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STABILITY OF THE CUT LOCUS AND A CENTRAL LIMIT THEOREM FOR

FRÉCHET MEANS OF RIEMANNIAN MANIFOLDS

BENJAMIN ELTZNER],†,§, FERNANDO GALAZ-GARCÍA∗,†,‡, STEPHAN F. HUCKEMANN],†,¶,
AND WILDERICH TUSCHMANN∗,†

Abstract. We obtain a Central Limit Theorem for closed Riemannian manifolds, clarifying along
the way the geometric meaning of some of the hypotheses in Bhattacharya and Lin’s Omnibus
Central Limit Theorem for Fréchet means. We obtain our CLT assuming certain stability hypothesis
for the cut locus, which always holds when the manifold is compact but may not be satisfied in the
non-compact case.

1. Introduction

Statistics on Riemannian manifolds has attracted much interest, it being the natural setting
for considering data on smooth curved spaces. In this context, Bhattacharya and Patrangenaru
proved in their seminal work [7, 8] a Central Limit Theorem (CLT) for intrinsic Fréchet means
on Riemannian manifolds (see [8, Theorem 2.1]). More recently, Bhattacharya and Lin obtained
an Omnibus CLT for intrinsic Fréchet means on more general metric spaces and discussed some
of its Riemannian consequences (see [6, Theorem 2.2] or Section 4 below). In this note we further
examine the Omnibus CLT in the Riemannian setting and shed light on the roles played by the cut
locus and compactness.

Before stating our main result, let us discuss its context (see Section 4 for a more detailed
discussion). Let M be a complete Riemannian m-manifold and let µ be a probability measure on
M . We denote the distance between two points p, q ∈ M by d(p, q) and let Up be an open normal
neighborhood around p ∈M , so that there exists a system of normal coordinates ϕ : Up ⊆M → V ⊆
TpM ∼= Rm given by the inverse of the exponential map expp : TpM → M . Necessary conditions

for the
√
n-asymptotic Gaussian CLT for intrinsic Fréchet means on Riemannian manifolds are

obviously (where we have followed the numbering in [6]):

(A1) The existence and uniqueness of the Fréchet mean of the measure µ (which is a difficult
issue, e.g. [18, 21, 23, 12, 1] not covered here).

(A3) µn
P→µ, where µn is the empirical distribution based on n independent random variables

with common distribution µ (which can be assumed due to the very general strong laws of
Ziezold [29] and Bhattacharya–Patrangenaru [7]).
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(A4) The existence of moments of derivatives of the function given by v 7→ d(ϕ−1(v), p)2, for
p ∈ M (1st moment of 2nd derivative and 2nd moment of 1st derivative), which go into
the covariance of the asymptotic Gaussian distribution (which are the analogs of standard
requirements in the Euclidean case).

(A6) Non-singularity of the Hessian Hessv=0 E[d(ϕ−1(v), p)2], for p ∈ M , which is a necessary
condition for a

√
n-limiting law.

In addition to (mild generalizations of) the preceding conditions (see Section 4), the Omnibus CLT
in [6] additionally requires:

(A2) Twice differentiability of the function v 7→ d(ϕ−1(v), p)2 for µ-a.e. p ∈M .
(A5) Locally uniform L1 smoothness of the Hessian of d(ϕ−1(v), p)2, for p ∈M (see Section 4 for

this property’s precise definition and for a more detailed discussion of the conditions listed
above).

We believe that (A5) is deeply related to (A2). In particular, it would seem from [6, Corollary 2.3]
that (A2) is implied by the following condition involving the cut locus of the Fréchet mean:

(C) There exists a neighborhood of the cut locus of the unique Fréchet mean carrying no prob-
ability.

In this contribution, we show that this is true on compact Riemannian manifolds but false in
general, leading to the following refinement of [6, Corollary 2.3]. Recall that a manifold is closed if
it is compact and has no boundary.

Theorem A (CLT for intrinsic Fréchet means on closed Riemannian manifolds). Let (M, g) be
a complete Riemannian m-manifold. Let µ be a probability measure on M with unique Fréchet
mean qo. Suppose that the cut locus is topologically stable and that there exists a neighborhood W
of Cut(qo) ⊆ M such that µ(W ) = 0. Let Uqo ⊆ M be an open normal neighborhood of the mean
qo, so that

ϕ = exp−1qo : Uqo ⊆M −→ ϕ(Uqo) ⊆ TqoM ∼= Rm

is a diffeomorphism and, for each p ∈M , let h(·, p) : φ(Uqo) ⊆ Rn → R be given by

v 7→ h(v, p) = d2(ϕ−1(v), p).

Let qno be any measurable selection from the Fréchet sample mean set of the empirical distribution
µn = 1

n

∑n
j=1 1Yj based on independent random variables {Yj}nj=1 taking values in M with common

distribution µ. If assumptions (A4)–(A6) hold, then

√
n(ϕ(qno )− ϕ(qo))

L−→ N(0,Λ−1CΛ−1) as n→∞,

where C is the covariance matrix of

{Djh(ϕ(qo), Y1) : j = 1, . . . ,m}

and

Λ = (EDj,j′h(ϕ(qo), Y1))j,j′=1,...,m.

We obtain Theorem A as a consequence of the Omnibus CLT, under the more general assumption
that, for any point p ∈M , the cut locus Cut(p) of p is (topologically) stable, i.e. that for any open
neighborhood U(Cut(p)) of Cut(p) in M , there exists r > 0 such that Cut(B(p, r)) ⊆ U(Cut(p)).
This property is implied by the compactness of M and is in general not true for complete, non-
compact Riemannian manifolds (see Section 3). Counterexample 4.3 shows that this stability prop-
erty is in fact necessary in order to apply the Omnibus CLT. As pointed out in [6], Theorem A
improves upon Bhattacharya and Patrangenaru’s CLT for the intrinsic Fréchet mean in [8] and [5,
Theorems 2.3 and 5.3].
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Our article is organized as follows. In Section 2 we recall basic material on the Fréchet function
and the Fréchet mean. In Section 3 we recall basic material on the cut locus, discuss different
notions of stability, and show that the cut locus of a closed Riemannian manifold is topologically
stable. We use this fact in Section 4, where we discuss the Omnibus CLT and prove Theorem A.

Acknowledgements. The authors wish to thank Luis Guijarro for helpful conversations.

2. Fréchet means

In this section we recall some basic material on Fréchet means.

2.1. Basic definitions. Although we will work in the Riemannian setting, the basic objects we
consider can be defined in the more general context of metric measure spaces and we will define
them in this generality. For an in depth review of means in the Riemannian case, including a
historical discussion, we refer the reader to [1].

Definition 2.1. Let (Q, d) be a complete, separable metric space and let µ be a non-negative,
locally finite measure on the Borel σ-algebra (or σ-field) of Q. The triple (Q, d, µ) is a metric
measure space.

Usual examples of metric measure spaces include complete Riemannian m-manifolds with the
canonicalm-dimensional volume measure,m-dimensional Alexandrov spaces (with curvature bounded
below) with the m-dimensional Hausdorff measure, and RCD∗(K,N) spaces. Alexandrov spaces
generalize complete Riemannian manifolds with a uniform lower sectional curvature bound, while
RCD∗(K,N) spaces generalize complete Riemannian manifolds with Ricci curvature bounded below
by K and dimension bounded above by N .

Definition 2.2. Let (Q, d, µ) be a metric measure space. The Fréchet function of the measure µ
is the real-valued function

F : Q→ R

q 7→
∫
Q
d2(q, p)dµ(p)(2.1)

The value F (q) ∈ R, if existent, is the expected squared distance from the point q ∈ Q.
Suppose that F is finite for some q ∈ Q and that it has a minimum value

m = min
q∈Q

F (q).

Let F−1(m) ⊂ Q be the preimage of the minimum value m. As customary, we call the elements
of F−1(m) the minimum points (or minimizers) of the Fréchet function F . This set is sometimes
denoted in the literature by

argminq∈Q F (q).

Note that the Fréchet function always has a minimum if Q is compact.

Definition 2.3. Let (Q, d, µ) be a metric measure space, let F be its Fréchet function and assume
that F has a minimum value m. The set F−1(m) of minimum points of F is the Fréchet mean set
of (Q, d, µ). If the Fréchet mean set consists of a single point qo ∈ Q, we say that the Fréchet mean
of (Q, d, µ) exists and is equal to qo.

Note that in the literature the Fréchet mean is also known as the barycenter or center of mass
(cf. [1, 9, 28]). In the special case where the metric measure space is a (complete) Riemannian
manifold with the volume measure, the Fréchet mean is known as the (Riemannian) center of mass
or Karcher mean (cf. [13, 18, 19]).
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The Fréchet mean set exists under fairly general conditions on (Q, d, µ). Indeed, in the Riemann-
ian case, completeness of the metric and finiteness of the Fréchet function suffice. This was proven
in [7]. The argument, however, is metric and carries over to metric measure spaces that satisfy the
Heine–Borel property (i.e. all closed bounded subsets are compact).

Proposition 2.4 (cf. [7, Theorem 2.1 (a)]). Let (Q, d, µ) be a metric measure space that satisfies
the Heine–Borel property and let F be its Fréchet function. If there is a point q ∈ Q such that F (q)
is finite, then the Fréchet mean set is a nonempty compact subset of Q.

Granted the existence of the Fréchet mean set, it is of interest to find conditions that ensure that
it consists of a single point. This is the case, for example, when the metric measure space is a CAT(0)
space (i.e. it is simply connected and has non-positive curvature in the triangle-comparison sense).
This was proven for Riemannian manifolds in [7, Theorem 2.1 (b)] and, for CAT(0) metric measure
spaces, by Sturm [28]. In the case of lower curvature bounds, the situation is more complicated
(see, for example, [25] for Alexandrov spaces with non-negative curvature or [1] for Riemannian
centers of mass).

Remark 2.5. One may also consider extrinsic Fréchet means, defined in terms of an isometric
embedding of a metric space into an ambient Euclidean space (see [7, Section 3]). We will not
consider these here. The Fréchet mean we have defined is also known as the intrinsic Fréchet mean
(cf. [7]). Since this object is an invariant of the metric measure space, we will refer to it, when it
exists, simply as the Fréchet mean (of the metric measure space).

2.2. Fréchet sample means. Let (Q, d, µ) be a complete metric measure space. Assume that F
is finite on Q and has a unique minimizer qo (which is, by definition, the Fréchet mean of µ). Let
n be a positive integer and let {Yj}nj=1 be independent random variables taking values on Q with
common distribution µ. The empirical distribution µn based on the random variables Yj is given by

µn =
1

n

n∑
j=1

1Yj ,

where 1Yj is the characteristic function of Yj . The Fréchet sample mean (set) is the Fréchet mean
(set) of µn, that is, the set of minimizers of the Fréchet function of µn, given by

Fn(q) =
1

n

n∑
j=1

d(q, Yj)
2.

Under broad conditions, for example, for metric spaces which satisfy the Heine–Borel property,
every measurable choice qno from the Fréchet sample mean set of µn is a consistent estimator of
qo, that is, qno → qo almost surely, as n → ∞ (see [7, Theorem 2.3]). This also holds for separable
pseudo-metric spaces, by the work of Ziezold [29] (noting that in [29] a pseudo-metric is called a
finite quasi-metric). The requirement that the space satisfies the Heine–Borel property has been
relaxed in [16, Theorem A.4], where one only requires that the closure of the union from some finite
n to ∞ of the sample mean sets satisfies the Heine–Borel property. This allows, for example, for
infinite dimensional Riemannian manifolds and Alexandrov spaces.

Remark 2.6. The (local) regularity of the Fréchet function F on a Riemannian manifold with a
probability measure µ is an important assumption in the proofs of central limit theorems for Fréchet
means. This is already the case in Bhattacharya and Patrangenaru’s Central Limit Theorem for
Fréchet means on Riemannian manifolds [8, Theorem 2.1] and is also assumed as a hypothesis in the
proof of the Omnibus Central Limit Theorem (see [6, Theorem 2.2] and compare with Theorem 4.1).
Obtaining necessary and sufficient conditions that ensure the regularity of the Fréchet function is a
non-trivial problem, as it is important to understand how the cut loci of nearby points are related
(see Section 3).
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3. The Riemannian cut locus

In this section we review some basic facts about the cut locus, following [26, Chapter III, Section
4]. We then consider stability conditions for the cut locus that will play a role in the next section.

3.1. Background. Let M be a complete Riemannian manifold, i.e. a C∞-manifold with a complete
C∞ Riemannian metric. We let UpM ⊂ TpM be the unit tangent space of M at p. We will denote
the unit tangent bundle of M by UM . Given p ∈ M , the exponential map expp is defined on all
of TpM and, since M is complete, there exists a minimal (i.e. distance-realizing geodesic) segment
between any two points of M . We say that a geodesic γ : [a, b]→M is normal if it is parametrized
with respect to arc-length, i.e. if ||γ′(t)|| = 1 for all t ∈ [a, b]. Given a unit tangent vector u ∈ UpM ,
we will denote by γu : [0,∞]) → M the geodesic starting out from p with initial direction u. We
assume throughout that our Riemannian manifolds are connected.

Define

t(u) = sup{ t > 0 | d(p, γu(t)) = t },(3.1)

that is, t(u) is the supremum of the values t such that γu|[0,t] is a minimal geodesic. Clearly,
0 < t(u) ≤ ∞ and, if t(u) is finite, then it is the last value of t such that γu|[0,t] is minimal. Recall
that if γ is a geodesic segment joining two points p, q ∈M , q is conjugate to p along γ if there is a
non-zero Jacobi field along γ vanishing at p and q. It is a basic fact in Riemannian geometry that
geodesics emanating from a given point p ∈M do not minimize past their first conjugate point.

Proposition 3.1 (cf. [26, III, Proposition 4.1]). Let M be a complete Riemannian manifold, fix
p ∈M and let u ∈ UpM be a unit tangent vector.

(1) Suppose that t(u) <∞. Then T = t(u) if and only if γu|[0,T ] is a normal minimal geodesic
and at least one of the following conditions holds:

(a) γu(T ) is the first conjugate point of p along γu;

(b) there exists a unit tangent vector v ∈ UpM , v 6= u, such that γu(T ) = γv(T ).
(2) The function t : UM → [0,∞] given by u 7→ t(u) is continuous.

Note that if M is compact, then t(u) is finite for any u ∈ UM , and vice versa.

Definition 3.2. Let M be a complete Riemannian manifold, let p ∈ M and fix u ∈ UpM . If
t(u) < ∞, we call t(u)u ∈ TpM the tangent cut point of p along γu. Similarly, we call expp t(u)u
the cut point of p along γu. The sets

C̃ut(p) = { t(u)u | u ∈ UpM, t(u) <∞},

Cut(p) = expp(C̃ut(p))

are called, respectively, the tangent cut locus, and the cut locus of p. Let

Ĩnt(p) = { tu | 0 < t < t(u), u ∈ UpM }.

We call

Int(p) = expp(Ĩnt(p))

the interior set at p.

The tangent cut locus, the cut locus and the interior set of p are related in the following way.

Proposition 3.3 (cf. [26, III, Lemma 4.4]). Let M be a complete Riemannian manifold and fix
p ∈M . Then the following assertions hold:

(1) Int(p) ∩ Cut(p) = ∅, M = Int(p) ∪ Cut(p), and Int(p) = M .
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(2) Ĩnt(p) is a maximal domain containing the origin op ∈ TpM , on wich expp is a diffeomor-
phism.

(3) Cut(p) has volume zero in M , and dim(Cut(p)) ≤ m− 1.

It follows that, for any point q ∈M\Cut(p), there exists a unique normal minimal geodesic joining

p to q. In particular, if M is compact and m-dimensional, then Ĩnt(p) is an m-dimensional open

ball whose boundary ∂C̃ut(p) is homeomorphic to Sm−1. Hence M may be obtained from the cut

locus Cut(p) by attaching an m-dimensional ball via the exponential map expp : C̃ut(p)→ Cut(p)
Moreover, Cut(p) is a strong deformation retract of M \ {p}. Observe that, if q is a cut point of p
along γ, then p is a cut point of q along t 7→ γ(t(u)− t).

Now we recall some facts about the distance function d : M → R of a complete Riemannian
manifold M . Given p ∈M , we define the distance function dp : M → R to p by

dp(q) = d(p, q).

The function dp is a continuous function.

Proposition 3.4 (cf. [26, III, Proposition 4.8]). Let M be a complete Riemannian manifold and
fix p ∈M . Then the following assertions hold:

(1) The distance function dp is of class C∞ on M \ {Cut(p) ∪ {p}}.
(2) The gradient vector ∇dp(q) of dp at q ∈M \ {Cut(p) ∪ {p}} is given by

(∇dp)(q) =
∂

∂t
γpq(dp(q)),(3.2)

where γpq denotes a unique minimal geodesic from p to q parametrized by arc length. In
particular, ||(∇dp)(q)|| = 1.

(3) If there exist at least two normal minimal geodesics γ1, γ2 joining p to q, then dp is not
differentiable at q. Note that such q belong to Cut(p).

For the Hessian of dp we have the following result, which follows from the second variation
formula.

Proposition 3.5 (cf. [26, III, Lemma 4.10]). Let q ∈ M \ {Cut(p) ∪ {p}} and fix u ∈ TqM . Take
a normal minimal geodesic γ : [0, dp(q)] → M joining p to q. Let X(t) be a Jacobi field along γ
satisfying the boundary condition X(0) = 0, X(dp(q)) = u, and let

X⊥(t) = X(t)− 〈X(t), γ̇(t)〉γ̇(t)

be the Jacobi field that is the vertical component of X(t) with respect to γ̇. Then

Hess dp(q)(u, u) = 〈∇γ̇X⊥(dp(q)), X
⊥(dp(q))〉.(3.3)

We now consider the halved square of the distance function. Let M be a complete Riemannian
manifold and fix p ∈M . Let hp : M → R be given by

q 7→ hp(q) =
1

2
dp(q)

2.

Then hp is of class C∞ on M \ Cut(p) and, for u ∈ TpM , the following hold:

||∇hp(q)|| = dp(q),

Hesshp(u, u) = dp(q)〈∇γ̇X(dp(q)), X(dp(q))〉,

where X and γ are as in Proposition 3.5.
6



3.2. Stability of the cut locus. Let M be a complete Riemannian manifold. Recall that Cut(p) ⊂
M is a closed subset of M for all p ∈ M (see, for example, [10, Corollary 13.2.10]). Given p ∈ M ,
we let B(p, r) be an open ball of radius r centered at p and let Cut(B(p, r)) be the cut locus of the
ball (defined as the union of the cut loci of the points in B(p, r)). Recall that M is closed (resp.
open) if it is compact (resp. non-compact) and has no boundary.

Definition 3.6 (Topological stability). Let M be a complete Riemannian manifold. The cut locus
Cut(p) of a point p ∈M is topologically stable if, for any open neighborhood U(Cut(p)) of Cut(p) in
M , there exists r > 0 such that Cut(B(p, r)) ⊆ U(Cut(p)). We say that the cut locus is topologically
stable if it is topologically stable for all p ∈M .

The topological stability of the cut locus of a closed Riemannian manifold is a consequence of
the following continuity result (cf. item (2) in Proposition 3.1 and its proof in [26]).

Lemma 3.7. Let M be a closed Riemannian manifold. Let {(pn, vn)}∞n=1 ⊆ TM be a sequence

with vn ∈ C̃ut(pn), the tangent cut locus of pn. If (pn, vn) → (p, v), for some (p, v) ∈ TM , then

v ∈ C̃ut(p), the tangent cut locus of p.

Proof. Let pn ∈ M , vn ∈ C̃ut(pn) ⊆ TpnM , and suppose that (pn, vn) → (p, v), with p ∈ M and
v ∈ TpM . Then, after maybe passing to a subsequence, one of the following holds:

(a) det(d((exp)pn)vn) = 0 and this passes to the limit, since exp is a smooth function on TM , or

(b) for each n there exists wn ∈ TpnM with wn 6= vn and |wn| = |vn| such that exppn(vn) =
exppn(wn), the geodesics t 7→ exppn(tvn) and s 7→ exppn(swn), 0 ≤ s, t ≤ |vn| minimize,
and wn → w for some w ∈ TpM . If v = w, then let us see that det(d(expp)v) = 0. Sup-
pose, to the contrary, that det(d(expp)v) 6= 0. Thus the map Φ: TM → M ×M given by
(q, u) 7→ (q, expq(u)) is regular at (p, v). Then, by the inverse mapping theorem, there exists

an open neighborhood Ũ of (p, v) in TM such that the restriction Φ: Ũ ⊂ TM →M ×M
is a diffeomorphism onto its image. Now, since v = w, there exists N ∈ N such that

(pn, vn), (pn, wn) ∈ Ũ for n ≥ N . On the other hand, since exppn(vn) = exppn(wn), we have
Φ(pn, vn) = Φ(pn, wn), which is a contradiction. If v 6= w, we are done as well, so v must lie
in the tangent cut locus of p with respect to g.

Thus, we conclude in both cases that v ∈ C̃ut(p). �

Corollary 3.8. If M is a closed Riemannian manifold, then the cut locus is topologically stable.

Proof. Suppose, for the sake of contradiction, that the conclusion of the corollary does not hold.
Then there exist a point p ∈M , an open neighborhood U(Cut(p)) and a sequence of points pn ∈M
and tangent vectors vn ∈ C̃ut(pn) such that pn → p and exppn(vn) /∈ U(Cut(p)). Since M is
compact, its diameter is finite, so the sequence {(pn, vn)} lies in a compact subset of the tangent
bundle TM . Hence, after passing to a subsequence if necessary, there exists v ∈ TpM such that

(pn, vn) → (p, v). Thus, by Lemma 3.7, v ∈ C̃ut(p). Since the exponential map is continuous,
exppn(vn)→ expp(v) ∈ Cut(p), which yields a contradiction. �

Compactness is necessary in Corollary 3.8. Indeed, the cut locus may not be topologically stable
for open (i.e. complete and non-compact) manifolds, as the following examples show.

Example 3.9 (The flat cylinder). In a flat cylinder C = S1 × R, the cut locus Cut(p) of a point
p ∈ C is a line ` opposite to the line passing through p. Hence, the cut locus of a small open
neighborhood around p is isometric to a flat band (−ε, ε) × R with {0} × R = `, for some small
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ε > 0. Hence, any open neighborhood of Cut(p) = ` that does not contain a band centered at ` with
fixed width yields a counterexample to the topological stability condition. We explicitly construct
such a counterexample below.

Consider C = C/ ∼, with x + iy = z ∼ z′ = x′ + iy′ if and only if (x − x′)/2π ∈ Z and
y = y′, equipped with the canonical, quotient geometry. For convenience, we identify C with
{z = x + iy ∈ C : −π ≤ x ≤ π} and obtain a flat space. Note, however, that C is not of global
non-positive curvature in the triangle-comparison sense, i.e. C is not a CAT(0) space, since it is not
simply connected. Since geodesic segments are either vertical segments or traces on C of straight
lines in C, the set

Cut(iy0) = {−π + y : y ∈ R} ,
is non-empty for any y0 ∈ R, and

U(Cut(iy0)) = {x+ iy ∈ C : π − x < 1/|y| < π or π + x < 1/|y| < π}
∪ {x+ iy ∈ C : 0 6= x and |y|π ≤ 1}

is a neighborhood of Cut(iy0). This neighborhood has the property that for every vertical line
Lr = {z ∈ H : <(z) = π − r}, 0 < r < π, we have Lr 6⊆ U(Cut(iy0)). However, since every geodesic
ball B(iy0, r) of radius 0 < r < π about iy0 has the property that Lr/2 ⊆ Cut

(
B(iy0, r)

)
we have

that Cut
(
B(iy0, r) 6⊆ U(Cut(iy0)) for every 0 < r < π, i.e. the cut locus is not topologically stable.

�

In Example 3.9 above, Cut
(
B(iy0, r)

)
= B(Cut(iy0, r)). Thus the following condition, which is

weaker than the topological stability of the cut locus, holds on the flat cylinder.

Definition 3.10 (Metric stability). Let M be a complete Riemannian manifold. Let p ∈ M and
let B(p, r) be an open ball of radius r centered at p. Let Cut(B(p, r)) be the cut locus of the
ball (defined as the union of the cut loci of the points in B(p, r) and let B(Cut(p), r) denote the
open r-neighborhood of Cut(p). We say that the cut locus Cut(p) of a point p ∈ M is metrically
continuous at p ∈ M if, for any ε > 0, there exists δ > 0 such that Cut(B(p, δ)) ⊆ B(Cut(p), ε).
We say that the cut locus is metrically stable if Cut(p) is metrically stable for all p ∈M .

Note that topological stability implies metric stability. Example 3.9 shows that metric stability
does not imply topological stability when the manifold is non-compact. Assuming compactness,
however, metric stability does imply topological stability. Hence, in the compact case, both prop-
erties are equivalent.

Proposition 3.11. Let M be a closed Riemannian manifold. If the cut locus is metrically stable,
then it is topologically stable.

Proof. Suppose that the cut locus is metrically stable, fix p ∈ M and let U(Cut(p)) be an open
neighborhood of Cut(p) in M . Since M is compact and Cut(p) ⊂ M is a closed subset of M , it
follows that Cut(p) is compact. Since M \ U(Cut(p)) is also compact and the distance function
d : M ×M → R is continuous, there exists ε > 0 such that B(Cut(p), ε) ⊆ U(Cut(p)). Since the cut
locus is metrically stable, there exists δ > 0 such that Cut(B(p, δ)) ⊆ B(Cut(p), ε) ⊆ U(Cut(p))
and the conclusion follows. �

In view of Proposition 3.11, when M is compact we can simply say that the cut locus is stable.
There are, however, open Riemannian manifolds on which not even metric stability holds.

Example 3.12 (The Beltrami trumpet). We start with the upper half model of the hyperbolic
plane, i.e. the complex upper half plane H = {z = x + iy : x ∈ R, y > 0} equipped with the
hyperbolic Riemannian metric

ds2 =
dx2 + dy2

y2
8



leading to the hyperbolic distance

dH(x1 + iy1, x2 + iy2) = arcosh

(
1 +

(x1 − x2)2 + (y1 − y2)2

2y1y2

)
,(3.4)

for z1 = x1 + iy1, z2 = x2 + iy2 ∈ H (see, for example, [20, Ch. 1]). Further, consider its quotient

T = {[z] : z ∈ H},

where

[z] = {z + 2kπ : k ∈ Z},
equipped with the canonical quotient geometry. The Riemannian manifold T is well known under
various names, among others the Beltrami trumpet (see [4, Fig. 1.60] and compare with [27, Ch.
5.2], where this manifold is called the complete pseudosphere). For convenience, we identify T with

{z = x+ iy : −π ≤ x < π, y > 0}

and obtain the quotient distance for z, w ∈ T given by

d(z, w) = min
k∈{−1,0,1}

dH(z, w + 2kπ) .

Notably, T inherits from H constant negative sectional curvature −1, but it is no longer of global
non-positive curvature in the triangle-comparison sense, i.e. it is not a CAT(0) space, since it is
not simply connected. Rather, since geodesic segments are either vertical segments or traces on T
of arc segments on circles orthogonal to the real line,

∅ 6= Cut(iy0) = {−π + y : y > 0} ,

for any y0 > 0, and for given δ > 0, setting α = (cosh δ − 1)/2,

U(Cut(iy0)) = {x+ iy ∈ H : αy > π}
∪
{x+ iy ∈ H : 0 ≤ π + x < αy ≤ π or 0 < π − x < αy ≤ π} ,

is a neighborhood of Cut(iy0) which, by construction, contains the neighborhood B(Cut(iy0), δ)
with hyperbolic δ-distance to Cut(iy0). For every δ > 0 and for every vertical half line Lr = {z ∈
H : <(z) = π − r}, 0 < r < π, we have Lr 6⊆ Uδ(Cut(iy0)). However, since every hyperbolic ball
B(iy0, r) about iy0 of radius 0 < r < arsinh(π/y0) is equal to a suitable Euclidean ball

B(iy0, r) = {z ∈ C : |iy0 cosh r − z|2 < y0 sinh r} ,

we have that Ly0(sinh r)/2 ⊆ Cut
(
B(iy0, r)

)
. In consequence, Cut

(
B(iy0, r) 6⊆ B(Cut(iy0), δ) for

every δ, r > 0, i.e. the cut locus is not metrically stable. �

Remark 3.13. It is tempting to frame the stability notions in Definitions 3.6 and 3.10 in terms
of the continuity of the cut locus function Cut: p 7→ Cut(P ), which maps p ∈ M to its cut locus
Cut(p) ⊆ M and takes values in the set C (M) of closed subsets of M . Note that C (M) is itself a
subset of P(M), the power set of M . Both C (P ) and P(M) may be topologized in different ways,
e.g. one may consider the topology on C (M) induced by the Hausdorff metric (cf. [9, Ch. 7]) or,
on P(M), the topology generated by the collection

β = {B ⊂P(X) : ∪B∈BB is an open subset of X }.

Besides some obvious observations, it is not clear at the moment what are the precise relations
between the continuity of the cut locus function and the stability notions defined above.
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4. A Riemannian Central Limit Theorem

In this section we prove Theorem A. It will be a corollary to Bhattacharya and Lin’s Omnibus
Central Limit Theorem, which we recall below, under the assumption that the topological stability
of the cut locus holds. We conclude with Counterexample 4.3, which shows that the hypotheses in [6,
Corollary 2.3] are not sufficient to derive its conclusions, which correspond to those in Theorem A.

4.1. The Omnibus Central Limit Theorem. Let (Q, d, µ) be a metric measure space and con-
sider the following conditions (cf. [6, Section 2]):

(A1) The Fréchet mean qo of µ exists and is unique.

(A2a) There exists a measurable set U ⊆ Q with qo ∈ U , an open subset V ⊆ Rm, for some m ≥ 1,
and a homeomorphism

ϕ : U ⊆ Q→ V ⊆ Rm.
Here U is given the relative topology on Q.

(A2b) For µ-a.e. p ∈ Q, the function h(·, p) : V ⊆ Rn → R given by

v 7→ h(v, p) = d2(ϕ−1(v), p)

is twice continuously differentiable, i.e. C2, on V ⊆ Rm. For notational ease, we will let
hp(·) = h(·, p).

(A3) P(qno ∈ U) → 1 as n → ∞, where qno is any measurable selection from the Fréchet sample
mean set of the empirical distribution µn = 1

n

∑n
j=1 1Yj based on independent random vari-

ables {Yj}nj=1 taking values in Q with common distribution µ (see Section 2.2).

(A4) Let 1 ≤ j, j′ ≤ n, fix p ∈ Q (where the derivatives exist), and let

Djhp(v) =
∂hp
∂xj

(v) ∈ R,

where xj denote coordinates in V ⊆ Rm.
We let

Dj,j′hp(v) = DjDj′hp(v).

Then

E|DjhY1(ϕ(qo))|2 <∞,(4.1)

E|DjDj′hY1(ϕ(qo))| <∞ for j, j′ = 1, . . . ,m.(4.2)

(A5) (Locally uniform L1 smoothness of the Hessian). Let 1 ≤ j, j′ ≤ m, fix p ∈ Q (where the
derivatives are defined), and let ε > 0. Define

uj,j′(ε, p) = sup{|Dj,j′h(w, p)−Dj,j′h(ϕ(qo), p)| : |w − ϕ(qo)| < ε}.

Then

E|uj,j′(ε, Y1)| → 0 as ε→ 0.(4.3)
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(A6) (Non-singularity of the Hessian) The matrix

Λ = (EDj,j′h(ϕ(qo), Y1))j,j′=1,...,m

is non-singular.

Theorem 4.1 (Omnibus Central Limit Theorem (OCLT), cf. [6, Theorem 2.2]). Let (Q, d, µ) be a
metric measure space, let Y1, . . . , Yn ∼ µ be n ≥ 1 independent random variables and suppose that
conditions (A1)–(A6) hold. Let C be the covariance matrix of

{Djh(ϕ(qo), Y1) : j = 1, . . . ,m}.

Then
√
n(ϕ(qno )− ϕ(qo))

L−→ N(0,Λ−1CΛ−1) as n→∞.(4.4)

4.2. The hypotheses of the OCLT in the Riemannian case. In preparation for the proof of
Theorem A, we make the following observations on conditions (A1)-(A6) above in the case where
the metric measure space is a complete Riemannian n-manifold equipped with some probability
measure. We will always assume that the Riemannian metric is C∞.

(RA1) Condition (A1) holds for complete, simply connected Riemannian manifolds with non-
positive sectional curvature, the so-called Hadamard manifolds. Indeed, by [7, Theorem 2.1-
(c)], any probability measure on a Hadamard manifold has a unique Fréchet mean provided
the Fréchet function is finite at some point in the manifold.

(RA2a) Condition (A2a) holds for topological manifolds (hence for Riemannian manifolds) and,
more generally, for metric measure spaces that are locally homeomorphic to open subsets
of Rn. Note that the condition that U be measurable is redundant. Indeed, via the homeo-
morphism ϕ, the set U is open and hence measurable.

(RA2b) Let M be a complete Riemannian manifold with Fréchet mean qo for the volume measure.
The fact that the volume of the cut locus of any point in M vanishes follows from the inde-
pendent work of several authors. Indeed, as pointed out in [2, Section 2.4], by the work of
Barden and Le [3], Hebda [14], Itoh and Tanaka [17], or Li and Nirenberg [24], the Hausdorff
dimension of the cut locus of any point in M is an integer and is at most n− 1. Hence, the
cut locus of any point in M has volume zero. Notably, if instead of the volume one considers
a finite measure µ on M , then, under certain mild assumptions, Cut(qo) has µ-measure zero
due to Le and Barden’s Theorem [22, Theorem 1]. For a more detailed discussion of the
structure of the cut locus up to a set of Hausdorff codimension three, we refer the reader to
the work of Angulo Ardoy and Guijarro [2]. Let U be a normal neighborhood of the Fréchet
mean qo ∈M . If Cut(U) has measure zero, then condition (A2b) holds. Note, however, that
the Riemannian volume of Cut(U) never vanishes.

(RA3) Condition (A3) holds by Ziezold’s Strong Law of Large Numbers [29]. Indeed, as recalled in
Section 2.2, qno → qo almost surely when the metric measure space under consideration is a
separable pseudo-metric space. In the particular case of a metric measure space satisfying
the Heine–Borel property (such as a complete Riemannian manifold equipped with some
probability measure), the fact that qno → qo almost surely follows also from [7, Theorem
2.3]. More generally it suffices that the closure of the union (over n) of Fréchet mean sample
sets satisfies the Heine–Borel property (cf. the discussion preceding Remark 2.6).
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It is not clear under which geometric assumptions conditions (A4)–(A6) hold. Elucidating this
matter is a problem for future consideration. With these remarks in hand, we are ready to prove
Theorem A.

4.3. Proof of Theorem A. The main result is a corollary to the Omnibus Central Limit Theorem
(Theorem 4.1 above). Thus, we only need to verify that the hypotheses of this theorem hold under
the assumptions of Theorem A. By our remarks in the preceding subsection, the hypotheses in
Theorem A imply conditions (A1), (A2a), and (A3)–(A6) hold. Therefore, to apply the Omnibus
Central Limit Theorem, we need only verify that condition (A2b) holds.

Since M is closed, it follows from Corollary 3.8 that the cut locus is topologically stable. Thus,
our two key hypotheses are the following:

(B) The cut locus is topologically stable.
(C) There exists a neighborhood W of Cut(qo) ⊆M such that µ(W ) = 0.

We will show that

Conditions (B) and (C) ⇒ Condition (A2b).

Note that condition (C) alone does not imply (A2b) (see Counterexample 4.3 below).
Consider now the modified condition

(C’) There exists an open ball B(qo, r) of radius r > 0 centered at qo such that µ(Cut(B(q0, r))) =
0.

Then it is clear that (C’) follows from conditions (B) and (C). The following lemma concludes the
proof of Theorem A.

Lemma 4.2. Condition (C’) implies condition (A2b).

Proof. The function v 7→ h(v, p) = d2(ϕ−1(v), p) is C2 at v, if ϕ−1(v) /∈ Cut(p). For the function
to be C2 in v for µ-a.e. p ∈ Q, it is thus sufficient that ϕ−1(v) /∈ Cut(p) for µ-a.e. p ∈ Q. Since
ϕ−1(v) ∈ Cut(p) if, and only if, p ∈ Cut(ϕ−1(v)), it is thus sufficient that p /∈ Cut(ϕ−1(v)) for
µ-a.e. p ∈ Q. Now let V = B(ϕ(qo), r

′) such that ϕ−1(V ) ⊆ B(qo, r). Then we have from (C’) that
µ(Cut(ϕ−1(V ))) = 0 and thus we get for every v ∈ V that v 7→ h(v, p) = d2(ϕ−1(v), p) is C2 at
v. �

The topological stability of the cut locus, corresponding to condition (B) above, along with
condition (C), played a key role in the proof of Theorem A. In [6, Corollary 2.3], which claims the
same conclusions as Theorem A, only condition (C) is assumed, so it would seem that

Condition (C) ⇒ Condition (A2b).

This is, however, false and below we give a counterexample. By Corollary 3.8, this counterexample
must necessarily be non-compact. It follows that it is not possible to apply the OCLT in the
Riemannian case if one only assumes that conditions (A1), (A4)–(A6), and (C) hold. Note, though,
that if condition (C) holds, then Cut(qo) has measure zero.

Counterexample 4.3 (The flat cylinder continued). We follow the same notation and definitions
as in Example 3.9. On the cylinder C we have the canonical quotient distance given by

d(z, w) = min
k∈{−1,0,1}

|z + 2kπ − w| for z, w ∈ C .

Now, introduce the probability measure ν on C with density

f(z) =
γ

4y5|z|2
(4.5)

for z = x+ iy and γ > 0 appropriately chosen, on

R := {z + iy ∈ T : x = ±(1/y − π) and y > 1}
12



with respect to the canonical quotient measure on R restricted to the imaginary part only, denoted
by dy, i.e.

γ

∫ ∞
1

(
f

(
π − 1

y
+ iy

)
+ f

(
1

y
− π + iy

))
dy = 1 .

By construction the Euclidean mean on C exists for ν, which is then unique and lies, by symmetry,
on the imaginary axis and we denote it by iyν . Further, we introduce the unit point mass δ = δiyν .
In consequence, for every 0 ≤ α ≤ 1 the combined probability measure µα = αν + (1−α)δ has the
unique Fréchet mean iyν in C.

In order to compute the Fréchet means of µα on C, we consider the corresponding Fréchet
functions for w ∈ C,

Fα(w) =

∫
C
d(z, w)2 dµα(z) = αF1(w) + (1− α)F0(w),

where

F1(w) =

∫
R
d(z, w)2 dν(p),

F0(w) = d(iyν , w)2 = |iyν − w|2 .

For the following, fix a Euclidean ball Br about iyν of radius 0 < r < π. Then we have

inf
w∈C\Br

F0(w) = r2 .

On the other hand, letting Ar = supw∈Br F1(w) ≥ 0 and 0 ≤ α < r2/(r2 +Ar), for every w ∈ T \Br
we have

Fα(w) ≥ αF1(w) + (1− α)r2

≥ (1− α)r2

> αAr

≥ Fα(iyν) .

In consequence, whenever α < r2/(r2 + Ar), all Fréchet means of µα on C lie within Br, and by
symmetry, they have the form wα = ±εα + ivα, for suitable 0 ≤ εα < r and yν − r < vα < yν + r.

We now show that wα = iyν for α > 0 sufficiently small. Then (A1) holds, and, as anticipated,
(C) holds but not (A2b). To this end, for given ε > 0, decompose R into the sets

Rε := {z = x+ iy ∈ R : y < 1/ε},
R̃ε := {z = x+ iy ∈ R : y ≥ 1/ε} ,

such that for w = ε+ iv,

F1(w) = FC
νε(w) + Fν̃ε(w) where

FC
νε(w) =

∫
Rε

|w − z|2 f(z) dy

Fν̃ε(w) =

∫
R̃ε

d(w, z)2 f(z) dy .

For w ∈ Br we also consider

FC
ν̃ε(w) =

∫
R̃ε

|w − z|2 f(z) dy

13



and infer, recalling that R lies above the horizontal line y = 1,

FC
ν̃ε(w) = γ

∫ ∞
1
ε

(
|π − 1/y + iy − w|2

|π − 1/y + iy|2
+
| − π + 1/y + iy − w|2

| − π + 1/y + iy|2

)
dy

4y5

≤ 2γ

(
1 +

|w|2

(π − 1)2

)
ε4 ≤ 2γ

(
1 +
|yν |2 + r2

(π − 1)2

)
ε4 .(4.6)

Finally, choose

0 < α < min

{
r2

r2 +Ar
,

(
1 + 2γ

(
1 +
|yν |2 + r2

(π − 1)2

))−1}
,

and suppose that wα = εα + ivα ∈ Br is a Fréchet mean of µα which is not iyν . If εα = 0 and
vα 6= yν , then we obtain the contradiction,

Fα(wα) =

∫
T
|wα − z|2 dµα(z) >

∫
T
|iyν − z|2 dµα(z) = Fα(iyν) ,

because iyν is the unique Fréchet mean of µα in C. Else, if ε = εα 6= 0, using (4.6), we obtain
another contradiction

Fα(wα) = (1− α)F0(wα) + αFνε(wα) + αFν̃ε(wα)

= (1− α)|iyν − wα|2 + αFC
νε(wα) + αFν̃ε(wα)

≥ (1− α)|iyν − wα|2 + αFC
νε(wα)

≥ (1− α)ε2 + αFC
1 (wα)− 2αγ

(
1 +
|yν |2 + r2

(π − 1)2

)
ε4

> FC
α (iyν) + (1− α) (ε2 − ε4) > FC

α (iyν) = Fα(iyν) .

Remark 4.4. At this point we anticipate that if we had used y3 instead of y5 in (4.5) we might
have encountered smeariness as discussed in [15] and [11]. This would, however, violate condition
(A6).
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