symmetries of the graph. Right: Illustration of Vbos½NCS� evaluated at nonextremal paths between vacua when
bisphalerons are present.
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values of NCS, implying the existence of multiple families
of extrema. In the SM, for mh < 12mW, there is a single
branch, with Vsaddle

bos ½NCS� having negative second deriva-
tives in between the vacua, as in the left plot of Fig. 1. The
reflection symmetry implies then that the maximum of the
curve Vsaddle

bos ½NCS� in between integer values of NCS lies at
half-integer values of NCS. Or, in other words, sphaleron
configurations are invariant under parity transformations
for mh ¼ 125 GeV. For mh ≥ 12mW, a new branch of
sphalerons appears [58,59], which come in pairs related by
parity transformations; these are known as bisphalerons. In
this case the extremal path in field space defining
Vsaddle
bos ½NCS� becomes multivalued, and Vsaddle

bos ½NCS� devel-
ops cusps. Nevertheless one can define deformed paths for
which sphaleron configurations do indeed sit atop an
energy barrier [60]. The situation is schematically depicted
in the right plot in Fig. 1.
The former definition of bosonic potential energy,

inspired by quantum mechanics, might seem ad hoc, so
that the physical meaning of Esph needs some further
clarification. In fact, it is not obvious to see how Esph

may play a role in tunneling processes between the
topological vacua. The reason is that tunneling rates are
computed from solutions to the full Euclidean equations of
motion, known as instantons [61,62]. These differ from
sphalerons because the latter are static solutions, while
instantons depend as well on time. Despite this, the
sphaleron energy can play a role when considering not
just spontaneous vacuum transitions, but scattering proc-
esses at a fixed energy. The existence of multiple topo-
logical vacua affects the wave function of the true vacuum,
and this effect can be incorporated in a path integral
formalism by including sums over field configurations
around instanton backgrounds. This gives rise to new
effective instanton vertices that can be incorporated in
diagrammatic expansions, which encode the nontrivial
effects of the vacuum transitions. In principle, these vertices
are suppressed by exponential factors involving the
Euclidean action of the instantons, expð−SEinstÞ, which as
said before also determine the tunneling rates. Actual
calculations show that when the external particles have
energies of the order of Esph, the exponential suppression of
the instanton effects can be lifted [16–26]. Thus, Esph

can indeed be interpreted as a physical energy barrier
between topological vacua, because the effect of vacuum
transitions becomes unsuppressed when one prepares states
with E > Esph.
A more direct connection between sphalerons and

energy barriers can be established at finite temperature.
Thermal fluctuations allow states with energies above
the barrier, which can then induce classical vacuum
transitions. The thermal transition rate is determined
from static solutions to the Euclidean equations of
motion—i.e. sphalerons—and the rate scales as

expð−SE;3Dsph =TÞ ¼ expð−Esph=TÞ, where SE;3Dsph is the ther-
mal Euclidean action, defined as the spatial integral of the
Euclidean Lagrangian evaluated on time-independent con-
figurations. Thermal fluctuations induce excitations with
average energy of the order of T, and when T ≳ Esph the
rate becomes unsuppressed. Again, Esph can be interpreted
as an energy barrier between the topological vacua.
We can conclude this section by reviewing the link

between sphalerons and Bþ L violation. In the SM, B-L is
conserved while Bþ L is an anomalous symmetry.
Denoting the SUð2ÞL field strength as Wμν, the Bþ L
current satisfies the following anomalous conservation
equation:

∂μJ
μ
BþL ¼ 3

8π2
tr ~WμνWμν: ð2:6Þ

This means that a given gauge field background with
topological charge q induces the following change of Bþ
L between t ¼ −∞ and t ¼ ∞:

ΔðBþ LÞ ¼
Z

d3x½J0BþLðt ¼ ∞Þ − J0BþLðt ¼ −∞Þ�

¼
Z

d4x∂0J0BþL ¼ 3

8π2

Z
d4xtr ~WμνWμν ¼ 6q;

ð2:7Þ

where we used Eq. (2.6) with the assumption that the
current vanishes at spatial infinity. Tunneling between
topological vacua is associated with instanton configura-
tions which tend towards pure gauge configurations with
different integer values of NCS at t ¼ �∞. Thus the
instanton configurations have a nonzero topological charge
q ¼ NCSð∞Þ − NCSð−∞Þ, which implies that vacuum
transitions are immediately associated with violations of
Bþ L. In this way, the sphaleron energy sets the scale of
baryon-number-violating processes. Equation (2.7) implies
that in a vacuum transition with ΔNCS ¼ 1, there is a
change of Bþ L by six units. Thus, sphaleron-related
processes involve the production of large numbers of
particles. The allowed processes can be identified by using
the effective instanton vertices mentioned earlier. For an
instanton background with topological charge q, the
vertices involve a number of fermion fields related to
the number of fermionic zero modes of the background; the
resulting interaction violates Bþ L by 6q units. For
example, a one-instanton vertex inducing a transition with
ΔNCS ¼ 1, generates an interaction with twelve fermion
fields, of the form ΠiðuLdLdLνLÞi, with i ¼ 1;…3 labeling
the generations [63]. This can for example give rise to the
creation of three baryons and three neutrinos from the
vacuum, or can induce 2 → 10 processes with quarks and
leptons. As mentioned before, the production cross sections
are up for debate.
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In the following, we will calculate the sphaleron energy
in elementary Higgs boson scenarios with a modified
potential, and in composite Higgs boson scenarios. In the
first case, the modified Higgs potential can be understood
as arising from the virtual effects of heavier fields. In the
second case, the sphaleron energy can be calculated in an
effective theory arising after integrating out modes of the
strongly coupled sector. We have argued before that
sphaleron effects become relevant at processes with
energies of the order of the sphaleron energy. Then if
Esph is larger than the mass of the heavy fields or the
compositeness scale, the question might arise of whether
at those energies one can still trust the original calculation
of the minimum energy barrier. This is the case because
the effective theory in which the heavy fields are inte-
grated out describes the dynamics when those fields lie at
their energy minima, and so minimal energy configura-
tions of the full theory can be reliably calculated in the
effective description. In the composite case, it should be
noted that the Higgs, being a pseudo-Goldstone boson, is
protected by the global symmetry of the composite sector.
Interactions inside the latter cannot generate contributions
to the Higgs potential, which arises from interactions that
break the global symmetry and are already taken into
account in the effective theory. The situation is then
similar to the case of an elementary Higgs with an
effective potential induced by heavy fields, and the
previous conclusion applies.

III. SPHALERON ENERGY IN THE
STANDARD MODEL

In this section we review the calculation of the SM
sphaleron configuration, mostly following the treatment in
[64]. As we are considering the minimum barrier between
vacua with different weak topological charge, we can
simply restrict to field trajectories connecting the vacua
without exciting degrees of freedom that do not couple to
the weak bosons—doing otherwise would just give higher-
energy configurations. This allows us to ignore gluons, and
forces us to consider the Higgs field. As in a nonzero Higgs
background the weak bosons mix with the hypercharge
boson, in principle one should take it into account it as well,
but because the mixing is small, the effect is subleading
(less than 1%, [52,65]) and will be ignored. Thus one has to
consider the functional

VSM
bos ½Aa

μ; H� ¼
Z

d3x

�
1

4g2
Wa

ijW
a
ij þDiH†DiH þ VðHÞ

�
;

ð3:1Þ

where DiH ¼ ∂iH − iσaAa
i H, with σa being the usual

Pauli matrices. VðHÞ is the Higgs potential normalized
to be zero at the Higgs vacuum, so that VSM

bos evaluated at the
sphaleron configuration can be directly interpreted as the

energy barrier between topological vacua.1 At tree level
VðHÞ is given in terms of the Higgs mass squared m2

h and
the Higgs VEV v by

VðHÞ ¼ −
m2

h

2v2

�
H†H −

v2

2

�
2

: ð3:2Þ

It is useful to work in dimensional units, and to do so we
rescale the fields and coordinates in units of the W mass,
which in the limit of zero Weinberg angle is m2

W ¼ g2v2=4:

xμ →
1

mW
yμ; Aa

μ → mW
~Aa
μ; H →

mWffiffiffi
2

p
g
~H: ð3:3Þ

Then one can find the sphaleron configuration by extrem-
izing the dimensionless functional

~VSM
bos ¼

1

g2

Z
d3y

�
1

4g2
~Wa
ij
~Wa
ij þ

1

2
Di

~H†Di
~H þ ~Vð ~HÞ

�
;

ð3:4Þ

where ~Vð ~HÞ≡ κ2

32
ð ~H† ~H − 4Þ2 and κ2 ≡ m2

h
m2

W
. The equations

of motion of the sphaleron configuration are

ðDj
~WijÞa þ

i
4
ð ~H†σaDi

~H −Di
~H†σaDi

~HÞ ¼ 0;�
D2

i − 2
∂

∂ð ~H† ~HÞ
~Vð ~HÞ

�
~H ¼ 0: ð3:5Þ

To solve the former equations, we impose a rotationally
symmetric ansatz2 [39–41,66]. Defining r≡ ffiffiffiffiffiffiffiffiffiffiffiP

y2i
p

and
ni ≡ yi=r, the ansatz is given by

~Aa
i ¼ ϵaijnj

1 − AðrÞ
r

þ ðδai − naniÞ
BðrÞ
r

þ nani
CðrÞ
r

;

~HðrÞ ¼ 2ðFðrÞIþ iGðrÞn · σÞ
�
0

1

�
: ð3:6Þ

One can consider SUð2ÞL transformations preserving the
A0 ¼ 0 gauge condition. Taking a group element of the
form

UðrÞ ¼ exp½n · σPðrÞ� ¼ cosPðrÞ þ in · σ sinPðrÞ; ð3:7Þ

the functions in the ansatz of (3.6) transform as

1This is because with this choice of normalization, the bosonic
energy of the vacuum configuration with zero gauge fields and
the Higgs at its VEV becomes zero.

2This ansatz is often called hedgehog solution.
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A → A cos 2P − B sin 2P; B → B cos 2Pþ A sin 2P;

C → Cþ 2rP0;

F → F cosP −G sinP; G → G cosPþ F sinP:

ð3:8Þ

We can use this freedom to set CðrÞ ¼ 0, although the price
to pay is that one will lose the topological gauge condition
Ai → 0 for r → ∞.3 Inserting the ansatz (3.6) with CðrÞ ¼
0 into the first of the equations in (3.5), one gets an equation
of the form

E1

2nani
r2

þ E2

nani − δai
r

þ E3ϵaij
nj
r
¼ 0: ð3:9Þ

The orthogonality of the 2-index objects with indices a, i of
Eq. (3.9) means that its solutions must satisfy
E1 ¼ E2 ¼ E3 ¼ 0, which yields

BA0 − AB0 þ r2ðGF0 − FG0Þ ¼ 0;

B00 −
B
r2
ðA2 þ B2 − 1Þ þ 2GF − BðG2 þ F2Þ ¼ 0;

A00 −
A
r2
ðA2 þ B2 − 1Þ − AðG2 þ F2Þ − G2 þ F2 ¼ 0:

ð3:10Þ

The second equation in (3.5), after substitution of the
ansatz, adopts the form

E4Iþ E5nσ ¼ 0: ð3:11Þ

This implies E4 ¼ E5 ¼ 0, which gives

2

r2
ðr2G0Þ0 − G

r2
ððAþ 1Þ2 þ B2Þ

þ 2BF
r2

− κ2GðF2 þG2 − 1Þ ¼ 0;

2

r2
ðr2F0Þ0 − F

r2
ððA − 1Þ2 þ B2Þ

þ 2BG
r2

− κ2FðF2 þG2 − 1Þ ¼ 0: ð3:12Þ

By calculating the derivative with respect to r, one can
show that the first equation of Eq. (3.10) is not independent
of the others, leaving four equations with four unknown
functions. Solving them requires us to impose boundary
conditions for the unknown functions and their derivatives.
At large r, finiteness of Vbos evaluated with the sphaleron
solution implies that gauge fields must approach a pure
gauge configuration, while the scalar fields must tend to a

minimum of their potential. The choice of boundary
conditions can be simplified by obtaining asymptotic
solutions with the desired properties, which will depend
on fewer parameters. For the SM, the asymptotic solutions
for large and small r at the chosen accuracy level depend
each on 3 parameters, and are given in Appendix A.
A regular sphaleron solution can be found by applying

an iterative numerical procedure such that, at each step, one
obtains two solutions to the sphaleron equations by
imposing boundary conditions at large and small r, respec-
tively, while the steps are repeated with varying boundary
conditions until the two solutions match smoothly at an
intermediate value of r.
Before illustrating the solutions, it should be noted that

one can reduce the equations further by redefining the
unknown functions. Given the gauge transformation prop-
erties (3.8), one may define gauge-invariant quantities
R2 ≡ A2 þ B2, S2 ≡H2 þ G2. Then one has

A ¼ R cos θ; B ¼ R sin θ;

F ¼ S cosϕ; G ¼ S sinϕ: ð3:13Þ

The above mapping does not uniquely define the variables
R, S, θ, ϕ, since A, B, F, G are invariant under two discrete
transformations, i.e.

R → R; θ ¼ θ þ 2mπ;

S → S; ϕ → ϕþ 2nπ; ð3:14Þ

and

R → −R; θ ¼ θ þ ð2mþ 1Þπ;
S → −S; ϕ → ϕþ ð2nþ 1Þπ; ð3:15Þ

with m, n, ∈ Z. When looking for smooth sphaleron
profiles, it should be noted that the former discrete changes
in R, S, θ, ϕ can still be admitted, since they do not affect
the functions A, B, F, G. In terms of the new variables the
four independent equations become

r2R00 þ r2S2 cos½2ϕ − θ� þ R − RðR2 þ r2ðθ02 þ S2ÞÞ ¼ 0;

2r2S00 − 2r2Sϕ02 þ 4rS0 − Sðκ2r2ðS2 − 1Þ
− 2R cos½2ϕ − θ� þ R2 þ 1Þ ¼ 0;

Rθ00 þ 2θ0R0 þ S2 sin½2ϕ − θ� ¼ 0;

r2Sϕ00 þ 2rϕ0ðrS0 þ SÞ − RS sin½2ϕ − θ� ¼ 0: ð3:16Þ

The last two equations can be solved by

θ0 ¼ ϕ0 ¼ 0 and ϕ ¼ θ

2
þ ω

π

2
; with ω ∈ Z;

ð3:17Þ
3In the topological gauge, given the ansatz (3.6), Ai → 0

implies for example AðrÞ → 1, which is not respected by the
gauges transformations of Eq. (3.8).
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which finally yields

r2R00 − R3 þ Rð1 − r2S2Þ � r2S2 ¼ 0;

2r2S00 þ 4rS0 − SððR ∓ 1Þ2 þ κ2r2ðS2 − 1ÞÞ ¼ 0: ð3:18Þ

The upper and lower signs are associated with even and odd
ω in (3.17), and the corresponding equations can be related
by the transformation R → −R. However, if the sign of R is
fixed at large values of r with a suitable boundary
condition, both types of equations could give rise to
different branches of sphalerons. For mh ¼ 125 GeV and
R > 0 at large values of r, only the upper-sign branch has
solutions. Equations (3.17), (3.18) do not allow us to fix the
constant values of θ, ϕ, which, given the identities in
Eq. (3.13), prevents us to reconstruct the values of the four
unknown functions A, B, H, G in the ansatz (3.6) in the
gauge C ¼ 0. Nevertheless, θ can be determined from the
generic properties of the functional Vsaddle

bos ½NCS� introduced
in Sec. II, up to the ambiguity of Eqs. (3.14) and (3.15). As
mentioned before, for the observed value of the Higgs mass
there is a single branch of parity-invariant sphaleron
solutions, and the symmetries of Vsaddle

bos ½NCS� then imply
that sphalerons haveNCS ¼ 1=2þ n, n ∈ Z. In order to get
the expression of NCS in the R, S, θ, ϕ field coordinates,
one has to be careful because the relation of Eq. (2.3) for
NCS is only valid in a topological gauge with Ai → 0 for
r → ∞. However, in order to eliminate the function CðrÞ
from the ansatz (3.6) we performed a further gauge trans-
formation which can violate the previous gauge condition.
Nevertheless, one can use the properties of gauge trans-
formations in Eq. (3.8) to map the fields in the C ¼ 0 gauge
into fields in the topological gauge, where Eq. (2.3) holds.
Expressing the result in terms of functions in the C ¼ 0
gauge one finally obtains

NCS ¼
1

2π

Z
drðA0B − B0AÞ þ 1

2π
arctan

B∞

A∞

¼ θ∞ þ nπ
2π

−
1

2π

Z
drR2θ0; n ∈ Z: ð3:19Þ

B∞, A∞, θ∞ denote the values of the corresponding
functions at infinity. In the C ¼ 0 gauge it no longer holds
that the gauge fields vanish at r → ∞. The ambiguity in θ∞
up to multiples of π is due to the discrete redundancy of
Eqs. (3.14) and (3.15). From Eq. (3.19), when imposing
Eq. (3.17) one can see that the sphaleron solutions with
NCS ¼ 1=2 have constant arctanB∞=A∞ ¼ θ∞ þ nπ ¼ π.
This, together with Eq. (3.17), allows us to fix the ansatz
(3.6) in the C ¼ 0 gauge by simply solving the two
differential equations in (3.18). The boundary conditions
for the two functions R and S can be obtained from the
asymptotic solutions for the functions A, B, G, F in
Appendix A, imposing Eq. (3.17) and θ ¼ π þ nπ. At
the chosen level of accuracy, this reduces the free param-
eters of the asymptotic solutions from six to four.
For NCS ¼ 1=2 and R > 0 at large values of r, only the

upper-sign choice in Eq. (3.18) gives a solution, and one
can choose θ ¼ π. The upper-sign choice corresponds to
even ω in Eq. (3.17), i.e. ϕ ¼ θ=2þ nπ, with n ∈ Z. As is
clear from Eq. (3.13), this implies that the sphaleron has
F ¼ B ¼ 0 for all r. As mentioned earlier, for r → ∞ the
scalar field must lie in a minimum of its potential energy in
order for the sphaleron to have finite energy. This is
satisfied for F2 þG2 ¼ S2 ¼ 1, as can be seen from the
ansatz (3.6) and the rescaled potential term in ~VSM

bos in
Eq. (3.4). On the other hand, regularity at r ¼ 0 forces
Gð0Þ ¼ 0, which, together with the condition FðrÞ¼ 0∀ r,
means that the scalar field must be zero at r ¼ 0. Thus,
the sphaleron probes the Higgs potential between the

FIG. 2. Left: Profiles for R, S, in units of mW , in the SM sphaleron configuration obtained by solving the reduced system of 2
differential equations. The vertical line marks the scale at which the low r solution (red) was matched with the high r solution (blue).
Right: Contributions to the dimensionless integrand in ~VSM

bos , evaluated on the sphaleron solution, due to the gauge fields (solid blue),
derivatives of the scalar field (dashed orange) and the potential energy density of the Higgs (dotted green).
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origin (F ¼ G ¼ 0) and the vacuum configuration
(F2 þ G2 ¼ 1).
The sphaleron energy can be obtained from mW

~Vbos
evaluated in the sphaleron configuration; in terms of the R,
S, θ, ϕ variables, ~Vbos is equal to

~Vbos ¼
2π

g2

Z
dr
r2

f2r2½R02 þ R2θ02 þ 2r2ðS2ϕ02 þ S02Þ�

þ κ2r4ðS2 − 1Þ2 þ 2R2ðr2S2 − 1Þ
− 4r2RS2 cos½θ − 2ϕ� þ 2r2S2 þ R4 þ 1g: ð3:20Þ

Solving the different systems of equations—either (3.10)
and (3.12), or the system (3.16), or the reduced system
(3.18)—with the iterative procedure described above,
fixing mh ¼ 125.09 GeV and mW ¼ 80.398 GeV [67]
we recover in all cases the known value of the SM
sphaleron barrier,

ESM
sph ¼ 9.11 TeV: ð3:21Þ

Figure 2 illustrates the profiles for R and S in the sphaleron
solution, as well as the contributions to the dimensionless
bosonic energy density—defined as the integrand in
Eq. (3.20)—from the derivatives of the gauge fields, those
of the scalars, and the scalar potential. The contribution
from the potential is substantially lower than that of the
derivatives. This hints towards a limited sensitivity of Esphal

to the details of the scalar potential, and greater sensitivity
to modified derivative interactions. This will be confirmed
in the following section dedicated to nonstandard Higgs
scenarios.

IV. SPHALERON ENERGY FOR AN
ELEMENTARY HIGGS IN A
DEFORMED POTENTIAL

As an illustration of the effect of a modified potential
away from the Higgs vacuum, in this section we consider a
theory with an elementary Higgs, yet with a nonstandard
potential. The experience with the SM shows that the
sphaleron configuration for an elementary Higgs is sensi-
tive to field values between the origin and the vacuum
configuration, as follows from the boundary conditions at
r → ∞ and r → 0. Thus we may consider potentials which
deviate from the SM in this region, while having a
minimum whose VEV and curvature reproduce the correct
Higgs and gauge boson masses. A potential which is very
different from the SM can be achieved for example if the
Higgs vacuum at zero temperature is separated from the
origin of field space by a potential energy barrier. Such type
of scenarios was introduced in reference [53], using higher-
dimensional operators. An UV completion involving extra
scalars with strong couplings to the Higgs boson was found
in [54,55], and the large couplings were shown not to spoil

perturbation theory in [56]. Here we will adopt a practical
approach and simply model the Higgs potential with strong
logarithmic corrections, i.e.

VðHÞ ¼ V0 þm2
HH

†H

þ ðH†HÞ2
�
−λþ β log

�
γ þ 2H†H

ϕ2
0

��
: ð4:1Þ

In the equation above, β represents an effective quartic
coupling arising from loop corrections, and γ—which
would be associated with the field-independent contribu-
tions to the masses of the particles running in the loop
corrections—guarantees that the potential is analytic at
H ¼ 0. ϕ0 can be chosen at will to be the Higgs VEV v (the
difference can be compensated by a redefinition of the other
couplings), and V0 is fixed by requiring as before that the
potential is zero at the minimum. Imposing that the correct
Higgs and W masses are generated at tree level, one can
eliminate the couplings m2

H and λ, and end up with a
potential

V logðHÞ

¼ H†H

�
−
m2

h

2
þ ð2þ 3γÞβv2

2ð1þ γÞ2
�

þ ðH†HÞ2
�
m2

h

2v2
−
βð3þ 4γÞ
2ð1þ γÞ2 þ β log

�
γv2 þ 2H†H
v2ð1þ γÞ

��
;

ð4:2Þ

with only β, γ as free parameters.
The parameter β controls the size of the barrier with

respect to the origin and the energy of the Higgs vacuum. A
barrier appears for β > 0, yet increasing β too much (≳0.26
for the measured values of mh and mW) raises the Higgs
vacuum above the origin, so that the symmetric phase
becomes preferred. A negative value of β causes an
instability at values of the field beyond the Higgs vacuum,
which captures the situation in the SM for the measured
value of the Higgs and top masses. The allowed window of
values of β can be obtained by requiring that the electro-
weak vacuum is sufficiently long lived with respect to
tunneling towards large values of the fields (for β < 0) or
towards the origin (β > 0). The tunneling rate can be
calculated from the exponential of the Euclidean action of
the scalar field evaluated at a bounce solution [68]. We have
computed the latter numerically for β > 0, while for β < 0,
in the presence of a runaway as in the SM, we used the
analytic approximation of [69]. Doing so we obtain the
following window of allowed parameters:

−0.005≲ β ≲ 0.5: ð4:3Þ

The shape of the potential is illustrated in Fig. 3 for
different values of β, including the extrema of the above
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interval. If the extra scalar fields that originate the loga-
rithmic corrections are stabilized at the origin and do not
receive induced tadpoles in a given Higgs background (as
can be ensured with appropriate discrete or global sym-
metries), they will not play a role in the calculation of the
sphaleron barrier and can be set to zero. Thus the sphaleron

configuration can be obtained, as in the SM case, by
extremizing the bosonic energy functional involving the
spatial derivatives of the gauge fields and the Higgs, and the
modified Higgs potential of Eq. (4.2). Performing the same
rescalings as in Eq. (3.3), the rescaled bosonic energy looks
as Eq. (3.4), but with ~Vð ~HÞ substituted by

~Vð ~HÞ ¼ κ2

32
ð ~H† ~H − 4Þ2 − 2β̂ð1þ 2γÞ

ð1þ γÞ2 þ β̂ð2þ 3γÞ
ð1þ γÞ2

~H† ~H þ β̂ð ~H† ~HÞ2
4

�
log

�
4γ þ ~H† ~H
4ð1þ γÞ

�
−

ð3þ 4γÞ
2ð1þ γÞ2

�
; ð4:4Þ

where we defined β̂≡ β=g2. The equations of the sphaleron are formally the same as in Eq. (3.5), but with the above
potential. Introducing again the ansatz (3.6) and choosing the gauge CðrÞ ¼ 0, one gets identical results as before for the
first family of equations in (3.5), i.e. Eq. (3.10), as they are not sensitive to the potential, while the second family of
equations is modified. Once more, there are only four independent equations, which are

B00 −
B
r2
ðA2 þ B2 − 1Þ þ 2GF − BðG2 þ F2Þ ¼ 0;

A00 −
A
r2

ðA2 þ B2 − 1Þ − AðG2 þ F2Þ − G2 þ F2 ¼ 0;

2

r2
ðr2G0Þ0 − G

r2
ððAþ 1Þ2 þ B2Þ þ 2BF

r2
− κ2GðF2 þ G2 − 1Þ þ GΔ ¼ 0;

2

r2
ðr2F0Þ0 − F

r2
ððA − 1Þ2 þ B2Þ þ 2BG

r2
− κ2FðF2 þG2 − 1Þ þ FΔ ¼ 0; ð4:5Þ

where we defined

Δ≡ 4β

γ20γ1

�
2γ20γ1ðF2 þ G2Þ log γ0

γ1
− ðF2 þ G2 − 1Þðγ2ðF2 þG2 − 3Þ − 2γðF2 þ G2 þ 1Þ − 2ðF2 þ G2ÞÞ

�
;

γ0 ≡ ð1þ γÞ;
γ1 ≡ ðF2 þ G2 þ γÞ: ð4:6Þ

The presence of F,G in the gauge-invariant combination suggests that the equations will be simpler using the variablesR, S,
θ, ϕ as in Eq. (3.13). We find

FIG. 3. Deformed Higgs potential for γ ¼ 0.1 and varying values of β. The dots represent the Higgs minimum, with VEV and
curvature fixed by the W and Higgs masses. On the left hand, the values of β ensure absolute stability of the Higgs vacuum. The right-
hand plot shows the extremal values of β for which the metastable Higgs vacuum is still sufficiently long lived at zero temperature. The
shaded areas reflect the region of the potential probed by sphaleron configurations.
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r2R00 þ r2S2 cos½2ϕ − θ� þ R − RðR2 þ r2ðθ02 þ S2ÞÞ ¼ 0;

2r2S00 − 2r2Sϕ02 þ 4rS0 − Sðκ2r2ðS2 − 1Þ − 2R cos½2ϕ − θ� þ R2 þ 1Þ þ r2SΔS ¼ 0;

Rθ00 þ 2θ0R0 þ S2 sin½2ϕ − θ� ¼ 0;

r2Sϕ00 þ 2rϕ0ðrS0 þ SÞ − RS sin½2ϕ − θ� ¼ 0; ð4:7Þ

where now, using γ0 ¼ 1þ γ and γ1 ¼ S2 þ γ as in Eqs. (4.6),

ΔS ≡ −
4β̂

γ20γ1

�
γ1ð3γ − ð4γ þ 3ÞS2 þ 2Þ þ γ20S

2

�
2γ1 log

γ1
γ0

þ S2
��

: ð4:8Þ

As in the SM case, the last two equations are solved by
Eq. (3.17), and one gets a simplified set of only two
differential equations:

r2R00 − R3 þ Rð1 − r2S2Þ � r2S2 ¼ 0;

2r2S00 þ 4rS0 − SððR ∓ 1Þ2 þ κ2r2ðS2 − 1ÞÞ þ r2SΔS ¼ 0:

ð4:9Þ

Once more, the upper and lower sign correspond to
branches of solutions with either even or odd ω in
Eq. (3.17). The asymptotic solutions and the boundary
conditions for the equations are similar to those in the SM
case, and discussed in Appendix A. Using the same
iterative method, we have solved the systems (4.5), (4.7)
and (4.9), obtaining compatible results in all cases. As in
the SM, for the measured Higgs and W boson masses we
only found a single branch of sphaleron solutions, which
for R > 0 at large r corresponds to the upper-sign choice in
(4.9), with NCS ¼ 1=2, and with θ ¼ π, ϕ ¼ π=2, i.e.
F ¼ B ¼ 0. The resulting energy barrier differs at the level
of ≲9% from the SM one, even for the limiting cases in the

FIG. 4. In red, sphaleron energy as a function of β in models
with a deformed Higgs potential, for β in the allowed stability
window. The dash-dotted gray line represents the SM result. γ
was fixed to 0.1, and hardly influences the results. The shaded
band corresponds to absolutely stable Higgs vacua, as in the left
plot in Fig. 3.

FIG. 5. Properties of sphaleron configurations with γ ¼ 0.1 and β ¼ 0.495. The left plot shows the profiles for R, S, in units of mW ,
with the vertical lines marking the scale at which the low r solution (red) was matched with the high r solution (blue). The plot on the
right shows the contributions to the dimensionless integrand in ~Vbos, evaluated on the sphaleron solution, due to the gauge fields (solid
blue), derivatives of the scalar field (dashed orange) and the potential energy density of the Higgs (dotted green). In all plots, the gray
dash-dotted lines correspond to the SM results.
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stability window of Eq. (4.3). For absolutely stable Higgs
vacua, the deviations are below 3%; these results are
illustrated in Fig. 4. Figure 5 shows the profiles and the
contributions to the bosonic energy density coming from a
sphaleron configuration with β near the upper stability limit
of Eq. (4.3). This gives the largest deviation from the SM,
with the Higgs minimum above the origin (see Fig. 3). Note
that with the potential normalized to zero at the former
minimum, the energy density at the origin becomes
negative, and the sphaleron configuration probes negative
energies, as shown on the right plot in Fig. 5. This plays a
role in lowering the sphaleron energy barrier, which
becomes Esph½β ¼ 0.495� ¼ 8.29 TeV.

V. SPHALERON ENERGY IN COMPOSITE
HIGGS SCENARIOS

In this section we will study sphaleron configurations in
minimal composite Higgs scenarios, in which the Higgs
arises as a pseudo-Goldstone boson of a global SO(5)
symmetry broken down to SO(4) [57]. The pattern of
symmetry breaking enforces nonstandard derivative inter-
actions for the Higgs, as well as a modified relation between
the Higgs VEVand the weak boson masses. Interactions that
break the global symmetry generate a nonstandard Higgs
potential, which still exhibits a discrete translational sym-
metry. Both the modified derivative interactions and poten-
tial can affect the sphaleron energy, and we expect larger
deviations than before. This is not only due to the modified
derivative interactions, but also to the modified relation
between the Higgs VEV and the W boson mass. In models
with elementary Higgses, we saw that the sphaleron probes
the potential between the origin and the minimum. With the
location and curvature of the minimum fixed by the Higgs
and gauge boson masses, the potential of an elementary
Higgs can only be modified by changing the depth of the
minimum, or the shape of the potential in between the latter
and the origin. In composite Higgs models there is in
principle a further degree of freedom associated with the
location of the minimum, as a result of the modified relation
between the W mass and the Higgs VEV.
Following [57], one can work in an effective theory

involving the gauge and pseudo-Goldstone fields. The
breaking of SO(5) into SO(4) leaves four Goldstones
hm;m ¼ 1;…; 4, which can be included in a multiplet Σ
carrying a nonlinear representation of the broken SO(5).

The breaking is assumed to originate from a field Σ0 in the
fundamental of SO(5), which acquires a VEV involving a
scale fπ: hΣ0i⊤ ¼ ½0; 0; 0; 0; fπ�. Then the field multiplet Σ
is given by

Σ ¼ exp
Π
fπ

× Σ0; ð5:1Þ

withΠ given by a sum over broken global SO(5) generators
~Ga multiplied by its corresponding Goldstone fields
Π ¼ i

ffiffiffi
2

p
~Gaha. The result is

Σ⊤ ¼
sin h

fπ

h

�
h1; h2; h3; h4; h cot

h
fπ

�
; ð5:2Þ

where we defined h≡ ðPmðhmÞ2Þ1=2. With these conven-
tions, and gauging an SU(2) subgroup of the surviving SO
(4) symmetry of the composite sector, the effective
Lagrangian of the gauge and pseudo-Goldstone fields
becomes [57]

L¼ f2π
2
ðDμΣÞ⊤DμΣ−

1

4g2
Wa

μνWa;μν−αcos
h
fπ

þβsin2
h
fπ

:

ð5:3Þ

The last two terms represent the scalar potential for the
pseudo-Goldstones, arising from explicit sources of SO(5)
breaking, such as Yukawas and the gauging of SUð2ÞL. We
may identify the Goldstones hm with the usual elementary
Higgs multiplet as

H ¼
�
Hþ

H0

�
¼ 1ffiffiffi

2
p

�
h1 þ ih2

h3 þ ih4

�
: ð5:4Þ

In the Higgs vacuum we have respectively hhi ¼ hh3i ≠ 0,
and

hΣ⊤i ¼ ½0; 0; ϵ; 0;
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵ2

p
�; ϵ ¼ sin

hhi
fπ

: ð5:5Þ

The covariant derivatives in the Lagrangian of Eq. (5.3)
include SUð2ÞL generators. From the identification of
Eq. (5.4) we may construct the representation of SUð2ÞL
on the Goldstone multiplet Σ as follows:

DμΣ ¼ ∂μΣ − iAa
μTaΣ;

T1 ¼ i
2

2
6666664

0 0 0 1 0

0 0 −1 0 0

0 1 0 0 0

−1 0 0 0 0

0 0 0 0 0

3
7777775
; T2 ¼ i

2

2
6666664

0 0 −1 0 0

0 0 0 −1 0

1 0 0 0 0

0 1 0 0 0

0 0 0 0 0

3
7777775
; T3 ¼ i

2

2
6666664

0 1 0 0 0

−1 0 0 0 0

0 0 0 −1 0

0 0 1 0 0

0 0 0 0 0

3
7777775
: ð5:6Þ
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Note how the generators are a subset of the unbroken SO(4)
symmetry acting on the first four components of Σ. The
mass of the gauge bosons in the vacuum is defined by

m2
W ¼ g2ϵ2f2π

4
≡ g2v2

4
; ð5:7Þ

where at tree level v ¼ ϵfπ ¼ 246 GeV. Note that v here
does not represent the pseudo-Goldstone VEV, but rather
parametrizes the W mass. For jα=ð2βÞj ≤ 1 the scalar
potential has a minimum at

cos
hhi
fπ

¼ −
α

2β
; ð5:8Þ

and the fluctuations of the field h3—the pseudo-Goldstone
version of the Higgs—acquire a mass

m2
h ¼

2βϵ2

f2π
: ð5:9Þ

Note that a positive Higgs mass requires β > 0, while
Eq. (5.8) will have a solution for either positive or negative
α. It appears that there are two families of solutions, but as
we will argue later they are physically equivalent. Beyond
the known value of the weak gauge coupling, the bosonic
low-energy Lagrangian of Eq. (5.3) has three parameters
fπ , α, β, and there is freedom in choosing the sign of α.
Requiring that the masses of the gauge bosons and the
Higgs reproduce their measured values leaves one free
parameter, which we take as fπ . Thus we may write α, β in
terms of the physical masses mW , mh and fπ:

α ¼ � gf4π
4

m2
h

mW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2

m2
W
−

4

f2π

s
; β ¼ g2f4π

8

m2
h

m2
W
: ð5:10Þ

Note that consistency demands

fπ >
2mW

g
: ð5:11Þ

Picking the lowest possible value of hhi yielding the correct
gauge boson mass, (i.e. sinh=fπ > 0) one has

hhi− ¼ vþ v3

6f2π
þ 3v5

40f4π
þO

�
1

f6π

�
for α < 0;

hhiþ ¼ πfπ − hhi− ¼ πfπ − v −
v3

6f2π
−

3v5

40f4π

þO
�
1

f6π

�
for α > 0; ð5:12Þ

which shows explicitly the modified relation between the
Higgs VEV and the W masses alluded to before. At this
point, one would be tempted to argue that models in the

large fπ , α > 0 branch, with hhi ≫ v, should develop a
larger sphaleron barrier. In previous sections we saw that
the sphaleron configurations probe the potential between
the origin and the Higgs VEV, and so for large hhi the
sphaleron profile would have to cover a larger amount of
field space, implying larger kinetic contributions to the
bosonic energy. Alas, this intuition is misleading. An
important difference with respect to the elementary Higgs
case is that the theory has a discrete selection rule. It can be
easily seen that in a unitary gauge with hi ¼ 0, i ≠ 3, and
thus h3 ¼ h, the Lagrangian of Eq. (5.3) is invariant under
the discrete transformation

α → −α; h → πfπ − h: ð5:13Þ
This means that sphaleron solutions for one choice of sign
of α can be related to sphaleron solutions for the other
choice, with matching energies. For this reason the two
choices of sign of α are physically equivalent. This
equivalence can also be seen by expanding the Lagrangian
in the unitary gauge around the vacuum configurations,
h ¼ hhi þ δh, with hhi given in Eq. (5.12), and with α
either positive or negative as in Eq. (5.10). Doing a 1=fπ
expansion, the resulting terms are related by an unphysical
Z2 transformation δh → −δh. The same conclusion applies
to fermionic couplings, which we did not discuss here but
can be modeled again with sin h=f interactions [57].
Therefore both scenarios with α > 0 and α < 0 are indis-
tinguishable, and we will focus on the α < 0 case. We show
in Fig. 6 the potential energy density of h for f ¼ 260 GeV,
showing the two equivalent realizations with different signs
of α. Note the different position of the VEVs and how the
potentials are related by the transformation (5.13).
Given the row of zeros in the SUð2ÞL generators in

Eq. (5.6), it is clear that Σ involves two irreducible
representations. We may write Σ ¼ ~Σ ⊕ Λ, with

~Σ⊤ ¼
sin h

fπ

h
½h1; h2; h3; h4�; Λ ¼ cos

h
fπ

: ð5:14Þ

Then Dμ
~Σ ¼ ∂μ

~Σ − iAa
μ
~Ta ~Σ, with the ~Ta given by the

upper-left 4 × 4 blocks of the generators in Eq. (5.6). In this
way we can rewrite Eq. (5.3) as

L ¼ f2π
2
∂μΛ∂μΛþ f2π

2
ðDμ

~ΣÞ⊤Dμ ~Σ −
1

4g2
Wa

μνWa;μν

− α cos
h
fπ

þ βsin2
h
fπ

: ð5:15Þ

We are now ready to define the bosonic potential energy
relevant for sphaleron configurations. As in the previous
cases, this is just given by the Hamiltonian in the temporal
A0 ¼ 0 gauge, with time derivatives omitted (or equiva-
lently, the Euclidean Lagrangian evaluated in static con-
figurations). Performing rescalings as in Eq. (3.3), with
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hi → mW=ghi, the dimensionless bosonic energy func-
tional becomes

~Vbos ¼
1

g2

Z
d3y

�
1

4
~Wa
ij
~Wa
ij þ

f̂2π
2
∂iΛ∂iΛ

þ f̂2π
2
ðDi

~ΣÞ⊤Di
~Σþ α̂ cos

~h

f̂π
− β̂sin2

~h

f̂π

�
; ð5:16Þ

where we defined the following modified couplings:

f̂π ≡ gfπ
mW

; α̂≡ αg2

m4
W
; β̂≡ βg2

m4
W
: ð5:17Þ

The equations for the sphaleron configurations that extrem-
ize ~Vbos are

ðDjWijÞa þ
if̂2π
2

ð ~Σ⊤TaDi
~Σ − ðDi

~ΣÞ⊤TaΣÞ ¼ 0; i; a ¼ 1;…; 3;

f̂2π

�
∂2Λ

∂Λ
∂hm þ ðD2 ~ΣÞn ∂ ~Σ

n

∂hm
�
þ hm

hf̂π
sin

h

f̂π

�
α̂þ 2β̂ cos

h

f̂π

�
¼ 0; m ¼ 1;…; 4; ð5:18Þ

with

∂Λ
∂hm ¼ −

hm

hf̂π
sin

h

f̂π
;

∂ ~Σn

∂hm ¼ 1

h3f̂π

�
h cos

h

f̂π
− f̂π sin

h

f̂π

�
hmhn þ δmn

h
sin

h

f̂π
: ð5:19Þ

We shall proceed as before and introduce the same rotationally symmetric ansatz as in Eq. (3.6), with ~H interpreted in
terms of the dimensionless Goldstone fields ~hi as ~H ¼ ½ ~h1 þ i ~h2; ~h3 þ i ~h4�⊤. After introducing the ansatz in the
equations of motion, and going as before into the C ¼ 0 gauge, one gets four independent equations of motion, which can
be written as

B00 −
B
r2
ðA2 þ B2 − 1Þ þ F 2

1½2GF − BðG2 þ F2Þ� ¼ 0;

A00 −
A
r2
ðA2 þ B2 − 1Þ − F 2

1½AðG2 þ F2Þ þ G2 − F2� ¼ 0; ð5:20Þ

F 1ff̂2π½F 2Gð4Fð2BGþ rðrF00 þ 2F0ÞÞ − G2ð2A2 þ 4Aþ 2B2 þ 2Þ − F2ð2A2 − 4Aþ 2B2 þ 2Þ
þ4rGðrG00 þ 2G0ÞÞ þ F 1FðFð4r2G00 þ 8rG0 − 8AGÞ − 4G2Bþ 4F2B − 4GrðrF00 þ 2F0ÞÞ�
þ4α̂G3r2 þ 4α̂GF2r2 þ 8β̂F 2Gr2ðG2 þ F2Þg
þ 2f̂2πrfF 1

0½4F 2GðG2 þ F2Þ þ 4rG0ðF 1F2 þ F 2G2Þ þ 4rGFðF 2 − F 1ÞF0� þ 2GðG2 þ F2ÞðrF 2F 1
00

−rF 1F 2
00 − 2F 1F 2

0Þg ¼ 0;

F 1ff̂2π½F 2Fð4Fð2BGþ rðrF00 þ 2F0ÞÞ −G2ð2A2 þ 4Aþ 2B2 þ 2Þ − F2ð2A2 − 4Aþ 2B2 þ 2Þ
þ4rGðrG00 þ 2G0ÞÞ þ F 1GðGð4r2F00 þ 8rF0 þ 8AFÞ þ 4BG2 − 4BF2 − 4rFðrG00 þ 2G0ÞÞ�
þ4α̂G2Fr2 þ 4α̂F3r2 þ 8β̂F 2Fr2ðG2 þ F2Þg
þ 2f̂2πr½F 1

0ð4F 2FðG2 þ F2Þ þ 4rF0ðF 1G2 þ F 2F2Þ þ 4GFrðF 2 − F 1ÞG0Þ þ 2FðG2 þ F2ÞðrF 2F 1
00

−rF 1F 2
00 − 2F 1F 2

0Þ� ¼ 0: ð5:21Þ

In the previous equations, we defined the “form factors”

F 1 ≡
f̂π sin h

f̂π

h
¼ f̂π

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2 þ F2

p sin

�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2 þ F2

p

f̂π

�
;

F 2 ≡ cos
h

f̂π
¼ cos

�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2 þ F2

p

f̂π

�
: ð5:22Þ
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These form factors F 1, F 2 encode the nontrivial interactions of the composite Higgs. They tend to 1 for large f̂π , for which
one recovers the limiting case of the SM Higgs. This can be explicitly checked from the above sphaleron equations, or by
realizing that in this limit the bosonic Lagrangian of Eq. (5.3) coincides with the SM one.
The variables introduced in Eq. (3.13) allow for a substantial simplification for the equations, which become

R00 þ f̂2π
4
sin2

�
2S

f̂π

�
cos½2ϕ − θ� þ R

�
f̂2π
8
cos

�
4S

f̂π

�
−
f̂2π
8
þ 1

r2
− θ02

�
−
R3

r2
¼ 0;

2rðrS00 þ 2S0Þ þ f̂π
4
sin

�
4S

f̂π

�
ð2R cos½2ϕ − θ� − 2r2ϕ02 − R2 − 1Þ þ r2

f̂π
sin

�
2S

f̂π

��
α̂þ 2β̂ cos

�
2S

f̂π

��
¼ 0;

4Rθ00 þ 8R0θ0 þ f̂2πsin2
�
2S

f̂π

�
sin½2ϕ − θ� ¼ 0;

r

�
f̂πrϕ00 þ 2ϕ0

�
2rS0 cot

�
2S

f̂π

�
þ f̂π

��
− f̂πR sin½2ϕ − θ� ¼ 0: ð5:23Þ

In these variables we may write ~Vbos as

~Vbos ¼
4π

g2

Z
dr

�
1

4

�
f̂2πsin2

�
2S

f̂π

�
ððR − 1Þ2 þ 2Rð1 − cos½2ϕ − θ�ÞÞ þ 4R2θ02 þ 4R02

�

þ 1

2
ðR2 − 1Þ2 þ r2

4

�
1

β

�
α̂þ 2β̂ cos

�
2S

f̂π

��
2

þ 2f̂2πϕ02sin2
�
2S

f̂π

�
þ 8S02

��
: ð5:24Þ

As in the previous cases, the last two equations in (5.23) can be solved as in (3.17). This gives the simplified system

R00 þ R

�
1

r2
−
1

4
f̂2πsin2

�
2S

f̂π

��
� 1

4
f̂2πsin2

�
2S

f̂π

�
−
R3

r2
¼ 0;

r2S00 þ 2rS0 þ 1

8f̂π

�
4α̂r2 sin

�
2S

f̂π

�
− sin

�
4S

f̂π

�
ðf̂2πðR ∓ 1Þ2 − 4β̂r2Þ

�
¼ 0: ð5:25Þ

The aforementioned physical equivalence between models
with α > 0 and α < 0 can be understood from the bosonic
energy (5.24) and Eqs. (5.23), (5.25) by noting that they are
invariant under the discrete symmetry

α̂ → −α̂; S → Sþ π

2
f̂π: ð5:26Þ

Thus, solutions with one sign of α̂ can always be mapped
onto solutions with the other sign. With the sign of α̂ fixed,
another discrete symmetry of the bosonic energy and the
sphaleron equations is

S → πf̂π � S: ð5:27Þ

The asymptotic solutions for Eq. (5.20) in the limit of
large and small r are given in Appendix A, and for fixed fπ
depend on the same number of parameters as in cases with
an elementary Higgs. The corresponding solutions for
(5.23) and (5.25) can be obtained by using the definitions
in (3.13). Once again, reconstructing the full profile of the
sphaleron from the solutions to the simplified system (5.25)

requires us to fix the ambiguity in the solution (3.17) for θ,
ϕ. As in the SM, parity-invariant sphalerons are expected
to have NCS ¼ 1=2, which fixes θ ¼ π þ nπ. Fixing R > 0
at large r, we have found solutions with θ ¼ π in the
upper branch of Eq. (5.25), corresponding to ϕ ¼ π=2
[see (3.17)].
A distinguishing feature of composite Higgs scenarios is

that there are new types of asymptotic solutions at r → 0
that can support novel sphaleron solutions withNCS ¼ 1=2.
In the SM and in the case of a deformed potential,
sphalerons ended up having Sðr ¼ 0Þ ¼ 0, as can be seen
in Figs. 2 and 5. The existence of new solutions with
Sð0Þ ≠ 0 can be understood as follows. By continuity with
the SM case, one expects solutions with Sð0Þ ¼ 0 for both
α̂ > 0 and α̂ < 0. However, as was just argued, solutions
with α̂ > 0 and Sð0Þ ¼ 0 can be mapped to solutions with
the opposite sign of α̂ by doing S → Sþ π=2f̂π , so that one
ends up with Sð0Þ ¼ π=2f̂π. For α̂ < 0 this corresponds to
a local maximum of the potential. We see that sphalerons
interpolating between the minimum of the scalar potential
and the origin, for a given choice of α̂, are equivalent to
sphalerons that interpolate between the minimum and a
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local maximum for the opposite choice of α̂ (see Fig. 6).
The existence of new solutions with different behavior near
r ¼ 0 implies that there must be a new family of asymptotic
solutions for small r, which is given in Appendix A.
Amusingly, as further discussed in the Appendix, although
the choices of opposite values α̂ are equivalent, regular
solutions for a given sign of α̂ correspond to singular
solutions with the opposite α̂, although the singularity is
unphysical, as it can be removed with a gauge trans-
formation. The existence of a new family of sphalerons
with NCS ¼ 1=2 and for the observed value of the Higgs
mass is a novel effect which is not present in models with
elementary Higgses. In that case, as in the SM, new
branches of sphalerons typically have NCS ≠ 1=2 and only
appear if the Higgs is much more massive than observed.
We have computed numerically the sphaleron energy in

both families of sphalerons, using the iterative method
described in previous sections. The solutions using the four
differential equations (5.23) confirm the constant values of

the angles, θ ¼ π ¼ 2ϕ, derived from (3.17) and the
requirement for NCS ¼ 1=2. Restricting the analysis to
α̂ < 0, the family of solutions with the usual Sð0Þ ¼ 0

behavior gives a sphaleron barrier which, as expected,
recovers the SM result in the limit of large fπ. The new
family of NCS ¼ 1=2 solutions has greater energies.
As anticipated earlier, the fact that in composite models

not only the potential of the Higgs but also its derivative
interactions are modified allows for larger deviations from
the value of Esph, even for the usual family with Sð0Þ ¼ 0.
In this case, Esph reaches nearly 12 TeV for the theoretical
minimum fπ ¼ v [see Eq. (5.11)], while it decreases
rapidly with growing fπ. With current collider bounds
demanding fπ ≳ 0.5 TeV [70,71], the sphaleron barrier
differs from the SM by less than three percent. In the
Sð0Þ ≠ 0 branch, the sphaleron barrier starts similarly at
12 TeVand grows linearly with fπ . The dependence of Esph

with the compositeness scale in the two branches is
illustrated in Fig. 7. The energies in the Sð0Þ ≠ 0 branch

FIG. 7. Energy barrier between topological vacua as a function of fπ , in the Sð0Þ ¼ 0 (left) and Sð0Þ ≠ 0 (right) branches. The
horizontal line marks the SM limit.

FIG. 6. Composite Higgs potential for fπ ¼ 260 GeV, for the physically equivalent realizations with α < 0 (left) and α > 0 (right).
Both cases yield the correct Higgs and W masses at tree level. The darker shade shows the region of the potential probed by the
sphaleron branch in common with the SM, while the lighter shade corresponds to the region probed by the new, higher-energy sphaleron
branch present in composite models.
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are subject to more numerical uncertainties due to the
function S becoming very steep at the origin, which
prevents convergence of the iterative approach for large
enough values of fπ. Still, our calculations show a linear

growth which, when extrapolated, predicts a barrier of
around 28 TeV for fπ ¼ 500 GeV and 70 TeV for
fπ ¼ 1.2 TeV, respectively. Example profiles for R, S of
the resulting solutions are shown in Fig. 8. Note the

FIG. 8. Profile functions for R, S in the sphaleron configurations obtained by solving the system of 2 differential equations. The
vertical line marks the scale at which the low r solution (red) was matched with the high r solution (blue). Top: solutions in the Sð0Þ ¼ 0
branch, with fπ ¼ 250 GeV (left) and fπ ¼ 1 TeV (right). Bottom: solutions in the Sð0Þ ≠ 0 branch, with fπ ¼ 250 GeV (left) and
fπ ¼ 1 TeV (right).

FIG. 9. Contributions to the integrand of the dimensionless bosonic energy functional for f̂π ¼ 260 GeV in the Sð0Þ ¼ 0 branch (left)
and for Sð0Þ ≠ 0 GeV (right). The contributions in solid blue are due to the gauge fields; those coming from derivatives of the scalar fields
are shown with dashed orange lines, while those coming from the scalar potential energy density are shown with dotted green curves.
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steepness of S near the origin in the lower graphs
corresponding to the Sð0Þ ≠ 0 branch, which affects
numerical convergence. For the same examples, Fig. 9
shows the contributions to the integrand of the dimension-
less bosonic energy functional ~Vbos. For the Sð0Þ ≠ 0
branch and for large enough fπ , Esph becomes dominated
by the scalar derivatives, in contrast to the cases with
elementary fields (see Figs. 2 and 5). This is a consequence
of the fact that, in this branch, the sphaleron profile
interpolates between the electroweak vacuum and the
maximum of the scalar potential at πfπ . The distance in
field space traveled by the sphaleron increases linearly with
fπ , and we observe the same for the integral yielding Esph.

VI. SUMMARY

In this paper we have investigated the size of the sphaleron
energy barrier in nonstandard realizations of the Higgs
vacuum. The sphaleron energy, which in the Standard
Model lies near 9 TeV, sets the scale of baryon-number-
violating processes mediated by the Bþ L anomaly,
and is sensitive to properties of the Higgs potential away
from the electroweak minimum. Thus, sphaleron-induced
processes—which would manifest themselves through the
production of a large number of quarks and leptons—could
offer new perspectives on the nature of the Higgs particle,
offering global information about its potential. This is in
contrast to the perturbative processes usually considered at
colliders, which only probe the Higgs interactions locally,
i.e. at the electroweak vacuum.
The sphaleron energy can also be affected by modifi-

cations of the derivative interactions of the Higgs. In order
to quantify the possible variations of Esph in nonstandard
scenarios, we have calculated Esph in models which exhibit
either a modified potential for an elementary Higgs, or both
a modified potential and modified derivative terms for a
composite Higgs. Such examples capture quite generic
possibilities for the Higgs interactions, and can be consid-
ered as benchmarks for the possible variations of the scale
of baryon number violation processes in theories beyond
the Standard Model.
For an elementary Higgs with a modified potential, we

considered a generic parametrization of the former involv-
ing a logarithmic term, which can introduce a barrier with
respect to the origin and modify the depth of the electro-
weak vacuum. For long-lived electroweak vacua we find
deviations of the sphaleron barrier which are at most of the
order of 10%. Such small deviations become less surprising
after realizing that already in the SM the sphaleron energy
is dominated by derivative contributions, which mostly
depend on the distance on field space covered by the scalar
profile of the sphaleron. In models with an elementary
Higgs, the sphaleron interpolates between the origin and
the electroweak vacuum, whose position is fixed by the
masses of the weak gauge bosons.

In composite Higgs models the situation could be in
principle different, since both the derivative interactions
and the relation between the weak boson masses and the
Higgs VEVare modified. We centered our study in minimal
composite Higgs models, in which the Higgs is a pseudo-
Goldstone of a global SO(5) symmetry broken down to
SO(4). We have found that, in contrast with models with
elementary Higgses, for which there are no multiple
sphaleron branches for the observed values of the Higgs
and gauge boson masses, composite Higgs models exhibit
at least two branches of sphaleron solutions. The existence
of a new branch can be understood from the discrete
translation symmetries of the effective action for the
pseudo-Goldstone fields. In contrast to known nonstandard
sphaleron branches for heavy elementary Higgses, sphaler-
ons in this new branch still have half-integer Chern-Simons
number, and an energy higher than the sphalerons in the
usual branch. In the latter, although large deviations of Esph

are possible at low values of the compositeness scale, they
are ruled out by collider bounds, so that the minimum
sphaleron energy can only differ from the SM one by less
than 3%. On the other hand, sphalerons in the new branch
have an energy that grows linearly with the compositeness
scale, and would reach around 28 TeV if extrapolated to
f̂π ¼ 500 GeV, and 70 TeV for f̂π ¼ 1.2 TeV. The new
branch of sphaleron configurations is suggestive of a new
high-energy threshold for baryon-violating processes in
addition to the SM-like threshold at 9 TeV.
Concerning the theoretical precision precision of our

calculations, it should be noted that we set the weak
mixing angle θW to zero. In models with elementary
Higgses, a nonzero θW is known to induce changes in the
sphaleron energy of less than a percent [52,65]. Such
modifications are smaller than the largest deviations of
Esph with respect to its SM value that were calculated in
the models analyzed in this work. Hence, we expect our
estimates to be robust with respect to the inclusion of
mixing-angle effects.
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APPENDIX: ASYMPTOTIC SOLUTIONS
FOR LARGE AND SMALL r

1. Standard Model

At large r, finiteness of Vbos evaluated on the sphaleron
implies that gauge fields must approach a pure gauge
configuration, while the scalar fields must tend to a
minimum of their potential. Starting from the topological
gauge with Ai → 0, r → ∞, one has
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AðrÞ → 1; BðrÞ → 0;

CðrÞ → 0 for r → ∞; topological gauge: ðA1Þ

This in turn implies that FðrÞ andGðrÞ should approach the
value that minimizes the Higgs potential, which is

FðrÞ → 1; GðrÞ → 0: ðA2Þ

As a consequence of (3.8), the C ¼ 0 gauge can be
obtained by fixing the derivative of the local transformation
parameter P0 ¼ −C=ð2rÞ, which determines P up to a
constant of integration. Then the boundary conditions in the

C ¼ 0 gauge, obtained by transforming (A1) and (A2) in
accordance with (3.8), end up depending on an arbitrary
constant:

AðrÞ → cos θ∞; BðrÞ → sin θ∞;

FðrÞ → cos
θ∞
2

; GðrÞ → sin
θ∞
2

;

for r → ∞; C ¼ 0 gauge: ðA3Þ
The asymptotic solutions of Eqs (3.10), (3.12) for large r
and with the boundary conditions (A3) depend on three free
parameters ca, δ, ch, and have the form:

AðrÞ ∼ ð1þ aðrÞÞ cos θ∞ − bðrÞ sin θ∞ BðrÞ ∼ ð1þ aðrÞÞ sin θ∞ þ bðrÞ cos θ∞
FðrÞ ∼

�
1þ fðrÞ

r

�
cos

θ∞
2

−
gðrÞ
r

sin
θ∞
2

GðrÞ ∼
�
1þ fðrÞ

r

�
sin

θ∞
2

þ gðrÞ
r

cos
θ∞
2

; ðA4Þ

with

aðrÞ ¼ ca cos δe−r þOðr−1Þ bðrÞ ¼ ca sin δe−r þOðr−1Þ;

fðrÞ ¼ che−κr þOðr−1Þ gðrÞ ¼ −ca
sin δ
r

þOðr−2Þ: ðA5Þ

Given the ansatz (3.6), it can be seen that the following expansion gives a regular behavior at the origin, and is compatible
with scalar functions with nonzero first derivatives at the origin, (a common feature of sphaleron solutions):

AðrÞ ¼ 1þ A2r2 þ A4r4 þOðr4Þ; BðrÞ ¼ B1rþ B3r3 þOðr4Þ;
HðrÞ ¼ H0 þH2r2 þH4r4 þOðr4Þ; GðrÞ ¼ G1rþ G3r3 þOðr4Þ: ðA6Þ

A series expansion of the equations (3.10), (3.12) allows us to show that one can choose 3 independent constants
A2, H0, G1, with the rest satisfying the relations

A4 ¼
1

10
ðA2H2

0 þ 3A2
2 þ 2G2

1Þ; B1 ¼ 0;

B3 ¼ −
G1H0

3
; H4 ¼

H0

480
ð12A2

2 þ 4G2
1ð3κ2 þ 2Þ þ ð3H4

0 − 4H2
0 þ 1Þκ4Þ;

G3 ¼
G1

60
ð12A2 þH2

0ð3κ2 þ 2Þ − 3κ2Þ: ðA7Þ

As can be seen from Eq. (3.8), a gauge transformation with
gauge parameter Π ¼ π=2 sends A to −A, so solutions with
Að0Þ ¼ −1 instead of 1 in (A6) are also admissible: the
apparent singularity is just a gauge artifact. However, when
substituting the corresponding expansion in the sphaleron
equations, one gets scalar profiles near the origin with zero
first derivatives, which do not give rise to sphaleron
solutions.

2. Standard Model with a deformed potential

For large r in the C ¼ 0 gauge, the same reasoning as in
the SM case yields asymptotic solutions that take the same
form as in (A1). At small r, doing the same series
expansion as in (A6) yields again solutions parametrized
by three constants A2, H0, G1, with the rest being
determined by the following relations:
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A4 ¼
1

10
ðA2H2

0 þ 3A2
2 þ 2G2

1Þ;
B1 ¼ 0;

B3 ¼ −
G1H0

3
;

H4 ¼ −
H0

480γ40γ
3
2

�
−γ32γ40½12A2

2 þ 4G2
1ð3κ2 þ 2Þ þ ð3H4

0 − 4H2
0 þ 1Þκ4� þ 8β̂γ2γ

2
0

�
6G2

1

�
γ22

�
4γ

þ2γ20 log
γ0
γ2

þ 3

�
þ γ20H

4
0 − 4γ20γ2H

2
0

�
þ κ2

�
ð3γ þ 2Þγ22 þ γ20H

8
0 − γ20ð6γ2 þ 1ÞH6

0 þ γ2H4
0

�
3ð4γ

þ3Þγ2 þ γ20

�
6γ2 log

γ0
γ2

þ 5

��
− 2γ22H

2
0

�
7γ þ 2γ20 log

γ0
γ2

þ 5

���
þ 16β̂2

�
−ð3γ þ 2Þ2γ32

þ 2γ40H
10
0 − γ22H

4
0

�
3ð4γ þ 3Þ2γ2 þ 12γ2γ

4
0log

2
γ0
γ2

þ γ20

�
30γ þ 12ð4γ þ 3Þγ2 log

γ0
γ2

þ 20

��

− γ20γ2H
8
0

�
8γ þ γ20

�
4 log

�
γ0
γ2

�
þ 9

�
þ 6

�
þ 2γ20γ2H

6
0

�
3γ þ 6γ2

�
4γ þ 2γ20 log

γ0
γ2

þ 3

�
þ 2

�

þ4ð3γ þ 2Þγ32H2
0

�
4γ þ 2γ20 log

γ0
γ2

þ 3

���
;

G3 ¼
G1

60γ20γ2

�
γ2γ

2
0½12A2 þH2

0ð3κ2 þ 2Þ − 3κ2� þ 12β̂

�
ð3γ þ 2Þγ2 þ γ20H

4
0

−γ2H2
0

�
4γ þ 2γ20 log

γ0
γ2

þ 3

���
: ðA8Þ

As in the SM case, there are also asymptotic solutions with Að0Þ ¼ −1, gauge equivalent to regular configurations, but they
do not give rise to sphaleron solutions.

3. Composite Higgs

At large r in the topological gauge, the gauge fields must approach zero and satisfy (A1). On the other hand, the scalar
functions F, G should minimize the potential in (5.3), which implies

GðrÞ → 0; HðrÞ ¼ f̂π
2
arccos

�
−

α

2β

�
; for r → ∞; topological gauge: ðA9Þ

After a gauge transformation to the C ¼ 0 gauge, reasoning as was done for the SM yields the following modified boundary
conditions:

AðrÞ → cos θ∞; BðrÞ → sin θ∞;

HðrÞ → f̂π
2
arccos

�
−

α

2β

�
cos

θ∞
2

; GðrÞ → f̂π
2
arccos

�
−

α

2β

�
sin

θ∞
2

; for r → ∞; C ¼ 0 gauge: ðA10Þ

Defining

S∞ ≡ f̂π
2
arccos

�
−

α

2β

�
¼ hhi

2
; ðA11Þ

and writing the asymptotic solutions as follows:

AðrÞ ¼ ð1þ aðrÞÞ cos θ∞ − bðrÞ sin θ∞; BðrÞ ¼ ð1þ aðrÞÞ sin θ∞ þ bðrÞ cos θ∞;

FðrÞ ¼
�
S∞ þ fðrÞ

r

�
cos

θ∞
2

−
gðrÞ
r

cos
θ∞
2

; GðrÞ ¼
�
S∞ þ fðrÞ

r

�
sin

θ∞
2

þ gðrÞ
r

cos
θ∞
2

; ðA12Þ
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then the bounded solutions for aðrÞ, bðrÞ, hðrÞ, gðrÞ depend as in the previous cases on three parameters ca, δ, ch, and take
the form

aðrÞ ¼ ca cosðδÞe−r þOðr−1Þ; bðrÞ ¼ ca sinðδÞe−r þOðr−1Þ;

fðrÞ ¼ che−κr þOðr−1Þ; gðrÞ ¼ −
caS∞
r

sinðδÞe−r þOðr−2Þ: ðA13Þ

Regularity near the origin enforces again the analytic expansion of Eq. (A6), setting the function C to zero. Once again the
expansions depend now on three independent coefficients, A2, H0, G1, with the following relations for the lowest orders:

A4 ¼
1

80H2
0

�
f̂2πðA2H2

0 þ 2G2
1Þ − f̂2π cos

�
4H0

f̂π

�
ðA2H2

0 þ 2G2
1Þ þ 8A2H2

0ð3A2Þ
�
;

B1 ¼ 0; B3 ¼ −
f̂2π

12H0

G1sin2
�
2H0

f̂π

�
;

H2 ¼
1

24f̂πH2
0

�
−2αH2

0 sin

�
2H0

f̂π

�
þ sin

�
4H0

f̂π

�
ð3f̂2πG2

1 − 2βH2
0Þ − 12f̂πG2

1H0

�
;

G3 ¼
G1

120f̂2πH3
0

�
−12f̂2πH0

�
G2

1

�
cos

�
4H0

f̂π

�
þ 4

�
− 2A2H2

0

�
þ 15f̂3πG2

1 sin

�
4H0

f̂π

�
þ 8H3

0 cos

�
2H0

f̂π

�

×

�
αþ 2β cos

�
2H0

f̂π

��
− 10f̂πH2

0 sin

�
2H0

f̂π

��
αþ 2β cos

�
2H0

f̂π

��
þ f̂4πH3

0sin
2

�
2H0

f̂π

��
: ðA14Þ

The former coefficients have a regular limit whenH0 → 0, which is the limit of the ordinary branch of sphalerons. A special
feature of the composite Higgs case is that there are new asymptotic solutions at small r which are gauge equivalent to
regular solutions. These new solutions have nonzero first derivatives for the scalar profiles, and give rise to a new branch of
NCS ¼ 1=2 solutions. Indeed, as mentioned earlier, although regularity of the ansatz (3.6) at r ¼ 0 apparently imposes
AðrÞ → 1 at r → 0, as chosen in (A6), the fact that A is equivalent to −A under a gauge transformation [see (3.8), with
P ¼ π=2] implies that solutions with Að0Þ ¼ −1 are also admissible, being gauge equivalent to regular solutions. In contrast
to the solutions given by Eqs. (A6), (A14), the new ones are as follows:

AðrÞ ¼ −1þ A2r2 þ A4r4 þOðr4Þ; BðrÞ ¼ Oðr4Þ;
HðrÞ ¼ H0 þH1rþH3r3 þOðr4Þ; GðrÞ ¼ Oðr4Þ; ðA15Þ

with two independent constants, A2, H1:

A4 ¼ −
1

30
ð9A2

2 þ 6H2
1Þ;

H0 ¼
f̂ππ
2

;

H3 ¼
1

30f̂2π
ð3αH1 − 6A2f̂

2
πH1 − 6βH1 − 16H3

1Þ: ðA16Þ

As mentioned in the main text, solutions with a given α can be mapped to equivalent solutions with α0 ¼ −α by the
transformation S → Sþ f̂ππ=2. This maps boundary conditions with Sð0Þ ¼ 0—corresponding to regular gauge fields—to
boundary conditions with Sð0Þ ≠ 0—corresponding to fields with a spurious singularity, as was just discussed. In particular,
the family of sphaleron solutions recovering the SM result for large fπ can be realized in terms of both regular or singular
sphalerons, depending on the choice of α.
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