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Abstract—Voltage stability is critical in the power distribution
network. This paper aims to study the dynamic voltage stability
problem. When wind generators reach maximum reactive power
output, the bus voltage will operate near its steady-state stability
limit. In order to avoid voltage instability, a dynamic L-index
minimization approach is proposed by incorporating both wind
generators and other reactive power resources. It then verifies
the proposed voltage stability enhancement method using real
load and wind generation data in the IEEE 14 bus system. The
simulation results show the benefits of proposed methodology in
solving dynamic-state voltage stability enhancement problem.

Index Terms—dynamic-state, loadability margin, PV curves,
reactive power, voltage stability.

I. INTRODUCTION

Voltage instability is a major problem of power systems.
It has caused several incidences in different countries, for
example, the blackouts in Ohio, Michigan, New York and
Ontario on August 14, 2003 [1]. These contingencies and volt-
age collapses have prompted that a significant effort should be
made towards the study and prevention of voltage instabilities.

In recent years, there is a trend of high penetration of
renewable energy in the traditional power grid. Meanwhile,
load characteristics have a significant impact on power system
behaviours [2]. Both load and distributed generations (DGs)
should be taken into account when voltage stability problems
are considered. A load model is a mathematical representation
of the relationship between voltage magnitude and the power
at a bus [3]. It was assumed that loads are constant and
increased in proportion for loadability computation [4]. Load
composition model was proposed in [5], where loads were
modelled as a combination of constant power, constant current
and constant impedance. Additionally, generators were nor-
mally modelled as either PV buses or ideal voltage sources. L-
index was extended to incorporate generator equivalent model
for voltage stability analysis [6]. In the generator equivalent
model, generators were modelled by internal voltages and
impedances to capture the dynamic behaviours of generators.

Several methodologies for voltage stability analysis, such as
Power-Voltage (PV) curves based indices [7], Jacobian matrix
singularity [8], L-index [9] were proposed. These metrics can
reflect the voltage stability condition if the voltage is stable for
a given operating condition. Besides, PV curves also show the
distance for the system between its current operating point and
voltage stability limit. The impacts of variations in reactive
power output of Doubly Fed Induction Generators (DFIGs)

on the voltage stability of systems were studied in many
papers. Wu et al. [10] presented a decoupled control technique
for active and reactive power of DFIGs and it was widely
used in the control design of wind generators with DFIGs.
It was suggested that system dynamics could be dramatically
improved through an appropriate control strategy with reactive
power compensators [11]. Han et al. [12] studied static
synchronous compensator (STATCOM) and its impact on the
integration of a large wind farm into a weak power system.
It was shown that voltage fluctuation could be affected by
the size and location of the STATCOM. Different approaches
were proposed to improve the voltage stability margin. A
singular value sensitivity based optimal control for steady-
State voltage stability enhancement was proposed in [13].
Xu et al. [14] presented an approach of optimal placement
of static compensators for multi-objective voltage stability
enhancement.

In summary, aforesaid approaches studied the impacts of
DG units on the voltage stability. Their impacts on the voltage
stability were studied by considering the variations in reactive
power output of variable-speed wind generators and reactive
power compensators. It was shown that significant improve-
ment in the voltage stability margin could be obtained with
proper coordination controls [15]. Moreover, some dynamic
loads models and wind generations models were taken into
account for dynamic voltage stability analysis. However, little
work has been done on the voltage stability enhancement
using dynamic load data and dynamic wind generation data.
Different from existing works, the objective of this paper is
to study the dynamic voltage stability enhancement problem
with dynamic loads and wind generations.

The main contributions of this paper are:

• It presents a dynamic voltage stability enhancement
method by coordinating the reactive power sources. Both
wind generators and additional installed static VAR com-
pensators (SVCs) are taken into account based on IEEE
14 bus system.

• Real data (from both wind generations and loads) for 24
hours and 1 year are applied in the proposed method for
time-series simulations.

• Benefits on enhancing system loadability are analysed.
The effect of variations in the wind generation and
demand on the loadability is investigated.



This paper is organized as follows. In Section II, system
model and analysis tool are presented. Section III shows
the proposed methodology for voltage stability enhancement.
Section IV verifies the proposed method using IEEE 14 bus
systems together with real dynamic load and wind generation
data. Conclusions are given in Section VI.

II. RELATIONSHIP BETWEEN VOLTAGE AND POWER

Voltage stability is an important measure in power sys-
tem operations. It depends on the system status, such as
the load bus voltage magnitude, the power transmission, the
reactive power injection and absorption. In this section, both
mathematical expression and figures are used to illustrate the
relationship between voltage and power.

A. Mathematical Expression

Newton Raphson method has been widely used in power-
flow study [16], which can be given by[

∆P
∆Q

]
= J

[
∆θ

∆ |V |

]
. (1)

where ∆P and ∆Q are the mismatch equations, and are given
in (2) and (3) below

∆P = −Pe +

N∑
f=1

|Ve| |Vf | (Gef cos θef +Bef sin θef ). (2)

∆Q = −Qe +

N∑
f=1

|Ve| |Vf | (Gef sin θef −Bef cos θef ). (3)

where Pe is the net power injected at the bus e, Qe is the net
reactive power injected at the bus e. Ve and Vf are the voltage
at bus e and f , respectively. Gef is the real part of the element
in Ybus corresponding to the eth row and f th column, Bef is
the imaginary part of the element in Ybus corresponding to the
eth row and f th column and θef is the difference in voltage
angle between the eth and f th buses (θef = δe − δf ). J is
a matrix of partial derivatives, called as Jacobian matrix as
below

J =

[
∂∆P
∂θ

∂∆P
∂|V |

∂∆Q
∂θ

∂∆Q
∂|V |

]
. (4)

Once the computation of Newton Raphson method is com-
pleted, the voltages of both load and generator bus can
be determined by using (1) and expressed as Vj and Vi,
respectively.

B. PV Curves

P-V curve analysis is used to show the voltage stability of
power system and determine the voltage collapse point. For
this analysis, active power of the load at a particular bus is
increased in steps and voltage is then observed. Curves for
those particular buses will be plotted based on the continuous
power flow (CPF) to determine the voltage stability of a
system.

CPF can be used to trace the power flow solution, begins
with a base load and obtains the maximum transfer power by
increasing load. Thus the loadability margin can be obtained
which is the maximum active load at the critical bus in the
power system.

Fig. 1. PV curves in the presence of an SVC

Fig. 1 shows the PV characteristic when the network has a
SVC. It is assumed that the system is operating at the base
point A. Meanwhile the load power is increased from PA to
PC . Without controlling SVC, the new operating point would
be at B. This causes a voltage drop which indicates the power
cost on the transmission line. From point A to point C, it can
be seen that voltage falls slightly with controlling SVC.

III. METHODOLOGY

It is known that power demand and supply are affected by
weather, season, hour of day, etc. Meanwhile, there is a trend
of the high renewable energy penetration in the power system.
These varying power demand and supply may worsen the
imbalance between demand and supply, which may result in
reduced loadability and reach the edge of the voltage stability
limit, hence endanger the whole power system. The objective
of this paper is to enhance the dynamic voltage stability of
power system with distributed generations. L-index is adopted
in this paper as an objective for dynamic voltage stability
enhancement.

A. Objective Function

Loadability margin is used to indicate how much the max-
imum power can be transferred through the transmission line
based on the stability limits and device constraint. L-index
is a linear indicator of voltage stability state of critical load
buses. A smaller value of L-index indicates that the voltage
is more stable. It is assumed that generators are ideal voltage
source and terminal voltages of generators are constants. The
calculation of L-index relies on the real-time measurements,
which can be obtained from phasor measurement units (PMUs)
[17]. The L-index is computed as

Lj =

∣∣∣∣∣1−
g∑
i=1

Fji
Vi
Vj

∣∣∣∣∣ . (5)



where V indicates the voltages at the bus and subscripts j
and i are used to differentiate between load and generator bus
numbers. 1, ..., g are the generators. Fji in (5) is the element
of the Flg matrix which is obtained by admittance matrix
calculation. The relationship between voltage and current is,[

Vl
Ig

]
=

[
Zll Flg
Kgl Ygg

] [
Il
Vg

]
(6)

where Flg is computed as [Flg] = − [Yll]
−1

[Ylg]. Yll is the
self-admittance at the node l and Ylg is the mutual admittances
between the nodes l and g.

The relationship between L-index and loadability is pro-
posed in [18] and verified in [15]. It indicates that a smaller
value of L-index can achieve a larger loadability margin.
Therefore, L-index is employed in voltage stability enhance-
ment as a measure of loadability. Compared to Jacobian matrix
based lowest singular value method, the elements of Fji in the
formulation of L-index are usually readily available. Besides,
the value of L-index is determined only from voltages at
generator and load buses, thus no power flow calculation is
required.

To improve the steady-state voltage stability of the power
system, the loadability margin at all nodes should be maxi-
mized, which in turn minimize the value of L-index for each
bus. The objective function thus can be written by

T (Q) =

n∑
j=g+1

L2
j (7)

where n is the total number of buses in the system.
Reactive power compensation, which is injecting reactive

power into the power system, helps to reduce line currents
and network losses, so that voltages can be kept close to
the nominal values and stability enhanced. Therefore, voltage
stability margins can be significantly improved by appropriate
reactive power compensation. It is assumed that SVC has been
installed on each load bus. Due to the rotor current injection
schemes, the reactive power output can also be controlled.
Controlling wind generators as the sources of reactive power
is feasible. Therefore, the control variables are Qsvc and Qwg ,
which represent the reactive power output of SVCs and wind
generators, respectively. The optimization formulation can be
defined by combining the objective function and the associated
constraints, as follows:

minT (Q) =

n∑
j=g+1

L2
j

s.t. Qminwg ≤ Qwg ≤ Qmaxwg

Qminsvc ≤ Qsvc ≤ Qmaxsvc

(8)

where Q is the control variable including: Qsvc and Qwg .

B. Optimisation Algorithm

Trust region algorithm [15] is applied to find the minimum
value of the objective function. The limits of control variables

are also considered. To implement the trust region, the gradient
of the objective function is provided. The derivation process
of gradient is shown below:

∂T (Q)

∂Vi
=

∂

∂Vi

 n∑
j=g+1

L2
j

 (9)

where the term L2
j can be rewritten as

L2
j =

[
1−

g∑
i=1

Cji
Vi
Vj

]2

+

[
g∑
i=1

Dji
Vi
Vj

]2

(10)

in which
Cji = Fji cos (θji + δi − δj) (11)

Dji = Fji sin (θji + δi − δj) . (12)

The partial derivative for T (Q) with respect to Vi and Vj
can be given as

∂L2
j

∂Vi
= 2

[
1−

g∑
i=1

Cji
Vi
Vj

] [
−Cji
Vj

]
+ 2

[
g∑
i=1

Dji
Vi
Vj

] [
Dji

Vj

]
(13)

∂L2
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Cji
Vi
Vj
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Cji
Vi
V 2
j

]
+

2

[
g∑
i=1

Dji
Vi
Vj

][
−

g∑
i=1

Dji
Vi
V 2
j

]
.

(14)

Finally, the partial derivative for T (Q) with respect to reac-
tive power output of various reactive source can be computed
as 

∂T (Q)
∂Q2

...
∂T (Q)
∂Qn

 =


∂Q2

∂V2
· · · ∂Q2

∂Vn

...
. . .

...
∂Q2

∂V2
· · · ∂Qn

∂Vn


−1 

∂T (Q)
∂V2

...
∂T (Q)
∂Vn

 . (15)

In the optimization, trust region is a local search method that
begin with a given solution. In each iteration, a new solution
will be created. Trust region determines whether to keep the
old solution, or to drop the old one and keep the new one for
the next iteration, which means the better of the two will be
kept.

IV. SIMULATION RESULTS

The proposed method is implemented in Matlab using the
IEEE 14 bus system. Matpower [19] is used to solve power
flow and optimal power flow problems and the tool to draw
the PV curves. The base bus system parameters are from
case14.m produced by Matpower. For the comparison purpose,
there is no control actions in the base condition. Dynamic
optimisation means the power of supply and demand vary
with time. The control algorithm is implemented in an iterative
manner. Once an optimisation is finished with a set of data,
the next cycle will start. During each cycle, loadability margin
can be achieved at the normal operating condition. With



the coordination control of reactive power output of wind
generators and other reactive power sources, larger loadability
can be achieved. Thus, the voltage stability can be enhanced
based on dynamic data.

Fig. 2. IEEE 14 bus System [20]

Fig.2 shows the IEEE 14 bus system. It is assumed that
generators installed on bus 2 are DFIGs. The wind farm
consists of 100 generators, each rated at 2 MW. SVC has been
installed on each load bus, each rated at 50 MVAR. This IEEE
14 bus system contains one wind farm on bus 2. Generation
and load profiles are obtained from Gridwatch provided by
BM reports [21]. The data are for the whole year of 2015. To
simplify the calculations, hourly data are extracted from raw
generation and load profiles. Then, they can be applied to the
proposed method.

Fig. 3. one day hourly PV curves

In Fig.3, 3D PV curves are given using one whole day (1
May 2015) around load and wind generation data. The PV
curves are drawn each hour. Blue lines are normal conditions
where no control action is considered. After optimisation by
using coordination control, the new PV curves are drawn with
red colour. It can be seen that the loadability is enlarged
significantly when applied the proposed method. From 10am

to 9pm, the loadability margins are relative higher, due to the
heavier load compared to the sleeping time.

Fig. 4. hourly loadability benefit in percentage

It is also important to know the growth rate of loadability
between base condition and after optimisation. With one day
real data of wind generation and load, the curve in Fig.4
indicates the one-day hourly benefit from using the proposed
method. The curve is plotted from 1am to midnight. It can be
seen that there are some fluctuations. Higher benefits occur at
6am, 9am, 4pm and 8pm. The highest benefit value is 20.3%
at 6 am and the lowest value is 17.3% at 1am. Due to the loads
are at the same level in the night and in the early morning,
wind generation determines benefits. Higher wind generation
helps achieve higher benefit.

Fig. 5. loadability benefit based on different wind generation and demand.

The benefits of different wind generation and demand are
plotted in 3-dimension shown in Fig.5. It can be seen that
with the increasing of demand, the benefit is decreased. On
the other hand, it is noted that loadability is enlarged when



wind energy is integrated into power system. Therefore, the
integration of wind energy has a positive effect on the power
system. Fig.5 also shows highest value of benefit, i.e. around
28%. In this case, it is caused by higher wind generation and
lower demand. The lowest value (15%) of benefit occurs, when
the system has heavier load and without wind generation.

Fig. 6. comparison of four seasons loadability benefit based on cumulative
distribution functions.

Fig. 6 displays benefits analysis based on cumulative dis-
tribution functions for four seasons in one year based on UK
annual data. The Cumulative Distribution Function indicates
the probability of a random variate less than or equal to a
certain value. It can be seen that the cumulative probability
of red line is always larger than other lines’, when the benefit
is larger than 20.5%. Thus, the proposed method has the best
performance in summer. The heaviest load and lower wind
generation in winter, will caused the worst performance. It is
observed that 80% of the data based on one year loadability
benefit are distributed in the region of 20% to 22%. Hence the
performance of proposed approach is stable.

V. CONCLUSION

A dynamic voltage stability enhancement method is pre-
sented. It is proved that it is feasible to enhance the voltage
stability with proper coordination control of reactive power
output of wind generators and other reactive controllers un-
der dynamic conditions. The L-index based voltage stability
control method is verified in the IEEE 14 bus system. The
benefits of optimisation based on different wind generation
and demand are illustrated. Further, loadability benefits in four
seasons are compared. This proposed method can be easily
extended to other different power networks where the power
system is integrated with wind farms.
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