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Abstract 10 

Turgor, cellular hydrodynamics, mechanical properties of cell wall materials, and addition 11 

of materials to the cell wall are all important for plant cell growth. In order for a plant 12 

cell to grow, the cell wall must loosen and stretch, water must enter the cell, and turgor 13 

pressure must be able to drive drive expansion and provide mechanical support. During 14 

cell growth, the relative change in the water volume and the relative change in cell wall 15 

chamber volume are approximately equal. Mathematical equations for modelling plant 16 

cell growth are described to establish how cell volume and turgor can be calculated. 17 

Mathematical equations for ion transport are introduced to establish how cellular ion 18 

concentrations and osmotic pressure can be calculated. Combination of those equations 19 

formulates a method for modelling plant cell growth. Modelling of auxin dynamics, which 20 

play a key role in controlling cell expansion, is also described. One of the future 21 

challenges is to model the interplay between plant growth and auxin dynamics. 22 

Key words 23 

Plant growth; Mathematical modelling; Turgor; Cell wall; Cellular osmotic pressure; 24 

Ions; Ion transport; Modelling auxin dynamics. 25 

Key concepts 26 

 The plant cell is surrounded by the cell wall. 27 

 In order for a plant cell to grow, the cell wall must loosen and lay down new 28 

material, water must enter the cell to provide the turgor pressure to drive 29 

expansion, and turgor pressure must be able to provide mechanical support. 30 
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 Turgor and cell volume are calculated using the mathematical equations, which 1 

describe how the relative change in the water volume and the relative change in 2 

cell wall chamber volume are approximately equal during the cell growth. 3 

 Cellular ion concentrations and osmotic pressure are calculated using the 4 

equations that describe reversal potentials and voltage gating. 5 

 The phytohormone auxin plays an essential role in many aspects of plant growth 6 

and development. 7 

 Auxin concentration in the cells is a function of multiple factors including 8 

biosynthesis, degradation and conjugation, and transport. 9 

 Modelling auxin dynamics needs to appropriately formulate the equations 10 

including auxin biosynthesis, degradation and transport. 11 

 To model the role of auxin in plant cell growth, it is necessary to establish how 12 

auxin is related to the key factors for plant cell growth including turgor, cellular 13 

hydrodynamics, mechanical properties of cell wall materials, and addition of 14 

materials to the cell wall. 15 

 16 

Introduction 17 

Each plant cell is surrounded by a cell wall. An important role of the plant cell wall is to 18 

provide mechanical support.  Turgor pressure pushing out on the cell wall, as well as the 19 

lignocellulosic properties of the wall itself, is required for mechanical support (Cosgrove 20 

2005; 2016). Plant cell growth responds to the mechanical force exerted by the turgor 21 

pressure in the cell. In order for a plant cell to grow, the cell wall must loosen, water 22 

must enter the cell, and turgor pressure must be able to drive expansion and provide 23 

mechanical support. Moreover, the cell must add new materials to the wall to preserve 24 

its integrity. In addition, the mechanical property of the wall material determines how a 25 

cell wall expands. Therefore turgor, cellular hydrodynamics, mechanical properties of cell 26 

wall materials, and addition of materials to the cell wall are all critical processes for plant 27 

cell growth. See also: DOI: 10.1038/npg.els.0001671; DOI: 28 

10.1002/9780470015902.a0001688.pub2; DOI: 10.1002/9780470015902.a0022336. 29 

The phytohormone auxin plays an essential role in many aspects of plant growth and 30 

development (Vanneste and Friml 2009). It has been shown that plant growth is rapidly 31 

stimulated by auxin (Cleland 1984). Auxin-induced cell growth is related to how auxin 32 

acidifies the extracellular space to make cell walls more extensible (Cosgrove 2005). It 33 

has been shown that reduction of tissue rigidity by auxin is related to the demethyl-34 

esterification of pectin in Arabidopsis (Braybrook and Peaucelle 2013). Since plant cell 35 

growth requires the regulation of cell wall biochemistry (Chebli and Geitmann 2017), 36 
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understanding plant growth also therefore requires an understanding of auxin dynamics 1 

to establish how auxin is related to the key factors  for plant cell growth including turgor, 2 

cellular hydrodynamics, mechanical properties of cell wall materials, and addition of 3 

materials to the growing wall. See also: DOI: 10.1002/9780470015902.a0020090. 4 

Modelling plant cell growth 5 

Based on the mathematical equations developed by Lockard (1965) for  modelling 6 

expansive growth of a cell with walls, Ortega and colleagues (Ortega 2010; Ortega and  7 

Welch 2013) developed the augmented growth equations by  including a transpiration 8 

term that accounts for the water loss from the cell. The relative rate of change in water 9 

volume within the cell is described by equation 1. 10 

lossoi

w

P

w

w TP
V

AL

dtV

dV
 )(    (equation 1) 11 

Where wV  is the water volume, PL is the relative cell wall hydraulic conductance, A is 12 

the wall area for water permeability. 
i and  

o are the cellular osmotic pressure and 13 

extracellular osmotic pressure, respectively. P is the turgor pressure relative to 14 

atmospheric pressure. lossT is the relative rate of change in water volume lost via 15 

transpiration. 16 

The relative rate of change in volume of the cell wall chamber is described by equation 17 

2. 18 
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dP
PP

dtV

dV
c
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1
)(     (equation 2) 19 

Where cwcV is the cell wall chamber volume,   is the irreversible cell wall extensibility, 20 

cP is the critical turgor pressure, and  is the volumetric elastic modulus. 21 

During the growth of a plant cell, the relative change in the water volume, 
dtV

dV

w

w , and 22 

the relative change in cell wall chamber volume,  
dtV

dV

cwc

cwc
, are approximately equal. Thus, 23 

the rate of change in turgor pressure is described by equation 3 if we consider no 24 

transpiration occurs (Ortega 2010). 25 
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 2 

If we consider that major ions in plant cells are 
K , 

Cl , 
2Ca  and  

H , cellular 3 

osmotic pressure is calculated as follows (Liu and Hussey 2014).  4 

)][][][][]([ 2

iiiiii OsmClKHCaRT    (equation 4) 5 

Where R is gas constant, T is temperature. iCa ][ 2
, iH ][ 

, iK ][ 
 and iCl ][ 

are cellular 6 

concentrations  of  these ions. iOsm][ is the concentration of other cellular molecules  7 

that contribute to osmotic pressure in the cell.  8 

Extracellular osmotic pressure is calculated as follows (Liu and Hussey 2014).  9 

)][][][][]([ 2

oooooo OsmClKHCaRT     (equation 5) 10 

Where oCa ][ 2
, oH ][ 

, oK ][ 
 and oCl ][ 

are concentrations  of  these ions in the 11 

extracellular space. oOsm][ is the concentration of other molecules  that contribute to 12 

extracellular osmotic pressure.  13 

Figure 1 summarises how turgor, cellular hydrodynamics, mechanical properties of cell 14 

wall materials, and addition of materials to the cell wall all work together to regulate 15 

plant cell growth. Equations 1-5 can be used to quantitatively calculate cell volume 16 

change during plant cell growth.  17 

---Figure 1 here--- 18 

 19 

Modelling concentration changes of cellular ions 20 

Modelling cellular osmotic pressure in equation 4 requires a calculation of the 21 

concentration of four cellular ions, iCa ][ 2
, iH ][ 

, iK ][ 
 and iCl ][ 

. This needs to 22 

incorporate the properties of ion transporters into the model (Gradmann 2001; Liu et al. 23 

2010b; Liu and Hussey 2014).  24 
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The reversal potentials for the four major ions (potassium, proton, calcium, and chloride) 1 

are as follows. 2 

o
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  (equation 6) 3 

Where 
F

RT
Vref   and F is Faraday constant.  4 

The reversal potentials are used to establish current-voltage relationship (Gradmann 5 

2001; Liu et al. 2010b; Liu and Hussey 2014). The current density due to the action of 6 

any transporter of the four ions can be described using two types of current-voltage 7 

relationship. 8 

 9 

The first type of current-voltage relationship is an ohmic relationship. 10 

)( EVgI m    (equation 7) 11 

The second type of current-voltage relationship is a Goldman-Hodgkin-Katz constant-12 

field relationship. 13 
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 (equation 8) 14 

In equations 7 and 8,  g is membrane conductance, mV  is membrane voltage, and E is 15 

reversal potential, as described by equations 6,  z is the charge of an ion, ][ ic  and ][ oc  16 

are the intracellular and extracellular ion concentrations, respectively. 17 

Membrane voltage, mV , is calculated using equation 9 (Gradmann 2001; Liu et al. 18 

2010b; Liu and Hussey 2014), 19 
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  (equation 9) 2 

where mC  is membrane capacitance. The summation in equation 9 is the total of current 3 

due to ion movement through the cell membrane by the action of all transporters. 4 

 5 

Ion movement through the cell membrane is controlled by voltage gating. The kinetics of 6 

voltage gating for different transporters can vary, depending on the mechanism by which 7 

voltage controls the action of those transporters (Gradmann 2001; Liu et al. 2010b; Liu 8 

and Hussey 2014).  A simple mechanism for voltage gating is described by equation 10. 9 

CO
COOC kk
 

,    (equation 10) 10 

Where O and C are the completely open state and completely closed state, respectively. 11 

OCk  and COk  are the rate constants that control the transition between the open state 12 

(O) and the closed (C) state, and they are functions of membrane voltage. OCk  and COk  13 

follow equation 11 (Gradmann 2001; Liu et al. 2010b; Liu and Hussey 2014). 14 
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  (equation 11) 15 

Where 
0

OCk  and 
0

COk are the rate constants at zero voltage, O  and C  are the voltage-16 

sensitivity coefficients for the open state and closed state, respectively. 17 

Thus, voltage gating can be described using equation 12 (Gradmann 2001; Liu et al. 18 

2010b; Liu and Hussey 2014). 19 

1



CO

CCOOOC
O

PP

PkPk
dt

dP

  (equation 12) 20 

Where OP  and CP  are the probability for the transporter to be at the open and closed 21 

state, respectively. 22 
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A more complex mechanism for voltage gating is described by equation 13 (Gradmann 1 

2001). 2 

12
1,12,2

COC
OCOCOCOC kkkk
  

 (equation 13) 3 

1C  and 2C are two different closed states. Voltage gating for this mechanism is described 4 

by equation 14. 5 

 6 
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  (equation 14) 7 

Where OP , 1CP  and 2CP are the probability for the transporter to be at the open state, the 8 

first closed state, and the second closed state, respectively. 9 

Equations 6-14 can be used to calculate the concentration of four cellular ions, iCa ][ 2
, 10 

iH ][ 
, iK ][ 

and iCl ][ 
 (Liu et al., 2010b; Liu and Hussey 2014). Thus, cellular osmotic 11 

pressure can be calculated using equation 4, and cell volume change during plant cell 12 

growth can be calculated using equations 1-3. 13 

 14 

Modelling as a tool for elucidating the regulation of plant cell growth 15 

Since turgor, cellular hydrodynamics, mechanical properties of cell walls, and addition of 16 

new materials to the cell wall all are required for plant cell growth, different models of 17 

plant cell growth may focus on different aspects and can lead to different conclusions.  18 

Pollen tube growth is an excellent example for plant cell tip growth. There are two main 19 

models of pollen tube growth. The cell wall model considers that cell wall mechanical 20 

properties control growth (Winship et al. 2011) and the hydrodynamic model suggests 21 

that turgor controls growth (Zonia and Munnik 2011). For the cell wall model, it is 22 

suggested that the cell wall sets the pace for pollen tube growth. The main experimental 23 

evidence is that the stiffness of the cell wall is inversely correlated with growth rate, and 24 

that there are no rapid and large-scale turgor changes during growth (Winship et al. 25 
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2011). For the hydrodynamic model, hypertonicity and hypotonicity were shown to cause 1 

the pollen tube apical area to shrink and swell respectively, and these changes 2 

correspond to the doubling and halving of growth rate oscillatory periods respectively, 3 

compared to the oscillatory period of the isotonic growth condition (Winship et al. 2011; 4 

Zonia and Munnik 2011). Therefore, it was suggested that growth rate oscillations in 5 

pollen tube growth are regulated by hydrodynamics. 6 

Hill et al. (2012) developed an osmotic model for pollen tube growth. Their model 7 

predicts that osmotic permeability is restricted to a constant area near the tip of a pollen 8 

tube. Importantly, their model shows that the turgor pressure has two opposing effects - 9 

“controlling the water entry; and controlling the area expansion of the tip wall polymers 10 

(pectin) which translates into new cell volume” (Hill et al., 2012). Kroeger et al. (2011) 11 

developed a model to investigate the relationship between growth rate and turgor. Their 12 

model shows that changes in the global turgor do not influence the average growth rate 13 

in a linear manner. 14 

Liu et al. (2010b) developed a model to investigate the dynamics of four major ions 15 

(Ca2+, K+, Cl-, H+) in pollen tube growth. This model shows that tip and shank of a pollen 16 

tube forms an integrative system generating oscillations at the tip.  Liu and Hussey 17 

(2014) developed a model that integrates the interplay of hydrodynamics, cell wall and 18 

ion dynamics. They have developed a method to dissect the regulation of 19 

hydrodynamics, cell wall and ion dynamics in pollen tube growth. Kato et al. (2010) 20 

developed a model that shows that vesicle trafficking can be directly correlated with the 21 

pollen tube growth rate. In addition, Rojas et al. (2010) developed a detailed model of 22 

cell wall mechanics that proposes a negative feedback between growth rate and vesicle 23 

secretion. Eggen et al. (2011) investigated the role of cell wall ageing in pollen tube 24 

growth. Yan et al. (2009) developed a model that investigates the role of calcium in 25 

participating in feedback regulation of the oscillating ROP1 Rho GTPase. 26 

All these modelling efforts were aimed at elucidating pollen tube growth. Unsurprisingly, 27 

different models have focused on different aspects due to the complexity as described by 28 

equations 1-14. A future challenge is to integrate a wide range of biological data into a 29 

model that can make predictions for further experimental examination.  30 

 31 

Modelling auxin dynamics 32 
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The phytohormone auxin plays an essential role in many aspects of plant growth and 1 

development (Vanneste and Friml 2009). It has been shown that plant growth is rapidly 2 

stimulated by auxin (Cleland 1984). Auxin-induced cell growth is related to how auxin 3 

acidifies the extracellular space of plant cells to make cell walls more extensible 4 

(Cosgrove 2005). Thus, modelling auxin dynamics is an important aspect for modelling 5 

plant growth. See also: DOI: 10.1002/9780470015902.a0023733. 6 

Auxin concentration in the cells is a function of multiple factors including biosynthesis 7 

(Ljung 2013; Zhao  2014), degradation (Ljung 2013) and conjugation (Ludwig-Muller 8 

2011), and transport.  Importantly, auxin patterning in plant tissue with multiple cells 9 

such as Arabidopsis root is predominantly regulated by auxin transport proteins 10 

(Zazimalova et al. 2010). 11 

Auxin concentration can display distinct patterns in plant tissue with multiple cells, such 12 

as the Arabidopsis root. Measuring auxin concentration reveals the presence of IAA 13 

concentration gradients within the Arabidopsis root tip with a distinct maximum in the 14 

organizing quiescent centre of the root apex (Petersson et al. 2009). Many auxin 15 

reporter gene expression studies, including DR5 (Ulmasov et al. 1997; Sabatini et al., 16 

1999), DII-VENUS (Brunoud et al. 2012), and R2D2 (Liao  et al. 2015) reporter data,  17 

also indicate the existence of auxin signalling gradients in the Arabidopsis root. In 18 

addition, computational modelling suggests that auxin transporters play key roles in 19 

forming auxin gradients (Band et al. 2014; Bennett et al. 2016; Grieneisen et al. 2007). 20 

The mass balance of auxin can be generally described using equation 15. 21 

auxinauxinauxin TDB
t

auxin




 ][
  (equation 15) 22 

Where ][auxin  is auxin concentration; auxinB  is  the rate for auxin biosynthesis; auxinD  is 23 

the rate for auxin degradation; and auxinT  is the rate for auxin transport. 24 

Modelling auxin dynamics needs to appropriately formulate the equations for auxinB , 25 

auxinD  and auxinT . These equations can be very complex due to the multiple-level 26 

regulation of auxin biosynthesis and degradation, as well as due to passive transport by 27 

diffusion and active transport by the actions of auxin transporters (Liu et al. 2010a; 28 

2013; Moore et al. 2015a; 2015b; 2017). Modelling auxin dynamics therefore needs 29 

careful consideration of these different aspects (Liu et al. 2010a; 2013; Moore et al. 30 

2015a; 2015b; 2017). For example, each of the kinetics of auxin biosynthesis, 31 

Commented [LK1]: add in Sabatini ref 
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degradation, and transport can be regulated by other hormones and the associated 1 

genes. Therefore, how to formulate kinetic equations for modelling auxin biosynthesis, 2 

degradation, and transport under the constraints of thermodynamic and kinetic 3 

principles should be carefully examined. How auxin moves through a complex spatial 4 

structure should also be carefully explored. See also: DOI: 5 

10.1002/9780470015902.a0023733. 6 

Perspectives for modelling the interplay between plant growth and auxin 7 

dynamics  8 

The phytohormone auxin plays an essential role in many aspects of plant growth and 9 

development (Vanneste and Friml 2009), and so modelling plant growth requires an 10 

examinination of the dependence of plant growth on auxin dynamics. Cell growth and 11 

division can change cell volume, shape and number, leading to a complex spatial 12 

structur. Plant growth itself may affect auxin concentration and patterning, and so 13 

modelling auxin dynamics needs to consider the effects of plant growth on auxin 14 

dynamics. Figure 2 schematically describes the relationship between auxin dynamics and 15 

plant growth. 16 

--- Figure 2 here--- 17 

Specifically, modelling the role of auxin in plant cell growth needs to establish how auxin 18 

is related to the key factors for plant cell growth including turgor, cellular 19 

hydrodynamics, mechanical properties of cell wall materials, and addition of materials to 20 

the cell wall. As indicated above, it has been shown that reduction of tissue rigidity by 21 

auxin is related to the demethyl-esterification of pectin in Arabidopsis (Braybrook and 22 

Peaucelle 2013). In equation 2, parameter  is the irreversible cell wall extensibility. 23 

Linking auxin concentration or response with parameter   in equation 2 via the 24 

demethyl-esterification of pectin could be possible to model how auxin affects growth by 25 

regulating cell wall extensibility. Moreover, experimental data showed that cell division of 26 

postembryonic plant organ follows certain rules (vonWangenheim et al. 2016) and that 27 

auxin can override a geometric division rule for some cells in root development (Yoshida 28 

et al. 2014). How auxin regulates cell division should also be further explored using 29 

mathematical modelling. Furthermore, since auxin can regulate both cell growth and 30 

division, mathematical modelling should try to develop an integrative view of how plant 31 

growth across multiple cells is regulated by auxin, by integrating plant cell growth as 32 

described by equations 1-14, with plant cell division. In principle, modelling the interplay 33 

between plant growth and auxin dynamics could adapt a range of modelling tools 34 
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available for modelling different aspects of plant cells (Liu et al. 2010c; 2014; Liu and 1 

Hussey 2011). 2 

 3 
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 1 
 2 

Figure 1. A schematic description about modelling plant cell growth.  This figure shows 3 

how the key factors including water volume, cell wall chamber volume, turgor, cell wall 4 

properties, addition of materials to cell wall,  as well as cellular and extracellular osmotic 5 

pressure are related during cell growth. Equations 1-14 in the text establish how these 6 

factors are quantitatively connected with each other during cell growth. 7 

 8 

 9 
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Figure 2. A schematic description about modelling the interplay between plant growth 1 

and auxin dynamics. This figure shows how equations 1-14 can be coupled with equation 2 

15. 3 

 4 

 5 


