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1 Introduction and overview

Supersymmetric quantum field theories typically admit a non-trivial moduli space M of
inequivalent vacua. One then expects the existence of an effective field theory (EFT)
encoding the physical information relevant at low energy. It would be clearly important to
have general control over these EFTs, but most of the times perturbative methods work only
in a limited region of the moduli space, in which the microscopic theory is weakly coupled.
Generically, absent extended supersymmetry or other strongly constraining symmetries,
the structure of the EFT on most of the moduli space is thus inaccessible through ordinary
quantum field theory techniques.

Superconformal field theories (SCFTs) also typically have a moduli space M of in-
equivalent vacua and an associated EFT. Along the moduli space the conformal symmetry
is spontaneously broken, but it has been recently realized [1–4] — along the lines of [5, 6],
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see [7] for a review and more references — that the EFT can provide important informa-
tion on more intrinsic CFT data beyond the spontaneously broken phase, such as scaling
dimensions and correlation functions in the superconformal vacuum. More precisely, the
EFT provides a concrete tool for investigating a sector of the CFT in which one or more
operators have large (R-) charge.

In several known examples including those considered in the present paper, the SCFT
is strongly coupled and the identification of the EFT may be problematic. For instance,
for an SCFT arising at the IR fixed point of an ordinary UV supersymmetric field theory,
the moduli space of the SCFT is obtained by zooming in the moduli space of its parent
UV theory in a neighbourhood of its conformal invariant vacuum. In this region the UV
theory is often in its maximally strongly coupled regime and no information on the EFT
can be computed in perturbation theory at all.

Holography offers an alternative route to a direct calculation of the EFT of SCFTs
admitting a large-N expansion and a dual gravitational description. This is the approach
adopted in [8], which considered an infinite class of four-dimensional N = 1 SCFTs ad-
mitting a dual type IIB description, the prototypical example being the Klebanov-Witten
(KW) model [9, 10]. In this paper we apply the same strategy to a large family of three-
dimensional N = 2 SCFTs engineered in M-theory, which generalise the more supersym-
metric ABJM model [11]. These SCFTs have a particularly rich dynamics, with peculiar
features that are absent in their four-dimensional cousins: the generic presence of fla-
vors [12–16]; the freedom to gauge or not gauge abelian symmetries [17]; the relevance
of monopole operators [11, 13, 15, 16]; the possibility to turn on internal fluxes in the
dual gravitational background [18–20]; the presence of non-perturbative corrections to the
moduli space [21].

These N = 2 SCFTs are obtained as IR fixed points of (possibly flavored) Yang-
Mills/Chern-Simons quiver gauge theories engineered on stacks of M2-branes sitting at the
tip of conical Calabi-Yau (CY) four-folds. For concreteness we will mostly restrict to toric
models, although several results extend to more general settings. Due to the underlying
N = 2 superconformal symmetry, the SCFT moduli space M must be a conical Kähler
manifold. As in the four-dimensional N = 1 models, the complex structure ofM can be of-
ten understood within the field theory description — see [22] and references therein. In con-
trast, the Kähler potential K onM, which determines the two-derivative EFT [23–25], typi-
cally receives strong quantum corrections which are hard to calculate purely in field theory.1

For all these models the moduli space M include a geometric branch which admits a
quite universal M-theory description in terms of M2-branes over resolved Calabi-Yau cones.
Our main goals will be:

a) the identification of a general method to compute the large-N EFT, henceforth
dubbed holographic EFT, at generic points of the geometric moduli space starting
from the holographic M-theory description;

1The Kähler potential is a function on M, which encodes infinitely many couplings. The models of
interest to us include a large number of moduli, which are not all Nambu-Goldstone bosons of a broken
symmetry. Therefore symmetry principles alone are generically not sufficient to fix the two-derivative
effective action in terms of a finite number of parameters, unlike for the pion Lagrangian.
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Figure 1. Superconformal vacuum as origin of the moduli space (on the left) and its dual
configuration of M2-branes at the tip of a Calabi-Yau cone, leading to an AdS4 geometry in the
near-horizon limit.

b) to initiate a semiclassical investigation of the large-charge chiral spectrum of this
infinite class of SCFTs starting from their holographic EFTs, along the lines of [1–4]
— see [26–28] for other applications of the large-charge EFT approach to holographic
models;

c) to illustrate the general results of items a) and b) in the concrete models correspond-
ing to Calabi-Yau cones over the Sasaki-Einstein 7-folds Y 1,2(P2) and Q111.

Since the paper is quite long and unavoidably technical, we will reserve the rest of this first
section to a qualitative description of our approach and of our main results.

1.1 Holographic EFT: the general idea

In this paper we focus on three-dimensional SCFTs whose superconformal vacuum is dual
to an AdS4 × Y background in M-theory, where Y is a Sasaki-Einstein seven-dimensional
manifold and the AdS4 space supports N units of four-form flux F4. This background can
be interpreted as the near-horizon geometry of N M2-branes at the tip of the eight-real-
dimensional Calabi-Yau cone C(Y ) over Y . The superconformal vacuum corresponds to
the ‘origin’ of the moduli space, at which all operators but the identity have vanishing
VEV. Because of the superconformal symmetry, the moduli space M must be conical as
on the left-hand side of figure 1, and the superconformal vacuum sits at the tip of this cone.

Different points of the moduli spaceM correspond to different vacua of the SCFT, in
which some operators O with positive scaling dimension acquire a VEV 〈O〉 6= 0. There
the conformal symmetry is spontaneously broken and we expect the existence of a weakly
coupled low-energy EFT for the moduli.2 Holographically, moving away from the origin of
M corresponds to deforming the AdS M-theory background as in [10] for the KW model

2This EFT may break down at special points, or rather rays, of M, at which the conformal breaking
is partial, in the sense that it triggers an RG flow to another interacting SCFT, weakly coupled to some
remaining moduli through irrelevant operators.

– 3 –



J
H
E
P
1
0
(
2
0
2
2
)
1
1
1

Figure 2. Generic vacuum on the moduli space (on the left), which spontaneously breaks the
conformal symmetry, and its dual asymptotically AdS geometry (on the right).

(see also [21, 29]), by modifying the cone C(Y ) into a resolved Calabi-Yau space X and
distributing the M2-branes along X, keeping fixed the AdS asymptotics — see figure 2. In
general, the moduli space of this family of backgrounds may correspond only to a branch of
the entire SCFT moduli space. We will refer to this branch as the geometric moduli space
of the SCFT and we will ignore other possible branches.3 So in this paperM denotes only
to the geometric moduli space.

The EFT of the SCFT alongM can in principle be computed from the M-theory de-
scription. One should impose appropriate boundary conditions on the M-theory fields and
expand them along the internal space in modes with different three-dimensional masses.
The massless normalizable modes are the dynamical moduli entering the EFT, the details
of which can in principle be computed by integrating out the massive modes. Working at
two-derivative level in eleven-dimensional supergravity, one can obtain the leading large-N
contribution to the two-derivative three-dimensional holographic EFT. Perturbative con-
tributions coming from higher derivative terms, Planckian M-theory states and loop correc-
tions are then expected to be suppressed by powers of 1/N . Even though in principle there
does not seem to be any conceptual obstruction to carrying out this analysis by exploiting
the weakly coupled supergravity description, this appears extremely hard at practical level.

We will therefore follow an alternative route to determine this holographic EFT: we
will obtain it from a rigid limit of the effective supergravity for warped M-theory com-
pactifications to three-dimensions derived in [30]. Indeed, one may think of the M-theory
vacua of figure 2 as local geometries of the warped compactifications introduced in [31], see
figure 3. We may think of X as cut off at some very large value of the radial coordinate
rUV and then completed into a compact space.4 The M-theory modes that extend to the
compact space constitute some hidden ‘Planckian’ sector which includes gravity and cou-
ples to the dynamical sector of modes localised in the throat, and then to the SCFT, via

3Note that in other papers the notion of ‘geometric moduli space’ may assume fixed, either vanishing or
not, resolution parameters.

4We will ignore the tadpole conditions, which relate the number of M2-brane and G4 flux quanta to the
geometry of the compact space, since they are irrelevant for us.
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Figure 3. The holographic theory as local geometry of a warped compactification.

1/MP suppressed operators. The decompactification rUV → ∞ limit is equivalent to the
rigid MP →∞ limit which decouples the Planckian sector, thus recovering the holographic
dual to the pure SCFT.

This is the basic idea behind our derivation of the holographic EFT, which was already
applied in [8] to AdS5/CFT4 models. By adapting the results of [8] to the AdS4/CFT3 con-
text, we will determine the Kähler potential K(φ, φ̄) which describes the large-N dynamics
of a set of chiral moduli φA parametrizing the geometric moduli spaceM. In the M-theory
viewpoint, these include both the M2-brane positions and the bulk moduli. As we will
discuss, in the presence of (perturbative) U(1) symmetries (e.g. bulk axionic symmetries or
geometric toric symmetries) it is often convenient to adopt a dual description of the EFT
in which part of the chiral multiplets are traded for vector multiplets. In this paper we
restrict to solutions which do not support internal G4 flux, but our methods can be readily
extended to flux backgrounds. We leave the investigation of such models to future work.

If the internal spaceX contains compact six-cycles, that is b6(X) 6= 0, non-perturbative
corrections generated by Euclidean M5-branes instantons are expected. In particular, as al-
ready pointed out in [21], a dynamically generated superpotential in the EFT may lift (part
of) the moduli space. This aspect will be investigated in a follow-up [32], while in this paper
we will focus on the perturbative contribution and often restrict to the b6(X) = 0 case.

1.2 Chiral operators as EFT monopoles

Having derived the holographic EFT from M-theory, we will test it by computing the
spectrum of ‘heavy’ chiral operators and the corresponding large (R-) charge and scaling
dimensions. The idea of looking at sectors of operators with large quantum numbers
was introduced in the seminal papers [33, 34], which have inspired several subsequent
developments. Here we will adopt the general philosophy of [1–3], in which information
on the large R-charge sector is obtained from BPS semiclassical states of the EFT —
see also [5, 35–40] for other works on the large charge sectors of supersymmetric models
related to the EFT approach. We will show how to do so for general toric models, deriving
some universal results. In particular, we will see that the semiclassical states are more
naturally described in the dual EFT picture in which all chiral fields are traded for vector
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multiplets. This dual description is related to the symplectic description of the moduli
space, which is a toric Kähler cone itself (up to a quotient by the symmetric group) [41].
In the vector multiplet formulation of the EFT, the semiclassical states are BPS monopole
solutions which correspond, via the usual state-operator correspondence, to chiral monopole
operators. These EFT operators are in one-to-one correspondence with chiral operators
of the SCFT, which can in turn be identified with appropriate chiral operators in the UV
quiver gauge theory. In particular, the charges of the EFT monopoles correspond to the
toric and Betti charges of the SCFT operators.

We will apply these general results to two concrete models, corresponding to the Sasaki-
Einstein spaces Y 12(P2) and Q111. The cones over Y 12(P2) and Q111 admit resolutions
with explicitly known metrics [21, 42–44]. This will allow us to explicitly compute the
holographic EFT and, from it, the scaling dimensions of the scalar chiral spectrum. These
results will then be matched with expectations in the dual SCFTs, which can be identified
with IR fixed points of UV field theories obtained by applying the S operation of [17, 45]
to certain quiver Chern-Simons theories [15, 16].

The holographic derivation of these scaling dimensions is not new, of course. Indeed,
our heavy semiclassical states provide a three-dimensional low-energy description of bound
states of giant gravitons and baryonic branes. However, unlike previous treatments, not
only does our EFT approach systematically produce all such consistent brane configura-
tions with the appropriate quantised charges and scaling dimensions, but it also describes
their backreaction in a controlled low-energy regime. For instance, we will see how the
backreaction of the usual wrapped branes on AdS4 × Y which are dual to baryonic-like
operators does in fact dynamically resolve the underlying cone C(Y ).

We stress that the EFT framework provides a direct identification between these brane
configurations and the dual SCFT operators, which are usually linked via indirect argu-
ments. Our results then provide a novel starting point for investigating the “heavy” sector,
possibly carrying Betti charges, of the SCFTs. Indeed, even though in this paper we will
restrict to investigating the BPS sector, the EFT provides a natural starting point to study
also the non-BPS sector as in [1] and to compute correlation functions [3, 6].

Finally, we will also comment on the presence of massive 1
2 -BPS charged particles in

the holographic EFT, which can provide additional semiclassical information on the sector
of ‘spinning’ charged operators as in [46, 47].

We remark that our results can be easily adapted to the AdS5/CFT4 context in type
IIB string theory. We will come back to this in future work.

1.3 Structure of the paper

The rest of the paper is organised as follows. Section 2 introduces the two field theory
models that we will use as our main examples in later sections: these are the worldvol-
ume theories on M2-branes probing the (resolved) cones over the Sasaki-Einstein 7-folds
Y 1,2(P2) and Q111. We discuss the field theories associated to different choices of bound-
ary conditions for the Betti multiplets in the bulk, and their spectra of chiral operators.
Section 3 discusses the holographic duals of these field theories in M-theory (or rather,
11-dimensional supergravity plus M2-branes). Section 4 describes the holographic EFT

– 6 –



J
H
E
P
1
0
(
2
0
2
2
)
1
1
1

of these supergravity backgrounds, with vanishing four-form flux. Section 5 discusses the
effect of the S operation of [17, 45] on the holographic EFT. Section 6 investigates in
more detail the holographic EFT of toric models in terms of vector and linear multiplets,
making connection with the symplectic formulation of toric varieties. Section 7 studies the
effective chiral operators of the holographic EFT, making connection with the holomorphic
description of toric varieties. In section 8 we construct semiclassical magnetically charged
solutions of the holographic EFT on R× S2, which are mapped under the state/operator
correspondence to ’t Hooft monopole operators in the holographic EFT on R3. Section 9
discusses the M-theory interpretation of these states/operators, as bound states of AdS4
giant gravitons and baryonic M5-branes. The holographic EFT description fully incorpo-
rates the backreaction of these branes and realizes charge quantization directly, with no
need to geometrically quantize the classical configuration space of these branes. We also
briefly discuss charged BPS particles, which are realised as M2-branes wrapping effective
curves, from the viewpoint of the holographic EFT. Finally, in sections 10 and 11 we apply
the general theory developed in previous sections to the resolved cones over Y 1,2(P2) and
Q111 respectively, and match the chiral operators of the holographic EFT with chiral op-
erators of the microscopic SCFT on the worldvolume of M2-branes probing the geometry.
We include a number of appendices covering our conventions, a brief review of the conical
Kähler structure of the moduli space of vacua of three-dimensional N = 2 SCFTs, and
details of geometric and field theory calculations for the Y 1,2(P2) and Q111 models.

2 A field theory appetizer

We start by introducing two three-dimensional quiver Chern-Simons theories which flow
to IR SCFTs with a dual eleven-dimensional supergravity description in the large-N limit.
These theories have a geometric branch of the moduli space and a corresponding EFT
which we will explicitly derive in sections 10 and 11 by applying the general results of
sections 3–9. The purpose of this section is to provide a concrete idea of the kind of SCFTs
that can be studied holographically by means of the general results derived in sections 3–9.

We will start by reviewing the parent U(N)×U(N) flavoured ABJM quivers introduced
in [15, 16]. We will actually be interested in a variation of these models obtained by applying
the S operation [17, 45] to combinations of topological and flavor U(1) symmetries. As
we will discuss in the following sections, this choice allows for additional directions in the
moduli space and corresponds, on the dual M-theory side, to the choice of specific boundary
conditions for the corresponding supergravity fields [10, 17, 21].

2.1 The alternate Y 1,2(P2) quiver

Let us start with the worldvolume gauge theory on N regular M2-branes probing the cone
over the Sasaki-Einstein 7-fold Y 1,2(P2) [48, 49] that was derived in [15] by reducing the
system to type IIA string theory.5 It is a three-dimensional N = 2 flavoured version of

5See [50–52] for exact tests of this duality beyond the moduli space of vacua. An alternative UV gauge
theory was proposed in [20] based on a different type IIA reduction. The two UV gauge theories are
expected to be IR dual.
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Figure 4. Quiver diagram for the worldvolume theory of N M2-branes probing the cone over
Y 1,2(P2). Coloured fields are present in an extra superpotential term, here ∆W = pA1q, in addition
to the standard ABJM superpotential.

the ABJM theory [11]: a U(N)3/2 × U(N)−3/2 Chern-Simons matter theory, with vector
multiplets V1 and V2, bifundamental matter fields A1,2 ∈ (N,N) and B1,2 ∈ (N,N), and
fundamental flavours p ∈ (N, 1) and q ∈ (1, N). See figure 4 for the associated quiver
diagram.6 The matter fields interact through a superpotential

W = Tr(A1B1A2B2 −A1B2A2B1) + pA1q . (2.1)

In order to make the theory weakly coupled in the UV, we can add Yang-Mills kinetic terms
− 1

4g2
i

∫
d2θ TrWiWi for the two U(N) vector multiplets V1 and V2, with dimensionful Yang-

Mills couplings gi.
In the following we will make use of the topological conserved current superfield JT

associated with the ‘baryonic’ U(1)B gauge symmetry

JT ≡
1

2πΣB ≡
i

8πDD̄VB with VB ≡ TrV1 − TrV2 . (2.2)

Here and in the following we mostly adopt the conventions of [25], up to some minor
differences — see appendix A for more details.

The normalization of VB has been chosen so that the corresponding field-strength FB
obeys the quantization condition

∫
FB ∈ 2πZ.

The model that we will be interested in is obtained from the above model by “un-
gauging” (or freezing) the baryonic U(1)B through a so-called S operation [17, 45]. The S
operation is performed by first coupling the topological symmetry to a background U(1)
vector multiplet A through the supersymmetric BF-term∫

d4θJTA = 1
2π

∫
d4θΣBA = 1

2π

∫
d4θ VBΣ , (2.3)

where Σ ≡ i
4DD̄A is the linear multiplet associated to the new vector multiplet A, and

then making A dynamical. The overall effect of this S operation is to introduce a dynamical
FI parameter for the vector multiplet VB.

6One can add a fractional M2-brane to the previous configuration: this has the effect of changing the
gauge group of the quiver to U(N + 1)3/2 ×U(N)−3/2 and of turning on a nontrivial torsion 4-form flux in
the gravity dual [53]. We will not consider this modification further in this paper.
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Since A appears only linearly, it may be integrated out exactly. This would impose
the constraint JT = 0, which forces VB to be flat, leaving a global U(1)B symmetry which
is embedded in the original gauge group as follows:

eiθB ∈ U(1)B 7→
(
e

i
2N θB1N , e

− i
2N θB1N

)
∈ U(N)×U(N) . (2.4)

Let us denote by JB the corresponding conserved current multiplet.
In fact, the S operation offers a natural alternative description of these quivers, which

will turn out to be more useful in the following: instead of integrating out A from the outset,
we keep it dynamical. Then the UV gauge symmetry U(N) × U(N) is preserved and is
extended by an additional U(1)A factor. In this alternative but equivalent formulation, the
Gauss law for the flat vector multiplet VB implies that the conjugate conserved baryonic
current JB is redundant and is dynamically identified with the topologically conserved
current associated to the A vector multiplet:

JB = 1
2πΣ . (2.5)

We will denote by U(1)T the topological symmetry associated to the U(1)A gauge symme-
try, which has conserved current 1

2πΣ.
It is useful to provide yet another description of the microscopic theory, which is

obtained by dualizing the linear multiplet Σ to a chiral multiplet χ. For clarity, let us add
an irrelevant kinetic term

− 1
e2

∫
d4θΣ2 (2.6)

and eventually consider the low-energy limit e→∞. The dualization is then performed as
usual [23, 25, 54]. First replace the sum of (2.3) and (2.6) with

− 1
e2

∫
d4θΣ2 −

∫
d4θ

(
χ+ χ− 1

2πVB

)
Σ , (2.7)

where Σ is now an unconstrained real superfield and the chiral superfield χ is a Lagrange
multiplier, whose equation of motion enforces that Σ is a linear superfield. To preserve
gauge invariance under VB → VB − i(ΛB − ΛB), we must accordingly shift

χ→ χ− i
2πΛB . (2.8)

Then e−2πχ is a single-valued chiral superfield with (gauged) baryonic charge 1.7 Integrat-
ing out χ from (2.7) gives back the original theory in terms of the vector multiplet A.
Instead, integrating out Σ imposes the identification

2
e2 Σ = 1

2πVB − (χ+ χ̄) (2.9)

and substituting in (2.7) gives

e2

2

∫
d4θ

(
χ+ χ− 1

2πVB

)2
. (2.10)

7Note that χ has periodicity Imχ ' Imχ+ 1 by construction.
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In this formulation the theory has an additional rigid symmetry, which shifts the imaginary
part of χ by a constant and leaves all the other fields unchanged. This can be identified
with the above topological U(1)T, under which e−2πχ has charge 1. From (2.9) it is clear
that in the low-energy limit e → ∞ one must impose VB = 2π(χ + χ), so that VB is flat,
the baryonic gauge symmetry is ungauged and can be identified with U(1)T. We anticipate
that, in the dual M-theory description, the baryonic symmetry of the Y 12(P2) will be
identified with a Betti symmetry.

2.1.1 Moduli space

The quiver gauge theory introduced in the previous section flows to a strongly interacting
N = 2 SCFT with a non-trivial moduli space of vacua. This contains a ‘geometric’ branch,
whose structure can be understood from a semiclassical analysis of the above UV quiver
theory as long as the mass scale set by the VEV is much larger than the running g2

i at
that scale. (This condition is not needed if one focuses on holomorphic data, which are
insensitive to the gauge coupling, as we will do in section 2.1.2.) The point of keeping Σ
in the UV quiver introduced above is that it naturally enters the description of the moduli
space. One can follow the semiclassical analysis of [20] almost verbatim, with the only
difference that the bare FI parameters ξ1 = −ξ2 therein are replaced by the dynamical
scalar field σ ≡ Σ|θ=θ̄=0, up to some numerical constant. The result is as follows.

Along the geometric moduli space, the U(N)×U(N) quiver gauge symmetry is generi-
cally broken to the maximal torus U(1)N of the diagonal U(N) subgroup. Let us denote by
sI (I = 1, . . . , N) the N scalars of the low-energy U(1) vector multiplets VI . Furthermore,
p = q = 0 and the bifundamental matter solving the F-flatness conditions can be written
in the form

〈Ai〉 =


ai1 0 . . . 0
0 ai2 . . . 0

0 0 . . . ...
0 0 . . . aiN

 , 〈Bi〉 =


bi1 0 . . . 0
0 bi2 . . . 0

0 0 . . . ...
0 0 . . . biN

 (2.11)

One still needs to impose the D-flatness conditions, which must take into account the
one-loop corrections to the effective CS levels, as in [15, 16, 20]. As a result, one gets

|a1I |2 + |a2I |2 − |b1I |2 + |b2I |2 = ξeff(sI , σ) (2.12)

with
ξeff(sI , σ) = −σ + 3

2sI −
1
2 |sI | (2.13)

Additional directions in the moduli space are obtained by dualizing the low-energy
U(1)N photons into axions. Supersymmetrically, this corresponds to a dualization of the N
low-energy U(1) vector multiplets VI into chiral multiplets tI , completely analogous to the
dualization of the vector multiplet A into the chiral multiplet χ discussed in subsection 2.1.
In particular, the U(1)N photons are dual to N axions ϕI = Im tI — in this paper we
sloppily use the same symbol for a chiral superfield and its lowest component — each
parametrizing a circle U(1)M. There is a residual SN gauge symmetry which permutes the
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N sets of fields (aiI , biI , tI). One then obtains a double fibration. Namely, we have N
symmetrized copies of the resolved conifold times U(1)M fibered over R, which are in turn
fibered over R parametrized by σ. By trading σ ≡ Σ|θ=θ̄=0 for the dual Reχ and adding
the dual axion Imχ, one gets the complete description of the semiclassical moduli space in
terms of chiral coordinates.

Following [15, 16, 20, 55], each of these N copies can be identified with the Calabi-Yau
four-fold X which is obtained by resolving the cone over Y 12(P2). This can be described
in terms of a U(1) gauged linear sigma model with five complex homogeneous coordinates
ZA, A = 1, . . . , 5 (so that d = 5 in the formulas of section 6), with charges

Z1 Z2 Z3 Z4 Z5 FI
U(1) 1 1 1 −2 −1 σ

U(1)M 0 0 1 −1 0 sI

(2.14)

In the second line we have also indicated the choice of U(1)M circle action along which one
needs to reduce in order to go back to the conifold (2.12), as in [55]. In this description σ
represents the resolution parameter of the fourfold, which spans the union of two Kähler
cones, according to its sign. This is precisely the description that one gets starting from
the dual M-theory model, which will be discussed in more detail in section 10.

We emphasize that the above description is valid for vacua which are far away from
the origin of the quiver moduli space and at which the quiver does not flow to a SCFT. It
is then expected to capture only part of the information on the SCFT moduli space, which
includes its holomorphic description. In particular, it tells us that the EFT should contain
4N chiral multiplets ziI , whose lowest components parametrize the position in the above
Calabi-Yau X, plus the linear multiplet Σ (or alternatively its dual chiral multiplet). This
motivates the above UV formulation in terms of Σ. On the other hand, even in the large-N
limit, we expect strong quantum corrections to the D-term sector of the EFT, which may
be obtained by integrating out the massive fields in the UV quiver. We will derive this EFT
(at the two-derivative level) from the dual M-theory description in section 10, following
the general procedure discussed in sections 3–9.

2.1.2 Chiral operators

Let us define as ‘mesonic’ the chiral operators which are neutral under the U(1)T symmetry.
In the formulation with the dynamical A vector multiplet, these operators do not carry
any U(1)A monopole charge. The VEVs of these operators parametrize the geometric
moduli space introduced in the above subsection. These operators were studied in [15,
16] in the abelian case, and in [22] in the non-abelian case. A subset of chiral mesonic
operators can be constructed by taking gauge invariant combinations of products of basic
bulding blocks AiBj . In addition there are dressed monopole operators which are invariant
under the U(N)×U(N) gauge group [15, 22]. To construct a gauge invariant non-abelian
dressed monopole operator, one starts from a bare monopole operator with equal magnetic
charges q = (q1, . . . , qN ; q1, . . . , qN ) under the two gauge groups. The magnetic charge q

defines an embedding of U(1) inside the U(N)×U(N) gauge group, and a supersymmetric
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bare monopole operator is introduced by prescribing a Dirac monopole singularity for the
vector multiplet of the embedded U(1) in the path integral. The monopole boundary
condition induces an adjoint Higgsing of the gauge group to U(1)N × U(1)N for generic
charges, or to

∏
α U(rα) ×

∏
α U(rα) if the magnetic charges qI are equal in blocks of size

rα, leading to a gauge symmetry enhancement. Due to the Higgsing, all the fundamental
and antifundamental matter, as well as some of the bifundamentals, gain an effective mass,
so that the residual gauge theory of light modes in the monopole background is a tensor
product of decoupled U(rα) × U(rα) quivers. Integrating out the heavy modes leads to a
quantum correction to the Chern-Simons levels, which in turn contributes to the electric
charge of the bare monopole operators.

To construct chiral gauge invariant operators of the residual gauge group
∏
α U(rα)×∏

α U(rα), the bare monopole operator must be dressed with some of the massless bifun-
damentals.8 Finally, one averages over the action of the Weyl group SN × SN to form a
fully gauge invariant operator.

The geometric moduli space of the U(N)×U(N) theory on the worldvolume of N M2-
branes is the N -th symmetric product of the geometric moduli space of the U(1) × U(1)
theory on a single M2-brane, as was shown using Hilbert series in [22]. We can therefore set
N = 1 first, and rely on the results of [15]. We will use lower case letters to denote bifunda-
mental fields and monopole operators in the abelian theory. The basic bare monopole opera-
tors t and t̃ with magnetic charges q = (1; 1) and (−1;−1) respectively have electric charges
(−1; 1) and (2;−2) under the U(1)×U(1) gauge group, and obey the quantum relation

tt̃ = a1 . (2.15)

Since a1 is generated by the bare monopole operators, one can use t, t̃, a2, b1, b2 to construct
independent gauge invariant operators. The connection with the toric description (2.14)
of the corresponding Calabi-Yau four-fold is obtained by identifying

Z1 ≡ b1 , Z2 ≡ b2 , Z3 ≡ t , Z4 ≡ t̃ , Z5 ≡ a2 . (2.16)

In the non-abelian theory, a convenient basis that generates the whole set of gauge
invariant monopole operators is obtained starting from the monopole operators T (r) and
T̃ (r) of magnetic charges q = ±1r ≡ ((±1)r, 0N−r; (±1)r, 0N−r) for r = 1, . . . , N .9 These
operators transform in the representations (det , 1; det , 1) and ((det )2, 1; (det )2, 1)

8If the magnetic charges are different (modulo permutations) for the two U(N) gauge factors, the bare
monopole operator cannot be dressed into a gauge invariant chiral operator.

9An equivalently good basis uses monopole operators of magnetic charges q = (±r, 0N−1;±r, 0N−1)
with r = 1, . . . , N , corresponding to the operators (T (1))r and (T̃ (1))r in the residual gauge theory with
gauge group (U(1) × U(N − 1))2. In the parlance of symmetric polynomials, this choice corresponds to
power sums, while the choice made in the text corresponds to ‘elementary’ symmetric polynomials. Hilbert
series calculations show that dressed power sum monopole operators and dressed elementary symmetric
polynomial monopole operators with the same quantum numbers differ by products of dressed monopole
operators of lower R-charge. This extends to any choice of basis of symmetric polynomials. All statements
about dressed monopole operators in the main text are to be considered modulo mixing with products of
lower dressed monopole operators with the same quantum numbers.
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under the residual gauge group (U(r) × U(N − r)) × (U(r) × U(N − r)), and satisfy the
quantum relation

T (r)T̃ (r) = detr A(r)
1 (2.17)

in the residual gauge theory, where A(r)
1 denotes the block of A1 in the bifundamental

representation of U(r)×U(r) and detr the determinant of an r×r matrix (we use det = detN
unless explicitly stated). Since T (r) is charged under the gauged baryonic symmetry of
U(r) × U(r), in order to build a chiral gauge invariant operator under the residual gauge
group it must multiply an operator of opposite baryonic charge in the U(r)×U(r) residual
gauge theory, such as detr(A)(r), detr(ABA)(r), detr(A)(r) ·Tr (AB)(r) etc., with arbitrary
SU(2) indices. Finally, this operator must be symmetrized with respect to the broken Weyl
group (SN/(Sr × SN−r))2 to form a fully gauge invariant operator.

It was shown in appendix A of [22] at the level of Hilbert series that the geometric
moduli space of the theory on N M2-branes is the N -th symmetric product of the theory
on a single M2-brane.10 The proof was detailed for ABJM [11], but it is a straightforward
exercise to generalise it to all flavoured ABJM theories. This result is expected from brane
considerations, but is not obvious from purely field-theoretic considerations and has not
been worked out explicitly beyond counting techniques. In particular, it implies that the
gauge invariant chiral operators of the non-abelian U(N)×U(N) gauge theory are in one-
to-one correspondence with the gauge invariant chiral operators of N copies of the gauged
linear sigma model (2.14) of the Calabi-Yau fourfold, supplemented by a discrete SN gauge
symmetry that permutes the N copies. We will use this crucial result in section 10 to match
chiral operators in the holographic EFT to chiral operators in the microscopic quiver gauge
theory that have been discussed in this section.

We can now consider monopole operators for the vector multiplet A. Let us first con-
sider bare monopole operators Tn of magnetic charge n under the U(1)A gauge symmetry,
which have charge n under U(1)T. Since no matter is charged under U(1)A, the classical
relation Tn = T n holds for all n ∈ Z, and the operator T ≡ T1 is invertible. In the dual
description in terms of the chiral field χ, we can identify T with e−2πχ and Tn with e−2πnχ.
As is clear from (2.8), the bare monopole operators Tn have charge n under the baryonic
gauge symmetry U(1)B. They must then be ‘dressed’ by other operators that have a net
charge −n under U(1)B. The simplest possibilities are

Bm3,m4 = T [T (N−r)(detrB(r))m3,m4 ]|sym (m3,m4 ≥ 0, r = m3 + m4 ≤ N)
B̃1 = T −1 detA2

B̃2 = T −2 T̃ (N)

(2.18)

where we used the shorthand (detB)a1,a2 for the dibaryon built out of a1 factors of B1
and a2 factors of B2, which has isospin I3 = (a1− a2)/2 under the SU(2) global symmetry
that acts on the Ba bifundamentals. (We identified a1 ≡ m3 and a2 ≡ m4 for later
purposes.) The bare monopole operator T (N−r) in the first line breaks the gauge group to
(U(N−r)×U(r))2, with the monopole charged under the centre of the U(N−r) factors and

10This assumes a conjecture of [56] that baryonic generating functions of theories on multiple D3-branes
are obtained by symmetrizing the baryonic generating functions of theories on a single D3-brane.
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the dibaryon charged under the centre of the U(r) factors, and the subscript sym denotes
the symmetrization under the (broken) Weyl group.

We note that as m3 and m4 are varied at fixed N , the dibaryonic operators in the first
line of (2.18) span the totally symmetric rank N irreducible representation [N, 0] of an
enhanced SU(3) symmetry, which contains the manifest SU(2) symmetry acting on the B
bifundamentals as well as a linear combination of the other U(1) symmetries. In the large
N limit, one can use F -extremization [52] or equivalently volume minimization [57] to find
the scaling dimensions of these operators (see also appendix A of [53]):

∆(Bm3,m4) ' 0.4505N , ∆(B̃1) ' 0.4136N , ∆(B̃2) ' 0.2349N . (2.19)

We can be more explicit about the operators if we assume that the magnetic charges
q = (q1, . . . , qN ; q1, . . . , qN ) for U(N)×U(N) are generic and break it to its maximal torus.11

This is the holomorphic counterpart of the semiclassical discussion of the geometric moduli
space in section 2.1.1. The massless modes in such a generic monopole background are
described by N copies of an effective abelian ABJM quiver with gauge group U(1)×U(1)
and effective Chern-Simons levels k+ = (1;−1) and k− = (2;−2). We label by tI and t̃I
the monopole operators of magnetic charge (±1;±1) of the I-th abelian ABJM quiver in
the residual gauge theory, which have electric charges −k+ and −k− respectively, and by
a1,I , a2,I , b1,I , b2,I the bifundamentals in the same abelian quiver. There is a quantum
relation tI t̃I = a1,I for all I, which can be used to eliminate products of tI and t̃I in favour
of a1,I and vice versa.12

Then we can write the general chiral operators as

Oq,n;α,β = T n
(∏

I

[
(tI)

qI
2 + |qI |2 (t̃I)−

qI
2 + |qI |2 (a1,I)α

I
1(a2,I)α

I
2(b1,I)β

I
1 (b2,I)β

I
2

])
sym

= T n
(∏

I

[
(tI)

qI
2 + |qI |2 +αI1(t̃I)−

qI
2 + |qI |2 +αI1(a2,I)α

I
2(b1,I)β

I
1 (b2,I)β

I
2

])
sym

,

(2.20)

where the powers αIi and βIi of the bifundamentals are non-negative integers which satisfy
the U(1)×U(1) gauge invariance constraint

αI1 + αI2 − βI1 − βI2 = ξeff(qI , n) ≡ −n+ 3
2qI −

1
2 |qI | (2.21)

for each I. The subscript sym denotes symmetrization over the Weyl group. The opera-
tors (2.20) are ‘mesonic’ if n = 0 and ‘baryonic’ if n 6= 0.

The above discussion should be adjusted if some qI are equal, leading to a non-abelian
factor in the residual gauge group. Then a product of bifundamentals charged under
the Cartan subgroup of each non-abelian factor should be replaced by an appropriate

11See also appendix C.3 for a more detailed count of chiral operators according to their charges under
the toric symmetries.

12We have assumed that non-abelian diagonal monopole operators factorize into abelian diagonal
monopole operators. This is not a general property of monopole operators, but is consistent with the
quantum numbers of diagonal monopole operators in flavoured ABJM theories.

– 14 –



J
H
E
P
1
0
(
2
0
2
2
)
1
1
1

Figure 5. Quiver diagram for the worldvolume theory of N M2-branes probing the cone over
Q1,1,1. Coloured fields are present in extra superpotential terms, here ∆W = p1A1q1 + p2A2q2.

dibaryonic operator for the same non-abelian factor, as explained in [22] and briefly re-
viewed in appendix C.3. For instance, t1a1,1t2a1,2 should be replaced by T (2) det2A

(2)
1 =

T(12,0N−2;12,0N−2) ((A1)11(A1)22 − (A1)12(A1)21) before averaging over the Weyl group.
It is expected that the baryonic operators (2.18) and (2.20) are realized holographically

by M5-brane configurations. This identification arises quite naturally from the holographic
EFT that will be derived in the following sections. We will reproduce the microscopic
results (2.19) using the holographic EFT and provide more details about the matching of
these operators in section 10.

2.2 The alternate Q111 quiver

The Q111 quiver is partly similar to the Y 12(P2) one. Hence, in the following discussion we
will be faster, omitting the details that can be easily adapted from the previous sections.
As for the Y 12(P2) quiver, we start with an associated quiver gauge theory, whose quiver
diagram is depicted in figure 5, identified in [15, 16]. It is again a flavored version of the
ABJM theory, now with vanishing bare Chern-Simons levels, which includes two pairs of
flavor chiral fields p1,2, q1,2 and a superpotential

W = Tr(A1B1A2B2 −A1B2A1B2) + p1A1q1 + p2A2q2 . (2.22)

The theory we are interested in is again obtained by applying the S operation. Not
only we apply it to the topological symmetry associated with the U(1)B baryonic gauge
symmetry (2.4), as for the Y 12(P2) model, by adding a coupling of the form (2.3) to a
dynamical vector multiplet A1. We also perform an S operation for a flavor symmetry
U(1)F. There are different equivalent choices of U(1)F, related by different combinations
with the diagonal U(1) subgroup of U(N) × U(N). We choose U(1)F so that p2, q2 are
neutral under it, while p1 and q1 have charges +1 and −1 respectively. The second S
operation is obtained by modifying the UV Lagrangian by a minimal coupling of the flavors
to a second dynamical vector multiplet A2, which then gauges U(1)F. The resulting quiver
theory has an extended gauge group U(N)×U(N)×U(1)×U(1).
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Because of parity anomalies, in addition to (2.3) one also needs to add half-integral
mixed Chern-Simons coupling to preserve gauge invariance (see also appendix F of [22]):

1
4π

∫
d4θ (2A1 −A2) ΣB (2.23)

One can correspondingly define two topologically conserved current multiplets,

J 1 = 1
2πΣ1 , J 2 = 1

2πΣ2 , (2.24)

with Σa = i
4DD̄A

a, a = 1, 2. We will denote by U(1)aT, a = 1, 2, the corresponding
topological global symmetries.

As for the Y 12(P2) model, we may now dualize A1 to a chiral multiplet χ1, such that
e−2πχ1 has charge +1 under the global U(1)1

T and the baryonic U(1)B gauge symmetry.
On the other hand, the dualization of A2 to a chiral field χ2 will be possible only in the
low-energy EFT, since in the UV quiver gauge theory A2 couples to charged matter.

2.2.1 Moduli space

The semiclassical moduli space proceeds as for the Y 12(P2) model and is completely analo-
gous. It can again be described in terms of N copies of a fibered conifold (2.12), where now

ξeff(sI , σ) = −σ1 + 1
2σ

2 − 1
2 |sI | −

1
2 |sI − σ

2| (2.25)

where σa, a = 1, 2, are the lowest components of the linear multiplets Σa = i
4DD̄A

a. After
dualizing the low-energy U(1)N vector multiplets to chiral multiplets tI , one can describe
the complete geometric moduli space as a fibration over R2 parametrized by (σ1, σ2). The
fiber is given by N symmetrized copies of the Calabi-Yau four-fold X which is obtained by
resolving the cone over Q111, with (σ1, σ2) ∈ R2 parametrizing the Kähler moduli.

X admits a GLSM/toric description

Z1 Z2 Z3 Z4 Z5 Z6 FI
U(1)1 1 1 0 0 −1 −1 σ1

U(1)2 0 0 1 1 −1 −1 σ2

U(1)M 0 0 0 −1 1 0 sI − σ2

(2.26)

where the second line describes the U(1)M and the corresponding FI that specifies the
connection with the above description in terms of the fibered conifold (2.12).

By introducing complex coordinates zi on X, we then expect the SCFT to admit
a low-energy EFT for two vector multiplets Aa = (A1,A2) and N neutral symmetrized
chiral multiplets ziI . The linear multiplets Σa can be identified with current multiplets of
topological symmetries. Motivated by the M-theory perspective that we will be discussed in
the following sections, we will refer to them as Betti symmetries. At the EFT level, one may
dualize the vector multiplets (2.24) to chiral multiplets ρa, such that e−2πρa carry charge
+1 under the a-th Betti symmetry. The dual M-theory viewpoint will allow us to derive the
large-N holographic EFT of the SCFT and to more concretely describe such dualization.
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2.2.2 Chiral operators

The construction of gauge invariant chiral operators in the Q111 model, before and after
the double S operation, follows the same logic as for the Y 1,2(P2) model.

Let us first focus on the ‘mesonic’ operators, which do not carry any U(1)Aa mag-
netic charges and whose VEVs parametrize the geometric moduli space discussed in the
previous subsection, with σa = 0. These are ordinary mesons constructed out of the
A,B bifundamentals, and dressed monopole operators with equal magnetic charges q =
(q1, . . . , qN ; q1, . . . , qN ) under the two U(N) gauge groups. Since the geometric moduli space
of the U(N)×U(N) theory on the worldvolume ofN M2-branes is theN -th symmetric prod-
uct of the geometric moduli space of the U(1)×U(1) theory on a single M2-brane, we will
again focus on N = 1 first [15]. As above, we use lower case letters to denote bifundamental
fields and monopole operators in this abelian theory. The basic bare monopole operators t
and t̃ with magnetic charges q = (1; 1) and (−1;−1) respectively both have electric charges
(1;−1) under the U(1)×U(1) gauge group of the quiver, and obey the quantum relation

tt̃ = a1a2 . (2.27)

It is useful to trivialise the quantum relation by introducing four independent variables r, r̃
and s, s̃ with charges +1 and −1 under a new U(1) gauge symmetry, such that

t = rs , t̃ = r̃s̃ , a1 = r̃s , a2 = s̃r . (2.28)

This leads to the following identification with the homogeneous coordinates of the toric
description (2.26), see appendix D.1 and [15] for more details:

Z1 ≡ b1 , Z2 ≡ b2 , Z3 ≡ r , Z4 ≡ r̃ , Z5 ≡ s , Z6 ≡ s̃ . (2.29)

The introduction of the new variables r, r̃, s, s̃ may seem formal at first sight, but it turns
out that they are needed to describe the resolution of C(Q111) and to express the monopole
operators of the theory obtained after the double S operation. In that case, introducing
C∗ valued GLSM variables Xa of charge −δba under the b-th U(1) in (2.26), one finds the
identification

X2r = t1;0,1 , X2r̃ = t0;0,1 , X−1
2 s = t0;0,−1 , X−1

2 s̃ = t−1;0,−1 , X1 = t0;1,0 , (2.30)

where tm;n1,n2 is the abelian monopole operator of magnetic charge q = (m;m) under the
U(1)2 gauge group of the quiver and (n1, n2) under the extra U(1)2 gauge group introduced
in the double S operation. See appendix D.1 for details of how this identification comes
about. One can then express a general abelian bare monopole operator as

tm;n1,n2 = Xn1
1 Xn2

2 r
m
2 + |m|2 r̃−

m−n2
2 + |m−n

2|
2 s

m−n2
2 + |m−n

2|
2 s̃−

m
2 + |m|2 . (2.31)

In the U(N) × U(N) theory, we may again use the bare monopole operators of mag-
netic charges q = ±1r ≡ ((±1)r, 0N−r; (±1)r, 0N−r) for r = 1, . . . , N , and dress them by
bifundamentals of the residual gauge theory to generate all chiral ‘mesonic’ operators. Let
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us not dwell on this, and move on instead to discussing monopole operators for the vector
multiplets A1,A2, which contain the previous operators as a subcase. We first note that
no matter is charged under U(1)A1 , therefore the corresponding monopole operators factor
out and obey the classical relation that a monopole operator of charge n1 is the n1-th
power of a monopole operator of charge 1.

Tq;n1,n2 = Tq;n1,0Tq;0,n2 = (T1)n1
Tq;0,n2 , (2.32)

where T1 ≡ T0;1,0 is invertible. In the dual description in terms of the chiral field χ, we
can identify T1 with e−2πχ1 . This factorization does not hold for monopole operators for
the vector multiplet A2, which has charged matter.

It is not hard to construct three basic sets of gauge invariant chiral ‘baryonic’ operators,
whose elements are labelled by an integer m = 0, 1, . . . , N , with magnetic charges (n1, n2)
equal to (1, 0), (0, 1) and (−1,−1) respectively:13

B(1)
m = T0;1,0(detB)N−m,m ≡ T1(detB)N−m,m (0 ≤ m ≤ N)

B(2)
m = T+1N−m;0,1 (0 ≤ m ≤ N)

B(3)
m = T−1N−m;−1,−1 ≡ T −1

1 T−1N−m;0,−1 (0 ≤ m ≤ N) .

(2.33)

Each of these sets of operators has the lowest dimension for baryonic operators,

∆(B(i)
m ) = N

3 , (2.34)

and transforms in the (N + 1)-dimensional irreducible representation of the i-th SU(2)
global symmetry of the SCFT, corresponding to the SU(2)3 isometries of Q111.

More general baryonic operators of higher dimension can be constructed simi-
larly. Again, we can be more explicit if we assume that the magnetic charges q =
(q1, . . . , qN ; q1, . . . , qN ) for U(N) × U(N) are generic and break it to its maximal torus.
The massless modes in this monopole background are described by N copies of an effec-
tive abelian ABJM quiver with gauge group U(1)×U(1) and effective Chern-Simons levels
k+ = k− = (−1; 1). We label by tI and t̃I the monopole operators of magnetic charge
(±1;±1) of the I-th abelian ABJM quiver in the residual gauge theory, which have electric
charges −k+ and −k− respectively, and by a1,I , a2,I , b1,I , b2,I the bifundamentals in the
same abelian quiver. The quantum relations tI t̃I = a1,Ia2,I for all I can be solved by
introducing new variables rI , r̃I , sI , s̃I as in (2.28). Using (2.31) for each I, we can then
write the general chiral operators as

Oq,n;α,β = Tq;n1,n2

(∏
I

(a1,I)α
I
1(a2,I)α

I
2(b1,I)β

I
1 (b2,I)β

I
2

)
sym

=
2∏

a=1
Xna

a

(∏
I

[
(rI)

qI
2 + |qI |2 +αI2(r̃I)−

qI−n
2

2 + |qI−n
2|

2 +αI1(sI)
qI−n

2
2 + |qI−n

2|
2 +αI1

× (s̃I)−
qI
2 + |qI |2 +αI2(b1,I)β

I
1 (b2,I)β

I
2

])
sym

,

(2.35)

13We will see in a later section that these choices of (n1, n2) correspond to the generators of the walls
between the three Kähler chambers of Q111.
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where the powers αIi and βIi of the bifundamentals are non-negative integers which satisfy
the U(1)×U(1) gauge invariance constraint

αI1 + αI2 − βI1 − βI2 = ξeff(qI , n) ≡ −n1 + n2

2 −
1
2 |qI | −

1
2 |qI − n

2| (2.36)

for each I. Again, the subscript sym denotes symmetrization over the Weyl group. The
operators (2.20) are ‘mesonic’ if (n1, n2) = 0 and ‘baryonic’ if (n1, n2) 6= 0. If some qI are
equal, the above discussion should be corrected along the same lines as in section 2.1.2.

We will reproduce the operators (2.33) and (2.35) and their quantum numbers from
the perspective of the holographic EFT in section 11.

3 Holographic M-theory backgrounds

We now turn to the dual supergravity point of view. As explained in the introduction,
our aim is to derive the holographic (i.e. large-N) EFT and match it with field theory
expectations. Even though the models dual to the SCFTs discussed in section 2 will serve
as specific examples, the discussion will have various degrees of generality. We will start by
considering a wide class of M-theory models dual to N = 2 three-dimensional SCFTs which
share the same topological properties of toric models. We will then specifically restrict to
toric models, describing in more detail the structure of their holographic EFT and of the
associated semiclassical chiral ring. The models introduced in section 2 belong to this class
and will later be used to concretely apply and check our general results.

The qualitative features of M-theory backgrounds corresponding to the SCFT vacua
along the geometric moduli space have been already described in the introduction, see
figure 2. In this section we describe in more detail their precise structure (see also [10, 21, 29]
for previous work) and some of their geometric properties which will be useful in the
following sections.

3.1 The supergravity solutions

The M-theory vacua we will focus on have the general structure [31]

ds2
11 = H−

2
3ds2

R1,2 + `2P H
1
3ds2

X ,

F4 = dvolR1,2 ∧ dH−1 .
(3.1)

where `P is the 11-dimensional Planck length and in our conventions the internal line
element ds2

X is dimensionless.14 The AdS vacuum of figure 1 corresponds to the choice
X = C(Y ), ds2

C(Y ) = dr2 + r2ds2
Y and HAdS = L6

r6 , so that ds2
11,AdS = ds2

AdS4
+ `2P L

2ds2
Y ,

where L6 = N
6vol(Y ) and the AdS4 metric is

ds2
AdS4 = r4

L4ds
2
R1,2 + `2PL

2

r2 dr2 . (3.2)

14In our conventions the M2-brane has tension/charge 2π/`3P.
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For the more general vacua of figure 2, the internal Calabi-Yau metric ds2
X is a resolution

of the conical metric and the warp factor H is the unique solution of

∆XH = ∗X
N∑
I=1

δ8
I (3.3)

that vanishes asymptotically for r → ∞. In (3.3), δ8
I is an 8-form with delta function

support at the position of the I-th M2-brane. The equation (3.3) is then solved by

H(y) =
∑
I

GX(y; yI) , (3.4)

where GX(y; y′) = GX(y′; y) is the Green’s function of the Laplace operator obtained from
the CY metric on X, in some real coordinates ym, m = 1, . . . , 6. Note that GX(y; y′) is
the unique asymptotically vanishing Green’s function, so that (3.4) is the unique solution
with asymptotically AdS behaviour:

H ' L6

r6 + . . . for r →∞ . (3.5)

See [42] for a useful summary on the properties of Green’s functions on asymptotically
conical CY spaces. In the following we will just use the existence and uniqueness of these
Green’s functions, with no need to know their explicit form.

The moduli parametrizing these vacua are given by 4NM2 complex dimensionless co-
ordinates ziI , I = 1, . . . , NM2, which give the positions of the NM2 = N M2-branes on X
in a complex coordinate system zi, and nK = b2(X) Kähler moduli σa, a = 1, . . . , nK,
which measure the resolution of the ambient Calabi-Yau fourfold. The latter combine with
the C6 axionic moduli into b2(X) complex moduli ρa, to be defined later on. By super-
symmetry, all the complex moduli are bottom components of chiral multiplets. Part of
the moduli ρa may actually be considered non-dynamical: this depends on some freedom
in the choice of boundary conditions for the supergravity fields [58], which correspond to
different SCFTs [10]. We will initially consider all ρa as dynamical complex coordinates on
the moduli spaceM. We will return to the other possibilities in the following sections.

3.2 Some geometric generalities

In order to derive the holographic EFT we first need to collect some geometric properties
of the internal Calabi-Yau four-fold X, following the three-fold case discussed in [8]. Recall
that we assume that X is a crepant resolution of the Calabi-Yau cone C(Y ). It can
be proven that in each cohomology class of H2(X;R) ' H1,1(X;R) belonging to the
Kähler cone there exists a unique Kähler form JX defining a Calabi-Yau metric which
asymptotically reduces to the conical one [59]. In H2(X;R) one can then expand

[JX ] = `P

2π σ
a[ωa] , (3.6)
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where ωa, a = 1, . . . , b2(X), form a basis of harmonic (1, 1)-forms,15 and σa are the real
Kähler moduli of X. The 1

2π `P factor in (3.6) is introduced for later convenience and
implies that σa have dimension of a mass.

We choose to normalize ωa so that they represent a basis of the integral cohomology
group H2(X;Z). This is Poincaré dual to the relative homology group H6(X,Y ;Z), the
homology group of six-chains with boundary on Y . For definiteness, we require that X
shares the same topological properties of toric Calabi-Yau four-folds: X has vanishing odd
Betti numbers b2k+1(X) = 0, k = 0, . . . , 3, no complex structure moduli, and

b2(X) = b6(X) + b2(Y ) , (3.7)

see for instance [21]. Correspondingly, we can split the basis of harmonic (1,1)-forms as

ωa = (ω̂α, ω̃σ) , (3.8)

with α, β, . . . = 1, . . . , b6(X) and σ, τ, . . . = 1, . . . , b2(Y ). The ω̂α’s define a basis of the
relative cohomology group H2(X,Y ;Z): these two-forms are Poincaré dual to compact
divisors D̂α which provide a basis of H6(X;Z). On the other hand ω̃σ are Poincaré dual to
non-compact divisors D̃σ, which have a non-trivial boundary on Y . For instance, b6(X) = 0
in both the Y 12(P2) and Q111 models, while they have b2(Y ) = 1 and b2(Y ) = 2 respectively
— see sections 10 and 11 below.

The harmonic (1,1)-forms ω̂α are L2-normalizable [60]:∫
X
ω̂α ∧ ∗X ω̂β <∞ . (3.9)

On the other hand, the harmonic (1,1)-forms ω̃σ are only Lw
2 -normalizable, meaning that

they are not L2-normalizable but are normalizable using the warped measure:
∫
X H ω̃σ ∧

∗X ω̃ρ < ∞. This property crucially derives from the asymptotic AdS behaviour (3.5) of
the warping — see for instance [29] for a discussion on the analogous Calabi-Yau three-
fold case. The singularities of H, which locally diverge like the sixth inverse power of the
distance from the localised M2-brane, are integrable and do not create problems. Clearly,
L2-normalizable forms are also Lw

2 -normalizable, therefore in general∫
X
H ωa ∧ ∗Xωb <∞ (3.10)

for any pair of harmonic (1,1) forms ωa, ωb. We will see below how this warped integral
appears as the kinetic matrix of the holographic EFT.

The cohomological expansion (3.6) translates into the expansion of JX as a two-form,

JX = J0 + `P

2πσ
aωa , (3.11)

where J0 is an exact form. By the ∂∂̄-lemma, it can be globally written as

J0 = `P

2π i∂∂̄k0 , (3.12)

15As in [8, 21], one can argue that the harmonic (1,1)-forms ωa are primitive: Jyωa ≡ 1
2J

mn(ωa)mn = 0.
On the other hand, a primitive (1, 1) closed two-form is harmonic, since it is automatically co-closed.
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where k0(z, z̄;σ) is a globally defined function, which also depends on the Kähler moduli
σa. At σa = 0 the internal space X reduces to the Calabi-Yau cone and 1

2π `P k0 to its
Kähler potential, which is 1

2r
2 up to Kähler transformations.

In the following we will also need locally defined ‘potentials’ κa(z, z̄;σ) such that

ωa = i∂∂̄κa . (3.13)

The potentials κa(z, z̄;σ) define metrics e−2πκa on the line bundles O(Da) associated with
the divisorsDa = (D̂α, D̃σ) introduced above. The transition functions of these line bundles
translate into σa-independent hol+hol contributions to κa, which clearly preserve (3.13).

To remove some arbitrariness in κa(z, z̄;σ) and k0(z, z̄;σ), we impose the conditions

∂k0
∂σa

= −σb ∂κb
∂σa

(3.14a)

∂κa
∂σb
→ 0 as r →∞ (3.14b)

k0(z, z̄;σ = 0) = kC(Y )(z, z̄) = π

`P
r2 . (3.14c)

Consistently with (3.14a), we can also introduce the combination

kX = k0 + σaκa , κa = ∂kX
∂σa

(3.15)

which can be identified with a rescaled Kähler potential kX on X, normalized such that

JX = i `P

2π∂∂̄kX . (3.16)

Notice that with these normalizations kX and k0 have dimensions of a mass.
The conditions (3.14) completely fix k0. On the other hand, even though the potentials

κa are only defined locally, their σb-derivatives ∂κa/∂σb are globally defined and so are the
conditions (3.14b). By combining the arguments of [8, 30], one can derive the identity

∂κa
∂σb

= `P

2π

∫
X,y′

GX(y; y′)(J ∧ J ∧ ωa ∧ ωb)(y′) , (3.17)

where we recall that GX(y; y′) is the Green’s function on X.

4 Holographic EFT

In section 3 we organised the fields entering the EFT in a set of n = 4NM2 + nK chiral
multiplets φA = (ziI , ρa). (We use the same symbol for chiral superfields and for their lowest
bosonic components.) In this section we describe the two-derivative holographic EFT for
these chiral multiplets, which can be derived from M-theory.

As anticipated in the introduction, the holographic EFT can be obtained from the
rigid/decompactification limit of the three-dimensional supergravity theories of [30], sim-
ilarly to what was done in [8] for four-dimensional EFTs with type IIB holographic real-
izations. A new ingredient, absent in the IIB models of [8], is the possibility to turn on an
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internal flux F int
4 — see for instance [19] for a general discussion and references to the pre-

vious literature. In this paper we assume F int
4 = 0, but the incorporation of non-vanishing

flux can be achieved without difficulties. With this restriction the M-theory vacua are
completely analogous to the type IIB vacua discussed in [8]. Hence we can adapt step by
step the rigid/decompactification limit discussed in appendix A therein to obtain a very
similar holographic EFT.

4.1 Mixed formulation with chiral and linear multiplets

Since Imρa parametrize the C6 axions, the perturbative16 holographic EFT is symmetric
under constant shifts of Imρa. This means that we can dualize the chiral multiplets ρa into
a set of linear multiplets Σa [54] and use the latter to describe the effective theory, see for
instance [23, 25].

The three-dimensional N = 2 linear multiplets Σa satisfy by definition the constraint

D2Σa = D̄2Σa = 0 (4.1)

which, as reviewed in appendix A, can be locally solved as follows

Σa = i
4DD̄A

a = σa + . . .− 1
2ε

µνρθγµθ̄F
a
νρ (4.2)

in terms of a set of abelian vector multiplets Aa, whose real scalars σa coincide with the
Kähler moduli on X, and whose vectors Aa (with field strengths F a = dAa) appear in the
decomposition C3 = 1

2π `
3
PA

a ∧ ωa + . . . of the M-theory three-form C3. The holographic
EFT is completely specified by a ‘kinetic potential’ F(z, z̄,Σ) such that

S′HEFT =
∫

d3xd4θF(z, z̄,Σ)

= 1
4

∫
Fab

(
dσa ∧ ∗dσb + F a ∧ ∗F b

)
−
∫
FIJī dziI ∧ ∗dz̄

̄
J

− i
2

∫ (
FIaidziI −F Iaı̄dz̄ ı̄I

)
∧ F a + (fermionic terms) ,

(4.3)

where Fab ≡ ∂2F
∂σa∂σb

, FIai ≡ ∂2F
∂σa∂ziI

, etc. Here F(z, z̄,Σ) can be obtained by following almost
verbatim the rigid/decompactification limit of [30]. The final result is

F(z, z̄,Σ) =
∑
I

kX(zI , z̄I ; Σ) , (4.4)

where kX(z, z̄;σ) is the Kähler potential of the metric ds2
X introduced in (3.15). Note that

kX(zI , z̄I ; Σ) is only locally defined and can change as follows

kX(zI , z̄I ; Σ) → kX(zI , z̄I ; Σ) + ΣaRefa(zI) , (4.5)

where fa(zI) are holomorphic functions, see section 3.2. Of course, the Lagrangian (4.3) is
invariant under the shift (4.5).

16Unless explicitly stated, in this paper EFT implicitly indicates the ‘perturbative’ EFT. Non-perturbative
effects will be discussed elsewhere.
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We see that the kinetic potential F is simply the sum of N contributions obtained
by evaluating the Kähler potential (3.15) at the positions of the N mobile M2-branes
and considering the Kähler moduli and their superpartners as dynamical. Our holographic
derivation implies therefore that the large-N EFT in the formulation with linear multiplets
is described by a sort of Hartree approximation, in which the M2-branes move indepen-
dently in a mean background which only depends on the linear multiplets Σa.

Note that the EFT theory (4.3) is invariant under the symmetric group SN of all the
permutations acting on the N indices I of the fields ziI . Since theN M2-branes are identical,
SN must be considered as a gauge group of the EFT. The presence of this discrete gauge
symmetry will be important in the following. The fixed points of non-trivial subgroups
of SN correspond to configurations at which the above EFT is expected to break down
because of the appearance of some new degrees of freedom.

The result (4.4) is consistent with the intuitive idea that, if we freeze all the Käh-
ler moduli σa, the two-derivative EFT describing a number of non-coincident M2-branes
probing the Calabi-Yau geometry is just the sum of the separate non-linear sigma models
describing each M2-brane. However, we stress that the Kähler potential (3.15), which ap-
pears in (4.5), is not an arbitray Kähler potential associated with the Calabi-Yau metric,
since it must satisfy the conditions (3.14). It can at most change by a constant or by a shift
of the form (4.5) while, for instance, one cannot add to kX(zI , z̄I ;σ) any real non-linear
function of the Kähler moduli.

Let us introduce the positive definite symmetric matrix

Gab ≡
`P

π

∫
X
H ωa ∧ ∗Xωb = − `P

2π

∫
X
H ωa ∧ ωb ∧ J ∧ J (4.6)

which, recalling (3.10), is always finite. The second equality follows from the primitivity
of ωb, see footnote 15. We also introduce

AIai ≡
∂κa(zI , z̄I ;σ)

∂ziI
, (4.7)

where κa(z, z̄;σ) are the potentials defined in (3.13). AIai can be regarded as a connection on
the line bundle O(Da) over the Calabi-Yau geometry probed by the I-th M2-brane. Then,
using (3.15), (3.17) and (3.4), one can show that the bosonic terms in the holographic EFT
Lagrangian (4.3) take the form

L′HEFT = −1
4 Gab(z, z̄, σ)

(
dσa ∧ ∗dσb + F a ∧ ∗F b

)
− 2π
`P

∑
I

gī(zI , z̄I ;σ) dziI ∧ ∗dz̄
̄
I

− i
2
(
AIaidziI − ĀIaı̄dz̄ ı̄I

)
∧ F a + (fermionic terms) ,

(4.8)

where gī is the Kähler metric on the Calabi-Yau manifold X. We stress that the Kähler
moduli σa can be considered dynamical precisely because the kinetic matrix (4.6) is finite
thanks to the asymptotically AdS behaviour (3.5) of the warping, see (3.10).17

17If we were to undo the near-horizon limit and add an arbitrary constant to H, then only the L2-
normalizable Kähler moduli σ̂α would be dynamical. It is the near-horizon limit that allows us to consider
the L2-non-normalizable modes dynamical.
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4.2 Formulation with chiral multiplets

So far we have worked with the linear multiplets Σa, but we can dualize them to chiral
multiplets ρa [54], see also [23, 25]. The dual formulation depends just on the real part of
the chiral multiplets, which is given by

Reρa ≡
1
2
∂F
∂Σa

= 1
2
∑
I

κa(zI , z̄I ; Σ) . (4.9)

This relation is obtained by unconstraining Σa in (4.3), adding the term −
∫
d3xd4θ(ρa +

ρ̄a)Σa, and extremizing the resulting action with respect to Σa. The dual action is then of
the form

SHEFT =
∫

d3xd4θK(φ, φ̄)

= −
∫
KAB̄(φ, φ̄)dφA ∧ ∗3dφ̄B̄ + (fermionic terms) ,

(4.10)

where KAB̄ ≡ ∂2K
∂φA∂φ̄B̄

and the Kähler potential K is given by the Legendre transform

K = F − Σa ∂F
∂Σa

=
∑
I

k0(zI , z̄I ; Σ) .
(4.11)

Here K must be considered as the function of the chiral superfields φA ≡ (ziI , ρa) (and
their complex conjugates) obtained by inverting (4.9) and expressing Σa as functions of
(ziI , z̄ ı̄I , ρb + ρ̄b). In particular, the Σa’s generically depend on all ziI ’s, so the Hartree
approximation does not hold in the formulation with chiral multiplets.

In general it is not possible to obtain an explicit formula for the functions Σa. Nev-
ertheless, by keeping the dependence of ρb + ρ̄b hidden in Σa, one can still compute the
derivatives of K. We then obtain the Lagrangian

L′HEFT = −Gab(z, z̄, σ)∇ρa∧∗∇ρ̄b−
2π
`P

∑
I

gī(zI , z̄I ;σ)dziI∧∗dz̄
̄
I+(fermionic terms) (4.12)

where Gab is the inverse of (4.6), ∇ρa is the covariant derivative

∇ρa ≡ dρa −AIaidziI (4.13)

associated with the connection (4.7), and ∇ρ̄a ≡ ∇ρa. Again, in these formulas we must
view σa as the functions of (ziI , z̄ ı̄I , ρb + ρ̄b) obtained by inverting (4.9).

This formulation in terms of chiral multiplets clarifies the complex structure of the
moduli space M: it is a fibered space, whose base is the N -th symmetric product of the
internal resolved cone X (whose I-th copy is parametrized by the four coordinates ziI),
while the fibers are parametrized by chiral fields e−2πρa , which transform as sections of
the product of N copies of the line bundle OX(−Da). We stress that this parametrization
depends on the choice of F , which is not unique. Indeed, the effective action does not
change if we make the transformation

F(z, z̄,Σ) → F ′(z, z̄,Σ) = F(z, z̄,Σ) + Σa[ga(z) + ḡa(z̄)] , (4.14)
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where ga(z) depends holomorphically on the chiral fields ziI . This transformation gener-
alises (4.5) and corresponds to the holomorphic change of fiber coordinates

ρa → ρa + ga(z) . (4.15)

As reviewed in appendix B, (spontaneously broken) superconformal symmetry requires
the Kähler potential (4.11) to have scaling dimension one. Checking that this is the case
requires specifying the proper scaling dimensions of the chiral fields. In sections 10 and 11
we will verify that this consistency condition is explicitly satisfied by the holographic EFTs
of the Y 12(P2) and Q111 models.

4.3 Betti symmetries and non-perturbative effects

Since the harmonic two-forms split into L2 and Lw
2 normalizable as in (3.8), it is natural

to do the same for the associated linear and chiral multiplets: Σa = (Σ̂α, Σ̃σ), ρa =
(ρ̂α, ρ̃σ). We note that while the ω̂α’s span a canonical cohomology subgroupH2(X,Y ;Z) ⊂
H2(X;Z), this is not true for the ω̃σ’s, since they can mix with the ω̂α’s as follows:

(ω̂α, ω̃σ) → (ω̂α, ω̃σ +mα
σ ω̂α) , (4.16)

where mα
σ ∈ Z. This freedom is reflected in the mixed redefinitions of linear and chiral

multiplets

(Σ̂α, Σ̃σ) → (Σ̂α −mα
σΣ̃σ, Σ̃σ) , (4.17a)

(ρ̂α, ρ̃σ) → (ρ̂α, ρ̃σ +mα
σ ρ̂α) . (4.17b)

This suggests that the separation into L2 and Lw
2 normalizable modes could be better

described by the mixed linear/chiral multiplets (Σ̃σ, ρ̂α), which do not suffer from the above
ambiguity. The corresponding effective theory can be obtained from (4.3) by dualizing only
the Σ̂α linear multiplets. This gives the action

S̃HEFT =
∫

d3xd4θ G(z, z̄, ρ̂, ρ̂, Σ̃) , (4.18)

where
G ≡

∑
I

[
k0(zI , z̄I ; Σ̂, Σ̃) + Σ̃σκ̃σ(zI , z̄I ; Σ̂, Σ̃)

]
. (4.19)

Here Σ̂α must be considered as the functions of (ρ̂+ρ̂, z, z̄, Σ̃) that are obtained by inverting

ρ̂α + ρ̂α =
∑
I

κ̂α(zI , z̄I ; σ̂, Σ̃) . (4.20)

Notice that the mixed redefinition (4.17) induces the shift

G → G + 2mα
σ Σ̃σRe ρ̂α , (4.21)

which does not change the action (4.18) since Σ̃σ are linear and ρ̂α chiral superfields.
The ‘naturalness’ of this formulation has a physical interpretation. As we discussed in

section 3.2, Σ̃σ are counted by b2(Y ). Hence, according to the usual AdS/CFT dictionary,
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they correspond to Betti multiplets which are dual to exact U(1) global symmetries of the
SCFT. Indeed, we can regard J̃ σ ≡ 1

2π Σ̃σ as the associated conserved current supermul-
tiplet. Notice that by using the description in terms of Σ̃σ and their associated vector
multiplets Ãσ, we make these U(1) symmetries topological, in the sense that the currents
J̃ σ are conserved off-shell: D2J̃ σ = D̄2J̃ σ = 0.

On the other hand, the b6(X) linear multiplets Σ̂α are only associated to perturbative
U(1) global symmetries. These are expected to be broken by non-perturbative effects
generated by Euclidean M5-branes wrapping the non-trivial six-cycles in X, which indeed
identify a b6(X)-dimensional lattice. The implications of these non-perturbative effects on
the our holographic EFTs will be addressed elsewhere — see [21] for previous discussions.
For the moment suffice it to say that the non-perturbative corrections to the effective theory
are weighted by an exponential factor of the form e2πnαρ̂α , for some integers nα ∈ Z. The
U(1) global symmetry associated with the current multiplet Ĵ α = 1

2π Σ̂α generates a shift
of Im ρ̂α. We then see that the holographic EFT action (4.18) is invariant under such shifts,
which are instead generically broken by non-perturbative corrections.

5 Freezing moduli by the S operation

In section 4 we saw that the low-energy spectrum includes b2(Y ) linear multiplets Σ̃σ which
correspond to exact global Betti U(1)σ symmetries of the dual SCFT, with associated
current multiplets J̃ σ = 1

2π Σ̃σ. For instance, in the explicit examples of section 2, these
current multiplets are those in (2.5) and (2.24) respectively. We observe that these global
symmetries are spontaneously broken along the moduli space, since they shift the imaginary
part Im ρ̃σ of the dual chiral coordinates. Each ρ̃σ is then the supersymmetric Goldstone
boson of a spontaneously broken U(1)σ symmetry.

According to the AdS/CFT correspondence, a U(1)σ global symmetry in the SCFT
corresponds to a ‘Betti multiplet’ in the KK-reduced theory on AdS4. Such a multiplet
contains a scalar ϕσ of mass m2 = −2/L2 with the asymptotics ϕσ(x, r) ' ϕσ0 (x)

r2 + . . .

for r → ∞. This value of the mass allows for the ‘alternate’ Neumann quantisa-
tion [10, 58] in which ϕσ is dual to a scalar operator Jσ(x) of dimension ∆ = 1 and
VEV 〈Jσ(x)〉 = ϕσ0 (x) [10]. The operator Jσ is the moment map of the U(1)σ symmetry,
the lowest component of an SCFT current multiplet

J σ = Jσ − θγµθ̄jσµ + . . . (5.1)

In our holographic EFT this is represented by J σHEFT = 1
2π Σ̃σ and then we are naturally

led to identify
〈Jσ(x)〉 = 1

2π σ̃
σ(x) (5.2)

and ϕσ0 ' σ̃σ. We then see that the holographic EFTs described in section 4 precisely
correspond to the Neumann quantization of all the Betti multiplets.

On the other hand, one may use the standard Dirichlet quantisation [10, 58] in which
ϕσ are dual to operators Oσ of scaling dimension ∆ = 2 of a different theory. In this
case ϕσ0 (x) ∼ σ̃σ(x) must be interpreted as external sources which deform the dual SCFT
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by
∫
σ̃σ(x)Oσ(x). By supersymmetry, the same interpretation extends to the whole linear

multiplets Σ̃σ, which should be considered as non-dynamical background multiplets of
spurionic scaling dimension ∆Σ̃ = 1. Hence, one should remove these linear multiplets
from the holographic EFT.

From the dual SCFT viewpoint, the two quantizations are related by the S oper-
ation [17, 45] reviewed in section 2 — see also [21, 61] for a discussion in the present
context. For instance, in the examples of section 2 we focused on modified quiver models
obtained as a result of an S operation. These models correspond holographically to the
Neumann quantization of the Betti multiplets. On the other hand, the quiver models that
we started from before applying the S operation, which have U(N) × U(N) gauge group,
correspond to Dirichlet quantizations of the Betti multiplets.

The holographic EFTs corresponding to Neumann or Dirichlet quantizations must be
related by an S operation as well. Since applying the S operation twice returns the initial
theory with reversed sign of the current multiplet, the holographic EFT corresponding
to Dirichlet quantization can be obtained by applying the S operation with sign-reversed
current to the holographic EFTs described in section 4. More explicitly, the ‘Dirichlet’
theory can be obtained by coupling the current multiplets −J̃ σ = − 1

2π Σ̃σ of the ‘Neumann’
holographic EFT (4.18) to dynamical external vector multiplets Bσ:

SD[Σ̃,B] = S̃HEFT[Σ̃] + 1
2π

∫
d3xd4θ Σ̃σBσ . (5.3)

We used the mixed description of section 4.3, keeping the dependence on the chiral fields
ziI , ρ̂α implicit, since they can be considered as spectators under the S operation. Since
D2Σ̃σ = D̄2Σ̃σ = 0 off-shell, SD is invariant under background gauge transformations.
Furthermore the second term in (5.3) is consistent with superconformal invariance.18

It is clear that the effect of the Σ̃σBσ coupling in (5.3) is to dynamically set Σ̃σ to zero.
Hence the ‘Dirichlet’ holographic EFT is obtained simply by setting Σ̃σ = 0 in (4.18), while
the other superfields ziI , ρ̂α remain dynamical. From the M-theory geometrical viewpoint,
this corresponds to freezing the ‘Betti’ Kähler moduli σ̃σ to zero.

More generally, one may couple the topological currents J Bσ = 1
2πΘσ, with Θσ ≡

i
4DD̄Bσ, to non-dynamical external vector multiplets Aσ:

S′D[Σ̃,B;A] = S̃HEFT[Σ̃] + 1
2π

∫
d3xd4θ Σ̃σBσ −

1
2π

∫
d3xd4θΘσAσ . (5.4)

Now the equations of motion of Bσ set Σ̃σ = i
4DD̄A

σ. If for instance we choose
Aσ = −2iθθ̄ξσ, for constant ξσ, then we get the on-shell condition Σ̃σ = ξσ. From the
CFT viewpoint, ξσ correspond to FI parameters or real masses, which explicitly break
the conformal symmetry. From the geometrical M-theory viewpoint, they correspond to
non-vanishing but non-dynamical ‘Betti’ Kähler moduli σ̃σ = ξσ.

18In fact, superconformal symmetry allows the low-energy effective theory to contain additional CS
terms of the form − 1

4πκ
σρ
∫
d3xd4θBσΘρ where we have introduced the background linear multiplet

Θσ ≡ i
4DD̄Bσ. We choose the microscopic coupling in such a way that (5.3) holds.
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Finally, the initial ‘Neumann’ holographic EFT is obtained by performing a further S
operation, i.e. by promoting the background Aσ to dynamical vector multiplet. The on-
shell relation Σ̃σ = i

4DD̄A
σ obtained by integrating out Bσ implies that Aα is redundant

and the EFT reduces to the original SHEFT[Σ̃]. One may also apply the S operation to
any strict subset of Betti multiplets, giving a set of mixed ‘Neumann/Dirichlet’ models.
However, in the rest of the paper we will focus on purely ‘Neumann’ models.

6 Holographic EFT of toric models

Toric models in M-theory provide a large class of examples which have been extensively
studied in the literature, see [15, 19–21, 55, 62–68] for a sample of papers. In such models
the internal Calabi-Yau space admits a U(1)4 group of isometries. It is then useful to
describe the internal metric ds2

X appearing in the M-theory background (3.1) in a manifestly
toric way. We refer to [41] for a nice introduction to the aspects of the toric Kähler geometry
that will be used in the following and more mathematical references on the subject. Note
that the following discussion can be readily adapted to other dimensions and then, for
instance, applied also to AdS5/CFT4 settings.

6.1 Symplectic formulation of the Kähler structure

One can introduce a set of complex coordinates

zi ≡ xi + iϕi with ϕi ' ϕi + 1 , (6.1)

such that e−2πzi ∈ C∗ has charge +1 under the i-th toric U(1). Then the Kähler potential
kX appearing in (3.16) can be chosen to depend only on xi = Rezi (and on the Kähler
moduli σa), so that the general toric metric ds2

X takes the form

ds2
X = `P

2πGij(x;σ)dzidz̄j = `P

2πGij(x;σ)
(
dxidxj + dϕidϕj

)
, (6.2)

where

Gij(x;σ) = 1
2
∂2kX
∂xi∂xj

. (6.3)

The toric spaceX is obtained by appropriately completing the dense open subset (C∗)4 ⊂ X
parametrized by e−2πzi , see below for more details.

We can describe the toric space as the classical vacuum moduli space of a gauged linear
sigma model (GLSM) in terms of a set of d ≥ 4 homogeneous coordinates ZA, which are
chiral multiplets in the GLSM. They transform under a continuous U(1)d−4 gauge group
defined by the charges QaA: ZA → eiαaQaAZA (no sum over A). The toric space inherits a
canonical non Ricci-flat Kähler form Jcan

X = i
2π∂∂̄k

can
X and a canonical Kähler potential kcan

X

by symplectic reduction of the flat Kähler form i
2π
∑
A dZA ∧ dZ̄A on Cd. The associated

D-flatness conditions reads ∑
A

QaA|ZA|2 = `Pσ
a . (6.4)
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The σa’s parametrize the Kähler moduli and span the Kähler cone KX of X.19 The Ricci-
flat Kähler potential can then be written in the form kX = kcan

X + ∆kX , where ∆kX is a
globally defined function.

The relation between toric and homogeneous coordinates is given by

e−2πzi =
d∏

A=1
Z
viA
A , (6.5)

up to overall constants, where vA = (v1
A, . . . , v

4
A) ∈ NZ ' Z4 are d integral vectors generat-

ing the one-dimensional cones of the toric fan T associated with the resolved toric variety
X. In the following T (n) will denote the set of n-dimensional cones of T . Hence vA ∈ NZ
generate the elements of T (1). They are such that

QaAvA = 0 ∀a = 1, . . . , d− 4 . (6.6)

By definition, the complete gauge group of the gauged linear sigma model leaves the com-
bination appearing on the r.h.s. of (6.5) invariant. Hence e−2πzi are good gauge-invariant
coordinates on the toric variety.

In order to better understand the geometric structure of X, it proves useful to go to
the symplectic description by introducing the dual variables

li = −1
2
∂kX
∂xi

(6.7)

which define dual vectors l = (l1, . . . , l4) ∈MR ≡MZ ⊗ R, where MZ is the lattice dual to
NZ. The corresponding dual symplectic potential is given by

FX(l;σ) = kX + 2li xi , (6.8)

where xi must be considered as the functions of li and σa obtained by inverting (6.7).20

In the symplectic variables (li, ϕi) the Kähler form (3.16) reads JX = `P
2π dli ∧ dϕ

i and
the metric becomes

ds2
X = `P

2π
(
Gijdlidlj +Gijdϕidϕj

)
, (6.9)

where the matrix
Gij(l;σ) = −1

2
∂2FX
∂li∂lj

(6.10)

is the inverse of Gij .
The real variables li take values in a Delzant polytope [41, 69, 70]

Pσ = {l ∈MR : sA(l;σ) ≡ 〈l,vA〉+ χA ≥ 0} (6.11)

where 〈l,vA〉 ≡ li v
i
A is the canonical pairing between the dual vector spaces NR and MR,

and the χA’s satisfy
QaAχA = σa . (6.12)

19We use a minimal GLSM description of the resolved geometry where the σa’s are linearly independent
and the homogeneous coordinates ZA are in one-to-one correspondence with the toric divisors.

20This dualization from xi to li is analogous to the inverse of the dualization from Reρa to Σa, see (4.9)
and (4.11).
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In this symplectic description, one can think of X as a T 4 fibration over the polytope Pσ,
where the ‘action’ coordinates li parametrize the base Pσ and the ‘angles’ ϕi parametrize
the T 4 fibers. On the A-th facet {sA(l;σ) = 0} of Pσ the T 4 fibration reduces to a T 3

fibration describing the toric divisor DA, since the S1 parametrized by ϕi(t) = tviA with
t ∈ [0, 1] degenerates.

From the condition (6.12) we get the cohomological identity σa[ωa] = χA[DA], where
the cohomology classes [DA] = QaA[ωa] are Poincaré dual to the toric divisors DA ≡ {ZA =
0}, and then we can identify the Kähler class with

[JX ] = `P

2π χA [DA] . (6.13)

This relation provides a generically redundant parametrization of the Kähler class in terms
of the d variables χA. Indeed, from (6.6) we see that viA[DA] = 0 in cohomology and
then (6.13) is unaffected by shifts of the form

χA → χA + 〈c,vA〉 , l→ l− c , (6.14)

for some c ∈MR, which leave (6.11) invariant. One can use this redundancy to restrict the
χA’s to be positive [71, 72]:

χA ≥ 0 . (6.15)

In order to guarantee that (6.13) stays within the closure of the Kähler cone KX one needs
to impose that

∫
C J = `P

2πσ
a
∫
C ωa ≥ 0 for any effective curve C ⊂ X. By picking the set

of effective curves {Cα} generating the Mori cone of X, the closure of the Kähler cone is
defined by the set of conditions

nAαχA ≥ 0 , with nAα ≡ Cα · DA . (6.16)

Notice that since viA[DA] = 0, this condition is indeed invariant under (6.14).
We can also invert the relation (6.12) between the χA’s and the Kähler moduli σa. Let

us choose the integral basis [ωa] ∈ H2(X;Z) dual to the basis of two-cycles Ca ∈ H2(X;Z)
naturally associated to the toric fan (see [73] for an explicit description), that is such that∫
Cb ωa = δba. We can then explicitly solve (6.12) by setting

χA = MAaσ
a , (6.17)

where MAa ∈ Z are a set of integers such that [ωa] = MAa[DA]. Indeed, by recalling that
the charges QaA are identical to the intersection numbers Ca ·DA, we immediately conclude
that QaAMAb = δab and then (6.12) is satisfied.21

A toric crepant resolution X of a cone C(Y ) corresponds to a toric fan T with a
maximal set of one-dimensional cones ∆ ≡ T (1), generated by the d vectors vA ∈ NZ.

21Since viA[DA] = 0, MAa is defined up to shifts MAa →MAa + raiv
i
A, for arbitrary rai ∈ Z. These shifts

must be accompanied by the redefinitions li → li − raiσa and are of the form (6.14), with c = raσa. This
corresponds to the Kähler transformation kX → kX + (zi + z̄i)raiσa (while the dual symplectic potential
FX is invariant).
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Each resolution X has its own (d−4)-dimensional Kähler cone KX , which may be regarded
as a convex polyedral cone in

A+(∆) ≡ {χA [DA] such that χA ≥ 0} . (6.18)

By changing the triangulation of the toric fan one gets different crepant resolutions, con-
nected by one or more flops.22 Under these transitions, the Kähler cones glue together and
form the extended Kähler cone

Kext
∆ ⊂ A+(∆) (6.19)

Note that, generically, Kext
∆ does not fill the entire A+(∆). The excluded region cor-

responds to orbifold branches with n < d− 4 Kähler moduli. Their inclusion allows one to
define the ‘GKZ decomposition’ of A+(∆) [74, 75].

In this paper we assume that the asymptotic Sasaki-Einstein space Y is smooth. Hence,
the only allowed orbifold branches correspond to toric diagrams with fewer internal points
and exist only if b6(X) 6= 0. Conversely, if b6(X) = 0 then the union of all Kähler cones
fills the entire A+(∆), which can then be identified with the extended Kähler cone of the
toric variety: Kext

∆ ≡ A+(∆).

6.2 Superconformal symplectic structure

We would like to investigate the possible form of the symplectic potential (6.8) by imposing
compatibility with the expected superconformal invariance of the associated holographic
EFT. Recall that FX has been obtained as the Legendre transform (6.8) of the Calabi-
Yau Kähler potential kX . On the other hand, kX enters the definition of the EFT kinetic
function (4.4). Hence, in our holographic EFT the change to symplectic coordinates (6.7)
can be interpreted as moving from a description in terms of N chiral multiplets ziI , I =
1, . . . , N , to one in terms of N vector multiplets V I

i with associated linear multiplets
LIi ≡ i

4DD̄V
I
i = lIi + . . .− 1

2ε
µνρθγµθ̄F

I
iνρ + . . . defined by

LIi = −1
2

∂F
∂ReziI

, (6.20)

where F(z, z̄,Σ) is given in (4.4). The corresponding effective Lagrangian then takes the
form

∫
d4θF̃(L,Σ) with

F̃(L,Σ) = F + 2LIi ReziI =
∑
I

FX(LI ; Σ) . (6.21)

In terms of the lowest superfield components, we can interpret F̃(l, σ) as the symplectic
potential on the entire geometric (perturbative) moduli spaceM, in the same sense in which
FX(l;σ) (for fixed σ) is the symplectic potential of X. Indeed, combining the toric and the
b2(X) (perturbative) U(1) symmetries, M can be regarded as a 4N + b2(X)-dimensional
toric Kähler space. Actually, from its dual SCFT interpretation, we expect M to be a

22Note that in the parametrization (6.17) a shift of MAa of the kind discussed in footnote 21 may be
necessary under a flop, since the fan changes.
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Kähler cone of the kind described in appendix B. We can use this observation to constrain
the possible form of the function FX(l;σ).

In analogy with our discussion on the linear multiplets Σa, we may be tempted to
interpret 1

2πL
I
i as current supermultiplets associated with the 4N toric symmetries of our

EFT. However, one must take into account the discrete gauge group SN , which acts by
permuting the I-indices of the linear multiplets LIi . Hence, 1

2πL
I
i are not good gauge-

invariant current supermultiplets or, in other words, must be identified under the SN
gauge group. On the other hand, four physically distinct current supermultiplets can be
identified with the gauge-invariant combinations

J (toric)
i ≡ 1

2π

N∑
I=1

LIi . (6.22)

They generate the toric U(1)4 global symmetry of the SCFT which, at the EFT level, acts
by the simultaneously shifts ϕiI → ϕiI + ci with constant ci.

6.2.1 Case N = 1

The symplectic potential (6.21) describes a conical toric Kähler metric for generic N if
and only if this happens for N = 1. We then first consider N = 1 and investigate the
restrictions imposed by superconformal invariance on F̃N=1(l, σ) ≡ FX(l;σ), regarded as
a symplectic potential for the whole MN=1.23 We can address this problem by adapting
some arguments of [57], which considers the similar issue of understanding the symplectic
potential of the (Calabi-Yau) Kähler cones that appear as internal geometries of string/M-
theory backgrounds.

In the symplectic toric description, the Kähler cone MN=1 is parametrised by the
4 + b2(X) axionic fibral coordinates ϕi and ϑa ≡ Imρa and 4 + b2(X) dual saxionic base
coordinates li, σa (which are dual to the saxions ReziI and Reρa respectively). The latter
parametrize a polyhedral cone CN=1 which is obtained by fibering the polytope (6.11) over
the Kähler cone KX . This becomes more manifest by trading the dual saxions (li, σa) for
sA ∈ R4+b2(X)

+ as defined in (6.11), or more explicitly by sA ≡ viAli + MAaσ
a. Combining

the condition (6.11) with the Kähler cone condition (6.16), we obtain the identification of
CN=1 with the rational polyhedral cone:

CXN=1 =
{
sA ∈ R4+b2(X) | sA ≥ 0 , nAαsA ≥ 0

}
. (6.23)

Correspondingly, we can introduce some axionic coordinates φA ∼ φA + 1 such that ϕi =
viAφ

A and ϑa = MAaφ
A, which are paired with the dual saxions sA.

By enlarging the Kähler cone to the extended Kähler cone (6.19), one obtains the entire
geometric saxionic cone Cext

N=1. It is interesting to observe that, under the assumption that
the base Y is smooth and b6(X) = 0 (i.e. that the toric diagram has no internal points),
we can make the identification Cext

N=1 = C∆
N=1, where

C∆
N=1 ≡

{
sA ∈ R4+b2(X) | sA ≥ 0

}
(6.24)

23The procedure of setting N = 1 in (6.21) is only formal, since we expect (6.21) to be valid only in the
large-N limit.
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is the maximally enlarged saxionic cone, which is obtained by enlarging the extended
Kähler cone Kext

∆ to the entire A+(∆). More generally we have the chain of inclusions
CXN=1 ⊂ Cext

N=1 ⊂ C∆
N=1.

In the notation of appendix B, one can identify the conical radial coordinate τ over
MN=1 with the dilaton, and the dilation generator, which is one-half of the Euler vector
field τ ∂

∂τ , with

DN=1 = sA
∂

∂sA
= li

∂

∂li
+ σa

∂

∂σa
. (6.25)

The toric metric on MN=1 described by the symplectic potential F̃N=1(l, σ) is a cone if
the Hessian of FX(l;σ) (with respect to both li and σa) is homogenous of degree −1 under
constant rescalings of (li, σa). Then, following [57], one can argue that the associated R-
symmetry generator (to be identified with one-half of the Reeb vector field of the Sasaki
base ofMN=1) takes the form

RN=1 = − 1
4πP

A ∂

∂φA
= − 1

4π

(
bi

∂

∂ϕi
+ pa

∂

∂ϑa

)
, (6.26)

where PA, bi and pa are some constants related by

bi ≡ PAviA , pa ≡ PAMAa . (6.27)

The symplectic potential corresponding to the (non-Ricci flat) canonical Kähler po-
tential kcan

X introduced just above (6.4) can be written in the form [41, 70]

F can
X (l;σ) = − 1

2π
∑
A

sA(l;σ) log sA(l;σ) , (6.28)

where sA(l;σ) are defined in (6.11). The symplectic potential F can
X (l;σ) is singular on the

boundary of the polytope (6.11) in exactly the correct way to lead to a smooth Kähler
structure on the resolved space X (for fixed Kähler moduli σa). On the other hand, F can

X

can also be identified as a symplectic potential for the entire moduli space MN=1:

F̃can
N=1(l, σ) ≡ F can

X (l;σ) . (6.29)

Indeed the Hessian of F̃can
N=1 is homogeneous of degree −1, as required for the corresponding

metric on MN=1 to be conical. One can also check that the corresponding R-symmetry
generator takes the form (6.26)–(6.27) with

PAcan = 1 for any A = 1, . . . , d , (6.30)

so that bican =
∑
A v

i
A and pcan

a =
∑
AMAa. Note that F̃can

N=1 can be interpreted as the
symplectic potential corresponding to a flat metric on the spaceM∆

N=1 ' C4+b2(X) obtained
by fibering the axionic coordinates φA ' (ϕi, ϑa) over the maximally enlarged saxionic
cone C∆

N=1 introduced in (6.24). If Y is smooth and b6(X) = 0,M∆
N=1 has a clear physical

interpretation as extended geometric moduli space: Mext
N=1 =M∆

N=1 ' C4+b2(Y ).
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A symplectic potential corresponding to a more general R-symmetry generator (6.26)
can be obtained by adding

1
2π (sPcan log sPcan − sP log sP ) (6.31)

to (6.28), where
sP (l;σ) ≡ PAsA(l;σ) = bili + paσ

a (6.32)

and then sPcan =
∑
A sA. Note that the combination (6.31) is regular on the entire maxi-

mally extended cone C∆
N=1 ' R4+b2(X)

≥0 parametrized by the sA’s provided that

PA > 0 . (6.33)

Since (6.29) defines a flat metric onM∆
N=1 ' C4+b2(X), the sum of (6.29) and (6.31) defines

a smooth metric onM∆
N=1.

Consider now two symplectic potentials F̃N=1(l, σ) and F̃ ′N=1(l, σ) having the same
R-symmetry generator (6.26). Then, as in [57] one can show that this happens if and
only if they differ by a homogeneous function fX(l, σ) of degree one (up to an irrelevant
constant): fX(λl, λσ) = λfX(l, σ). From the identification F̃N=1(l, σ) ≡ FX(l;σ), we can
then write the expected most general FX(l;σ) in the form

FX(l;σ) = F can
X + 1

2πsPcan log sPcan −
1

2πsP log sP + fX (6.34)

As emphasised above, the first three terms on the r.h.s. define a smooth metric over the
maximally extended spaceM∆

N=1, while fX(l, σ) is at least expected to be smooth on the
interior of each CXN=1 and to extend to Cext

N=1 ⊂ C∆
N=1. Hence fX should encode information

on the potential phase transitions at the Kähler walls [76] separating the different Kähler
chambers ofMN=1 ⊂Mext

N=1 connected by flops.
We stress that the form (6.34) of the symplectic potential is dictated by the expected

superconformal invariance of the associated holographic EFT. In fact, the constants PA ∼
(bi, pa) and the explicit form of the homogeneous function fX should be completely fixed by
the Calabi-Yau condition of the internal resolved space X, once the appropriate boundary
conditions (3.14) on the dual Kähler potential kX are imposed.24 In particular, we will see
that the constants PA ∼ (bi, pa) are related to the scaling dimensions of the chiral fields
of the dual theory. These aspects will become explicit when we discuss our examples in
sections 10 and 11. For the time being, let us just note that in the conical limit σa → 0
FX(l;σ) reduces to the form of conical potentials F cone

X (l) identified in [57] and bi

2π
∂
∂ϕi

to
the associated Reeb vector. In this limit, r defined by

1
2r

2 = `P

2π b
ili (6.36)

can be identified with the asymptotic conical radial coordinate.
24The Kähler potential kX corresponding to (6.34) can be easily obtained from (6.8):

kX = − 1
2π
∑
A

MAaσ
a log

(
sA
sPcan

)
− 1

2π paσ
a log sP + fX − li

∂fX
∂li

(6.35)

Note that pa encode the violation of homogeneity: kX(λl;λσ) = λkX(l;σ)− 1
2π (λ log λ) paσa.
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6.2.2 Back to N � 1

We can now go back to general N � 1. By adapting the notation introduced for the
N = 1 case, the dual saxionic variables (lIi , σa) can take values in the chain of increasing
dual saxionic cones CX ⊂ Cext ⊂ C∆ obtained by fibering N copies of the polytope (6.11)
over KX ⊂ Kext

∆ ⊂ A+(∆) respectively. By fibering over CX ⊂ Cext ⊂ C∆ the axionic
variables (ϕiI , ϑa) one gets the field spacesM⊂Mext ⊂M∆, respectively.

The EFT is expected to exists at least on each Kähler chamberM and, up to possible
phase transition at the Kähler walls, onMext (which coincides withM∆ if b6(X) = 0 and
Y is smooth). At the leading large-N order and up to possible non-perturbative corrections
if b6(X) 6= 0, the holographic EFT is defined by (6.21) with FX(l;σ) of the form (6.34).
The corresponding R-symmetry generator is

R = − 1
4π

(
bi
∑
I

∂

∂ϕiI
+Npa

∂

∂ϑa

)
, (6.37)

while the dilation generator is

D =
∑
I

lIi
∂

∂lIi
+ σa

∂

∂σa
. (6.38)

Furthermore, the dilaton τ of the EFT, as defined in appendix B, is given by

1
2τ

2 = 1
2π

(
bi
∑
I

lIi +Npaσ
a

)
, (6.39)

which is proportional to the moment map of the R-symmetry.
Using (6.34), one can easily check that the constants PA ∼ (bi, pa) completely deter-

mine the violation of homogeneity of F̃(L,Σ), in the sense that

F̃(λL, λΣ) = λF̃(L,Σ)− 1
2π (λ log λ)

∑
I

sP (LI ,Σ) (6.40)

Since the violation of homogeneity is due to a linear combination of linear multiplets, it
does not affect the effective Lagrangian

∫
d4θF̃(L,Σ), which is then scale invariant.

Now we can go back to the chiral formulation with Kähler potential:

K = F̃ − 2LIiReziI − 2ΣaReρa = 1
2π
∑
I

sP (LI ,Σ) (6.41)
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where LIi and Σa must be considered as the functions of ReziI and Reρa that are obtained
by inverting the relations

ReziI = 1
2
∂F̃
∂LIi

= − 1
4πb

i
[
log sP (LI ,Σ) + 1

]
− 1

4π
∑
A

viA log
(

sA(LI ,Σ)
sPcan(LI ,Σ)

)
+ 1

2
∂fX(LI ,Σ)

∂LIi

Reρa = 1
2
∂F̃
∂Σa

= − 1
4πpa

∑
I

[
log sP (LI ,Σ) + 1

]
− 1

4π
∑
A

MAa

∑
I

log
(

sA(LI ,Σ)
sPcan(LI ,Σ)

)
+ 1

2
∑
I

∂fX(LI ,Σ)
∂Σa

(6.42)

Eqs. (6.39) and (6.41) are indeed in agreement with the general relation K|θ,θ̄=0 = 1
2τ

2.
The Kähler potential (6.41) is invariant under constant shifts of the immaginary parts

of ziI and ρa. One may regard the 1
2πL

I
i as the current supermultiplets generating imaginary

shifts of the ziI ’s, associated with the toric structure of the Calabi-Yau space X. However,
as emphasised around (6.22), the discrete gauge symmetry group SN reduces the actual
physical toric symmetry group to U(1)4 associated with the current supermultiplets (6.22),
which shifts all ziI with fixed i and different I by the same constant. We will instead
dub the imaginary shifts of ρa’s, which correspond to shifts of the M-theory gauge six-
form periods, as Betti symmetries. In fact, only b2(Y ) ⊂ b2(X) = b2(Y ) + b6(X) of
the Betti symmetries are exact, while the remaining b6(X) are broken by non-perturbative
corrections. Borrowing the terminology used for the baryonic symmetries of the IIB models,
we will sometimes call the latter ‘anomalous’ Betti symmetries and the former exact or
‘non-anomalous’ Betti symmetries.

To summarize, in the symplectic/vector multiplet formulation the holographic EFT
is specified by the constants PA ∼ (bi, pa) and the homogeneous function fX(l, σ). The
constants bi can be determined without explicit knowledge of the metric by considering the
asymptotic conical structure of the metric and using the extremization principle of [57].
It would be important to have an analogous procedure to determine pa. The remaining
information on the holographic EFT would then be contained in fX(l, σ). If b6(X) = 0, the
holographic EFT can be extended to the entireM∆ =Mext and is expected to be exact at
leading large-N order. On the other hand, if b6(X) 6= 0 the holographic EFT apparently
makes sense only on Mext (which is a strict subset of M∆) and it is certainly valid only
in some perturbative sense, because of the presence of non-perturbative effects generated
by M5-brane instantons.

Below we will compute these quantities in our explicit examples, both of which have
b6(X) = 0, while explicit models with b6(X) 6= 0 will be further studied elsewhere.

6.3 Regime of validity

The symplectic formulation allows for a more explicit characterization of the regime of
validity of the holographic EFT. As usual, this is valid for energy scales E which are much
smaller then massm∗ of the lightest massive ‘resonance’. However, by conformal invariance,

– 37 –



J
H
E
P
1
0
(
2
0
2
2
)
1
1
1

m∗ is not a fixed mass scale but should rather be determined by some combination of the
VEVs of the scalar operators, which determine the spontaneous breaking of the conformal
symmetry. Since m∗ should scale with weight one, it must be proportional to 1

2〈τ
2〉,

which can be identified with the squared effective dilaton decay constant f2
eff . In explicit

examples, the proportionality factor may be determined by a direct calculation, but we
will not attempt to do that. However, a simple guess of the proportionality factor may
be obtained by applying the ‘one-scale-one-coupling’ rule — see for instance [77] — which
gives m∗ ' g2

∗f
2
eff , where g∗ represents the typical coupling governing the perturbative

expansion. In our case we may set g2
∗ ∼ N−r for some r > 0. Under these assumptions,

the condition E/m∗ � 1 translates into

E
1
2〈τ2〉g2

∗
∼ 2π E N r

bi
∑
I〈lIi 〉+Npa〈σa〉

� 1 . (6.43)

An estimate of g∗ can be obtained by passing through the AdS4 effective action. In
units L = 1, its prefactor M2

4 ∼ N
3
2 may be identified with g−2

∗ , which leads to g2
∗ ∼ N−

3
2

and r = 3
2 . It would be important to refine or confirm this estimate, but in the present

paper we will not try to do this, leaving r unspecified. When (6.43) is not satisfied higher
derivative corrections, suppressed by negative powers of m∗, may be relevant. Instead, in
the above simplified scheme, radiative corrections are proportional to positive powers of g2

∗
and are then subleading at large-N .

In addition to the condition (6.43), one also needs to take into account that, if two
or more M2-branes coincide at a regular point of the internal Calabi-Yau, the low-energy
theory should include a maximally supersymmetric SCFT, coupled to the rest of the EFT
by irrelevant operators. This happens at the orbifold loci of the moduli space, i.e. the fixed
points of the discrete gauge group SN . Due to the ‘accidental’ enhanced supersymmetry of
this localised sector, we do not expect associated corrections to our two-derivative EFT. In
principle, higher derivative corrections could become relevant as soon as the energy scale√
E becomes of the same order of the distance between two M2-branes on the internal

Calabi-Yau. However, the accidental maximal supersymmetry may protect some quantities
computed from the two-derivative EFT even if the distance between the M2-branes is not
so large. It would be important to make these qualitative arguments more precise.

7 Effective chiral operators

In this section we study the chiral operators of the toric models introduced in the previous
section. The form of the R-symmetry generator (6.37) implies that the chiral fields e−2πziI

and e−2πρa have R-charges 1
2b
i and 1

2Npa, respectively. These R-charges must equal the
corresponding scaling dimensions. Hence

∆(e−2πziI ) = 1
2b

i , ∆(e−2πρa) = 1
2Npa . (7.1)

These scaling dimensions can indeed be verified more directly by using (6.42), the
degree-one homogeneity of fX and the fact that the linear multiplets LiI ,Σa have scaling
dimension 1.
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Note that the scaling dimensions (7.1) do not necessarily satisfy the usual positivity
bounds for the scaling dimensions of scalar operators. The point is that, generically, the
chiral fields e−2πziI and e−2πρa are not globally well defined on the moduli space and then
cannot be considered as low-energy realizations of the SCFT chiral operators. Furthermore,
good operators must be gauge invariant under the SN discrete gauge symmetry. It is then
natural to consider chiral operators of the form:

Om,n ≡ e−2π 〈mI ,zI〉|Sym e
−2π〈n,ρ〉 . (7.2)

with 〈mI , zI〉 ≡ mI
i z
i
I and 〈n,ρ〉 ≡ naρa, where we have introduced the lattice points

mI = (mI
1, . . . ,m

I
4) ∈MZ ' Z4 , n ≡ (n1, . . . , nb2(X)) ∈ H6(X,Y ;Z) ' Zb2(X) . (7.3)

In (7.2) |Sym indicates the function that is obtained by symmetrizing under the exchange
of the M2-brane positions zI ∈ NR + iNR/NZ:

e−2π 〈mI ,zI〉|Sym ≡
1
N !

∑
g∈SN

e
−2π

∑
I
〈mI ,zg−1(I)〉 = 1

N !
∑
g∈SN

e−2π
∑

I
〈mg(I),zI〉 . (7.4)

The operators (7.2) are labelled by the ‘Betti vector’ n ∈ H6(X,Y ;Z) and the sym-
metrized lattice element

mS ≡ (m1, . . . ,mN )S ∈ SymNMZ ≡MN
Z /SN (7.5)

Note that not all these quantized numbers correspond to conserved charges. First of all, as
already discussed, because of the SN discrete gauge symmetry only a U(1)4 toric symmetry
is preserved. The corresponding charges of the operators (7.2) are given by

mtoric =
∑
I

mI ∈MZ . (7.6)

Secondly, only b2(Y ) ⊂ b2(X) Betti symmetries are exact, while the others b6(X) (the
‘anomalous’ ones) are conserved only at the perturbative level but are broken by non-
perturbative effects. In other words, splitting n into n̂ ≡ (n̂1, . . . , n̂b6(X)) and ñ ≡
(ñ1, . . . , ñb3(Y )), once the non-perturbative corrections are included only ñ survive as exact
conserved Betti charges which can be used to organize chiral fields. To avoid this subtlety,
from now on we restrict to ‘non-anomalous’ models, that is we assume that

b6(X) = 0 (henceforth) . (7.7)

As discussed in previous sections, this condition also ensures that we can identify the
extended moduli space Mext with the maximal extension M∆ which, only if b6(X) = 0,
does not contain orbifold phases in the corresponding GKZ decomposition. In order to
lighten the notation, we will keep using the notation valid in the general case, e.g. writing
σa instead of more explicit σ̃ρ, implicitly assuming (7.7). Most of the following discussions
can be adapted to the more general b6(X) 6= 0 case, which will be considered elsewhere.

One can understand the behaviour of VEVs of the operators (7.2) along the moduli
space by using (6.42). Assuming a regular enough fX , ReziI and Reρa diverge as one
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approaches the union of the sets {sA = 0} of the extended moduli space Mext. For a
fixed choice of the Kähler moduli σa, one may reach this boundary by moving the I-
th coordinates lIi onto the A-th facet sA(lI , σ) = 0 of the polytope (6.11). In the limit
sA(lI , σ)→ 0, (6.42) reduces to

ReziI ' −
1

4πv
i
A log sA(lI , σ)+(regular) , Reρa ' −

1
4πMAa log sA(lI , σ)+(regular) (7.8)

Now, the chiral operators (7.2) are globally well defined onMext only if they do not diverge
on
⋃
A,I{sA(lI , σ) = 0}. From (7.8) it follows that this condition requires

sA(mI ; n) ≡ 〈mI ,vA〉+ χA(n) ≥ 0 ∀I = 1, . . . , N , (7.9)

where χA(n) ≡ MAan
a. Comparing the condition (7.9) with (6.11), it is clear that it can

be interpreted as the requirement that the integral vectors lI = mI ∈ MZ belong to the
polytope (6.11) corresponding to the quantized Kähler moduli σa = na.

Recalling the definition (6.27) of the constants PA, the scaling dimensions of the chiral
operators (7.2) are given by

∆(Om,n) = 1
2b

i
∑
I

mI
i + 1

2Npan
a ≡ 1

2P
A

(∑
I

mI
i v
i
A +NMAan

a

)

≡ 1
2P

A
∑
I

sA(mI ; n) ≡ 1
2
∑
I

sP (mI ; n) .
(7.10)

By taking into account (6.33), we see that the condition (7.9) ensures the positivity of the
scaling dimensions of the chiral operators (7.2).

The condition (7.9) can also be understood from a purely holomorphic perspective.
The complex coordinates zi only cover the open subset X◦ ≡ X\

⋃
ADA ' (C∗)4, where

DA are the toric divisors associated to the fan, and any function e−2π〈m,z〉, with m ∈MZ,
extends to a meromorphic function on X, whose zeros and poles are located on the divisor
div(e−2π〈m,z〉) ≡ 〈m,vA〉DA. In particular, it has a pole at DA if 〈m,vA〉 < 0, which is
possible only if div(e−2π〈m,z〉) is not effective. Analogously, the combination e−2π〈mI ,zI〉|Sym
appearing in (7.2) extends to a meromorphic function on XN , with zeros and poles along
〈mI ,vA〉DAI , where DAI ⊂ XN is the pull-back of DA ⊂ X under the projection of XN to
the I-the copy of X.

Suppose first that na = 0. In this case the condition (7.9) corresponds to requiring
that the divisor 〈mI ,vA〉DA is effective for any index I. Then e−2π〈mI ,zI〉|Sym extends to a
holomorphic function with no poles on the entire XN and zeroes along 〈mI ,vA〉DAI . Hence
it can be regarded as a well defined operator over the entire moduli space.

Consider next the case na 6= 0. Then e−2π〈n,ρ〉 takes values in the fiber of
SymNOX(−naDa), see section 4.2. But since we can choose Da = MAaDA, e−2π〈n,ρ〉 can
be considered as globally defined on the open patch U◦ = SymNX◦, where OX(−naDa)
is trivial. On the other hand, in a different patch U ′ which includes (part of) the divi-
sor naDa, one must use different local coordinates e−2πρ′a related to e−2πρa by a tran-
sition function of SymNOX(−Da). We can choose these local trivializations so that
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e−2π〈n,ρ〉 =
∏
I ζn(zI)e−2π〈n,ρ′〉, where ζn is a local trivialization over U ′ of a meromor-

phic section of OX(naDa) such that div(ζn) = χA(n)DA.25 On the local patch U ′, the
operator (7.2) takes the form

Om,n = e−2π 〈mI ,zI〉|Sym
∏
I

ζn(zI) e−2π〈n,ρ′〉 . (7.11)

The prefactor is the symmetrized product of N functions

fn,mI (z) ≡ ζn(z)e−2π 〈mI ,z〉 , (7.12)

which define the divisors div(fn,mI ) = sA(mI ; n)DA in X. We then explicitly see that the
condition (7.9) is equivalent to requiring that div(fn,mI ) is effective. Hence each fn,mI

defines a regular local holomorphic function vanishing over sA(mI ; n)DA. Since this ar-
gument can be repeated for any other local patch U ′, we see that (7.9) ensures that the
operators (7.2) are globally well defined over the entire moduli space.

Note also that the condition (7.9) implies that the class na[Da] = χA(n)[DA] =
sA(mI ; n)[DA] contains the effective toric representative sA(mI ; n)DA. Hence, it requires
that na[Da] belongs to A+(∆) as defined in (6.18). As we have discussed in section 6, in
‘non-anomalous’ models, A+(∆) ≡ Kext

∆ is decomposed into the GKP fan of Kähler cones.
Hence the vector n of Betti charges takes values in the closure of at least one of the Käh-
ler cones associated with the base Y . This Kähler cone appears so far unrelated to the
Kähler cone identified by the Kähler moduli σa. In section 8 we will see that the portion
of moduli space corresponding to a certain Kähler cone KX is in fact naturally probed by
the operators Om,n(x) with n ∈ KX . This is a physical manifestation of the Kempf-Ness
theorem, which relates holomorphic (GIT) quotients and symplectic quotients [78].

One can make the global properties of the operators (7.2) manifest by using the d
homogeneous coordinates ZA of the parent GLSM, see section 6.1. Let us set N = 1 for
notational simplicity (the generalization to N > 1 is obvious). We can then ‘homogenize’
the section of the line bundle O(naDa) identified by e−2π〈m,z〉fm,n(z) into

d∏
A=1

(ZA)sA(m,n) . (7.13)

This combination is not gauge invariant, having charges na under the GLSM gauge group.
However we can add b2(Y ) homogeneous coordinates Xa ∈ C∗ of vanishing scaling dimen-
sion and of charge −δab under the b-th U(1) gauge group factor, and construct the gauge
invariant operator

d∏
A=1

(ZA)sA(m,n)
b2(Y )∏
a=1

(Xa)n
a =

d∏
A=1

(ZA)〈m,vA〉
b2(Y )∏
a=1

[
Xa

d∏
A=1

(ZA)MAa

]na
. (7.14)

This operator can be identified with (7.2) for N = 1, that is Om,n ≡ e−2π〈m,z〉e−2π〈n,ρ〉, by
using (6.5) and setting

e−2πρa ≡ Xa

d∏
A=1

(ZA)MAa . (7.15)

25Explicitly, we can set ζn =
∏
A

(ζA)n
aMAa where ζA(z) is a section of OX(DA), i.e. div(ζA) = DA.
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Alternatively, sinceXa ∈ C∗ one may gauge-fixXa = 1 and use ZA to parametrizeMext
N=1 '

Cd. In this gauge, Om,n can be identified with (7.13), with no residual gauge symmetry.
Recalling (7.10), this description allows us to interpret the constants 1

2P
A as the scaling

dimensions associated with the ZA’s. These may be regarded as the elementary N = 1 Betti
operators corresponding to the non-compact toric divisors DA. These scaling dimensions
become 1

2NP
A once we go back to N � 1.

8 Semiclassics at large charge

As in the previous section, we will restrict ourselves to ‘non-anomalous’ models (that
is, with b6(X) = 0), whose geometric moduli space is not affected by non-perturbative
corrections. The EFT chiral operators (7.2) are then expected to correspond to chiral
operators of the microscopic SCFT. In turn, by the state-operator correspondence, they
should correspond to states in the radial quantization of the SCFT. In this section we will
construct semiclassical solutions of the holographic EFT which well describe such states
for large scaling dimensions (7.10). These semiclassical states may provide a starting point
for a systematic investigation of the SCFT structure along the lines of [1–4].

8.1 Semiclassical states in R3

We start by using the holographic EFT described in terms of chiral multiplets. In order to
lighten some of the following formulas, we will collectively denote them by26

φα ≡ (ziI , ρa) . (8.1)

We can then interpret the holomorphic functions (7.2) as linear combinations of chiral
operators of the form

Oq(x) ≡ Om,n(x) ≡ e−2π〈q,φ(x)〉|Sym , (8.2)

where 〈q,φ〉 ≡ qαφα and qα ≡ (mI
i , n

a). As in previous sections, |Sym denotes the sym-
metrization with respect to the discrete SN gauge group acting on the ziI fields and makes
Oq(x) gauge invariant. Correspondingly, the operators (8.2) are classified by symmetrized
lattice elements qS = (mS,n) ∈ SymNMZ × H6(X,Y ;Z) (with SymNMZ ≡ MN

Z /SN ),
which define also the four conserved toric charges mtoric

i introduced in (7.6) and the b2(Y )
(exact) Betti charges na.

We start by selecting a generic vacuum alongMext, corresponding to a choice of VEVs
〈φα〉 = φ∞α , up to an SN gauge transformation. Of course, we expect the VEV of the chiral
operators (8.2) to be constant and given by

〈Oq(x)〉 = e−2π〈q,φ∞〉|Sym . (8.3)

26Since in this section we focus on ‘non-anomalous’ models, there are no ρ̂α chiral fields and we will keep
using ρa (instead of ρ̃σ) to denote the b2(Y ) chiral fields. Hence, the choice of Greek indices α, β, . . . to
label the collective chiral fields φα should not cause confusion.
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It is nevertheless instructive to explicitly compute (8.3) by a semiclassical saddle-point
evaluation of the path integral27

〈Oq(x0)〉 =
∫
DµOq(x0) eiS =

∫
Dµ e−2π〈q,φ(x0)〉|Sym e

i
∫

d3xd4θK(φ,φ̄)

= 1
N !

∑
g∈SN

∫
Dµ e−2π〈qg ,φ(x0)〉 ei

∫
d3xd4θK(φ,φ̄) ,

(8.4)

where qg is the image of q under g ∈ SN and Dµ is the path-integration measure, normal-
ized in such a way that 〈1〉 = 1. K is the Kähler potential of our holographic EFT, which
depends on (φα, φ̄α) only through their real parts Reφα.

Note that in the path integral we are implicitly modding out the discrete SN gauge
symmetry. Working in the ‘upstairs’ covering field space, one should sum over all possible
paths compatible with the SN gauge symmetry, hence including the possible ‘SN -twisted’
sectors. However twisted sectors will not contribute to the following calculation at the
leading semiclassical level. Hence, for our purposes, we can loosely regard the last line
of (8.4) as the sum of standard path integrals over the covering field space.

In order to investigate the saddle-point contribution to the path integral, it is conve-
nient to go to the dual formulation [23, 25, 54] in terms of vector/linear multiplets

Lα ≡ (LIi ,Σa) = i
4DD̄V

α = lα + . . .− 1
2ε

µνρθγµθ̄F
α
µν + . . . (8.5)

with Lagrangian
∫
d4θF̃(L). The kinetic function F̃ has been introduced in (6.21) and in

our condensed notation is given by F̃ = K + 2LαReφα, with

Lα ≡ (Li,Σa) = −1
2

∂K
∂Reφα

⇔ Reφα = 1
2
∂F̃
∂Lα

(8.6)

For our purposes we must also be careful about boundary terms when we perform the
duality. Being interested in the bosonic bottom components of chiral operators, we can
just focus on the bosonic terms of the action. Let us then recall how the chiral/vector
multiplet duality works at the bosonic level. We start from the bosonic terms in the action∫
d3xd4θK(φ, φ̄):

− 1
2

∫
Gαβdφα ∧ ∗dφ̄β , (8.7)

with Gαβ ≡ 1
2

∂2K
∂Reφα∂Reφβ . We can now use the dual saxions lα instead of Reφα, and dualize

the axions Imφα ' Imφα+1 to vectors. This is done by a standard trick, substituting (8.7)
with the Lagrangian

− 1
2

∫
Gαβ(dlα ∧ ∗dlβ + Fα ∧ ∗F β)−

∫
dImφα ∧ Fα , (8.8)

where Fα is an arbitrary 2-form, lα and Imφα are independent bosonic fields, and

Gαβ = −1
2
∂2F̃
∂lα∂lβ

(8.9)

27The following discussion may be applied to any superconformal EFT described by a Kähler potential
K(φ, φ̄) which depends only on φ+ φ̄.
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is the inverse of Gαβ . The Lagrangian (8.8) is quadratic in Fα, which can then be integrated
out exactly in the path integral. Plugging their equations of motion

dImφα = −Gαβ ∗ F β (8.10)

back into (8.8) and taking into account (the lowest component of) (8.6), the original ac-
tion (4.12) is reproduced. Notice that (8.10) fixes Imφα in terms of Fα, up to a constant
zero mode.

Instead, to obtain the dual vector multiplet description one has to integrate out Imφα
in the path integral. If we apply this prescription to the evaluation of (8.4), it is convenient
perform a Wick-rotation to Euclidean R3. From the last line of (8.4) we see that the inser-
tion of the chiral operator Oq(x0) implies that we must extremise combinations of the form

Sbos
E − log e−2π〈q,φ(x0)〉

= 1
2

∫
Gαβ

(
dlα ∧ ∗dlβ + Fα ∧ ∗F β

)
+ i
∫

dImφα ∧ Fα + 2πqαφα(x0)
(8.11)

with respect to Imφα, which gives the Bianchi identity

dFα = 2πqαδ3(x0) ⇒ 1
2π

∫
S2
Fα = qα , (8.12)

where S2 is any two-sphere surrounding x0. Hence, the insertion at x0 of a chiral operator
corresponds, in the dual picture in terms of vector multiplets, to the presence of a
monopole operator [45, 79, 80] of charges qα ∈ Z.

Substituting (8.12) into (8.11) and keeping boundary terms, we are left with a sum of
path integrals of combination of the form e−S

bos
E −2π〈q,φ(x0)〉 with

Sbos
E + 2π〈q,φ(x0)〉

= 1
2

∫
Gαβ

(
dlα ∧ ∗dlβ + Fα ∧ ∗F β

)
+ 2πi 〈q, Imφ∞〉+ 2π〈q,Reφ(x0)〉

= 1
2

∫
Gαβ (Fα + ∗dlα) ∧ ∗

(
F β + ∗dlβ

)
+ 2π〈q,φ∞〉 .

(8.13)

Here we have taken into account the boundary conditions φα(x)→ φ∞α for |x| → ∞.
From the last line of (8.13), it is evident that the path integral admits a BPS saddle

defined by the equations
Fα = − ∗ dlα . (8.14)

Combined with (8.12), this produces the Poisson equations ∇2lα = −2π qα ∗ δ3(x0). Given
our boundary conditions, this has unique solution

lα(x) = lα∞ + qα

2|x− x0|
. (8.15)

where lα∞ is the dual value of Reφ∞α . Taking into account (8.14), we see that the BPS
saddle-point is fully specified by (8.15). This describes a BPS monopole of charges qα.

It is clear that, independently of the detailed form of the EFT, the value of (8.13) on the
BPS solution is given by 2π〈q,φ∞〉. Hence, the saddle-point evaluation of (8.4) eventually
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reproduces the expected VEV (8.3). Furthermore, it is clear that the argument can be
repeated for insertions of more than one chiral operators at arbitrary points, reproducing
again the expected result.

In order to better interpret these semiclassical configurations in our toric models, let
us set x0 = 0 and rewrite them in our original notation

lIi (x) = lIi∞ + mI
i

2|x| (8.16a)

σa(x) = σa∞ + na

2|x| (8.16b)

Note that not all values of the monopole charges are allowed. Indeed, from section 6 we
know that we must impose that lI(x) ∈ Pσ(x) for any I = 1, . . . , N and at any radius
x ∈ R3, where Pσ(x) is the polytope (6.11). Imposing this condition at |x| = ∞ just
requires the vacuum configuration (lIi∞, σa∞) to be acceptable. The condition then holds at
any x provided that the monopole/operator charges (mI ,n) satisfy (7.9). This provides
an alternative ‘dynamical’ derivation of the conditions (7.9).

Equation (8.16b) also shows that, whatever σa∞ we choose, the semiclassical solution
eventually flows to the Kähler cone selected by na. This means that the branch of the
moduli space corresponding to a certain Kähler cone KX is naturally ‘probed’ by operators
Om,n with n ∈ KX , whose semiclassical configuration is described within the Kähler cone
KX . The explicit examples of sections 10 and 11 below will help clarifying the meaning of
this observation.

Regarding the reliability of the above semiclassical arguments, by supersymmetry we
do not expect higher-derivative and quantum corrections to the classical EFT, nor the
inclusion of the twisted sector, to affect (8.3). However, one may wonder under which
conditions we can trust our EFT treatment. At a radius |x|, the energy scale of the
solution is E(x) ' 1

|x| . Even though E(x) → ∞ for |x| → 0, we have to recall that our
superconformal EFT is valid for energies E much smaller then the highest possible cut-off
scale m∗, which may be roughly identified with N−rτ2, see section 6.3. In our case, as
|x| → 0 the classical BPS profile of the dilaton diverges too. Indeed, by recalling (6.39)
and (7.10), on the BPS solution we have28

1
2τ

2(x) = 1
2τ

2
∞ + 1

2π|x| ∆(Om,n) . (8.17)

By taking E(x) ' 1
|x| we then see that E(x)/m∗ � 1 is satisfied by these solutions for any

x as long as
∆(Om,n)N−r � 1 . (8.18)

In other words, the above BPS semiclassical analysis can be a priori trusted only if the
operator Om,n we started from has large enough scaling dimensions, that is, large enough
toric and/or Betti charges (mI ,n).

One should in principle also worry that the above semiclassical solutions do not pass
through the SN fixed points on the moduli space, at which interacting SCFT sectors should

28Note that ∆(Om,n) ≥ 0 ensures that τ2(x)|BPS ≥ 0, as should be the case.
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arise and higher-derivative terms of the EFT theory can in principle become relevant —
see section (6.3). One may judiciously choose the monopole charges so as to ‘avoid’ these
points. However, these interacting SCFT sectors have enhanced supersymmetry which
protects the form of the moduli-space metric and is then expected to protect the above
semiclassical results as well.

8.2 Semiclassical states on the cylinder

It is clear that the EFT condition (8.18) can be satisfied even if lIi∞ = σa∞ = 0. Hence,
the above semiclassical analysis is sensible even when the superconformal symmetry is
not spontaneously broken by the vacuum. In this case, the above BPS solutions can be
regarded as semiclassical states in the radially quantized SCFT in the conformal vacuum,
which are dual through the usual state/operator correspondence to the chiral operators
Om,n (or, better, their microscopic SCFT counterpart). As in [1, 2], we may then use our
holographic EFT expanded about these classical solutions to study the structure of the
microscopic SCFT in the large R-charge sector.

The self-consistency of the EFT even for unbroken conformal symmetry becomes ev-
ident if we map the above BPS solutions with lIi∞ = σa∞ = 0 to the cylinder R × S2

R of
radius R. The R3 and cylinder metrics are related by a Weyl rescaling as follows:

ds2
R3 = |x|

2

R2 ds2
cyl ≡ e

2τ
R

(
dτ2 +R2ds2

S2

)
, (8.19)

where τ = R log |x|R ∈ (−∞,∞) and ds2
S2 is the metric on the two-sphere of unit radius.29

Under a Weyl rescaling ds2 = Ω(x)2ds̃2, we have O(x) = Ω(x)−2∆OÕ(x) for an operator
of scaling dimension ∆O. Going back to the unified notation lα = (lIi , σa), since linear
multiplets have scaling dimension ∆ = 1, the solutions (8.14)–(8.15) on R3 with lα∞ = 0
and x0 = 0, are mapped to constant homogeneous configurations on the cylinder

lα = qα

2R , Fα = 1
2q

αdvolS2 . (8.20)

These solutions are supersymmetric and can of course be obtained as BPS saddles of the
two-derivative EFT on the cylinder, which should be valid up to energy scales E such that
RE � ∆(Oq)N−r — see section 6.3 — as long as the condition (8.18) is satisfied. By
expanding the EFT around these classical BPS configurations one may study the large-
charge sector of the theory along the lines of [1, 5, 6, 81, 82].

As the simplest example, let us consider the two-point correlation function

〈OqS
out

(τout,Ωout)OqS
in

(τin,Ωin)〉 (8.21)

in the asymptotic limit in which τout → ∞ and τin → −∞, where Ω denote the angular
coordinates on S2. In this limit Oqin(τin,Ωin)|0〉 and 〈0|Omout(τout,Ωout) project onto the
lowest energy eigenstate with quantum numbers qS

in = (mS
in,nin) and qS

out = (mS
out,nout)

29The height coordinate τ on the cylinder should not be confused with the dilaton.
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respectively, which are the above BPS configurations. The two-point function then reduces
to the computation of

〈qS
out|e−(τout−τin)Hcyl |qS

in〉 (8.22)

and, in the large-charge limit, can be computed from a semiclassical path integral evaluation
of the EFT.

Let us go back to the Wick rotation of the bosonic action (8.8) and rewrite it in
cylindrical variables. Taking into account that Gαβ(l) is homogeneous of degree −1 by the
superconformal symmetry, the bosonic action on the cylinder takes the form

1
2

∫
Gαβ

[(
dlα − 1

R
lαdτ

)
∧ ∗

(
dlβ − 1

R
lβdτ

)
+ Fα ∧ ∗F β

]
+ i
∫

dImφα ∧ Fα . (8.23)

We recall that in this action Fα and Imφα must be considered as independent unconstrained
fields. As in [6], we can project on the states of definite charges by adding appropriate
boundary terms. In our EFT, the ‘in’ and ‘out’ states are obtained by SN -symmetrizing
states of definite monopole charges qin and qout, which can be selected by adding the
boundary terms to the action

i
2q

α
in

∫
τ=τin

Imφα dvolS2 −
i
2q

α
out

∫
τ=τout

Imφα dvolS2 . (8.24)

Indeed, the sum of (8.23) and (8.24) is linear in Imφα, which can be integrated out. As a
result the path integral localizes on field-strengths satisfying the Bianchi identity dFα = 0
and obeying the boundary conditions Fα|τ=τin = 1

2q
α
indvolS2 and Fα|τ=τout = 1

2q
α
outdvolS2 .

From dFα = 0 one also gets the charge conservation condition qαin = qαout, which can be more
directly obtained by integrating out the constant zero-mode of Imφα. At the leading large-
N semiclassical level, the amplitude (8.22) is then non-vanishing only for qαin = qαout ≡ qα.30

We then assume that qαin = qαout ≡ qα. Integrating out Imφα by carefully taking into
account the boundary terms, the amplitude can be written as a path integral of vector
multiplets with fixed boundary conditions provided by the BPS configurations (8.20). As
in subsection 8.1, at the leading large-N semiclassical order we can focus on the untwisted
sector contribution and work on the ‘upstairs’ covering moduli space:

〈qS, out|e−(τout−τin)Hcyl |qS, in〉 = 1
N !

∑
g∈SN

∫ qg ,τout

qg ,τin
Dµ e−S′E (8.25)

where the bosonic action is

S′E|bos = 1
2

∫
Gαβ

[(
dlα − 1

R
lαdτ

)
∧ ∗

(
dlβ − 1

R
lβdτ

)
+ Fα ∧ ∗F β

]
. (8.26)

30This is an ‘accidental’ conservation law, due to the accidental extended U(1)4N toric symmetry of the
holographic EFT formulated on the covering moduli space. Hence it is expected to be violated by 1/N
and higher derivative corrections, since in the complete theory there is no symmetry which guarantees the
separate conservation of the monopole charges mI

i . On the other hand, the four toric charges mtoric
i and

the b2(Y ) Betti charges qα are exactly conserved.
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Still keeping track of total derivative terms, this action can alternatively be written as

S′E|bos = 1
2

∫
Gαβ

[(
Fα + ∗dlα − 1

R
lα ∗ dτ

)
∧ ∗

(
F β + ∗dlβ − 1

R
lβ ∗ dτ

)]
−
∫

dReφα ∧ Fα + 1
4πR bα

∫
dτ ∧ Fα

(8.27)

where bα = bi or bα = Npa if α corresponds to lα = lIi or lα = σa, respectively. In deriv-
ing (8.27) we have used (8.9), the second relation in (8.6) and the quasi-homogeneity (6.40),
which implies

∂2F̃
∂lα∂lβ

lβ = − 1
2πbα . (8.28)

It is clear that (8.20) extremizes (8.27). Furthermore, only the last term of (8.27) does
not vanish on-shell and gives

1
2R 〈q, b〉(τout − τin) , (8.29)

with b = (b1, b2, . . .) = (bi1 , . . . , biN , Npa). Hence, the semiclassical saddle-point evaluation
of (8.25) gives

〈Oq(τout,Ωout)Oq(τin,Ωin)〉 ' 1
N !

∑
g∈SN

e−
1

2R 〈q
g ,b〉(τout−τin) = e−

1
2R 〈q,b〉(τout−τin) (8.30)

for τout − τin → ∞. Note that we have used the identities 〈qg, b〉 = 〈q, bg−1〉 = 〈q, b〉
for any g ∈ SN . This reproduces the expected result e−

1
R

∆Oq (τout−τin), provided that we
identify ∆Oq = 1

2〈q, b〉, which indeed coincides with (7.10).
We stress that these results follow just from general properties of our holographic EFTs

for toric models, whose details are typically quite complicated. Furthermore, they give the
expected result for a general set of charges qα although they are really justified only if (8.18)
holds. This crucially depends on the fact that we have focused on the BPS states (8.20),
which are expected to hold beyond the large charge and large N regimes, see the end
of section 8.1. The above discussion provides a self-consistency check of our framework
and a starting point for studying non-BPS states, anomalous dimensions and higher-order
correlators, as in [1, 2, 5, 6, 81, 82]. For instance, one might consider almost BPS states
obtained by deforming BPS ones or even non-BPS saddles, but this is beyond the scope
of the present paper. Of course, in order to perform computations which go beyond the
BPS sector, one should in principle restrict to the large-charge sector and use the explicit
form of the holographic EFT.31 We will provide concrete examples of holographic EFTs in
the following, leaving their application to a more in-depth study of the large charge SCFT
sector to the future.

31Furthermore, scaling dimensions of non-BPS operators generically receive higher order corrections in
the large charge expansion from EFT higher derivative terms — these corrections are expected to vanish
for two-point functions of BPS operators (8.30). It would be interesting to explore this further.
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9 M-theory interpretation of the EFT states

Since the fields of the holographic EFT descend from the M-theory holographic descrip-
tion, the above EFT semiclassical states have a direct M-theory interpretation. As we are
going to explain, they can be interpreted as bound states of AdS giant gravitons and Eu-
clidean M5-branes wrapping homologically non-trivial divisors. The holographic EFT then
provides a direct link between these M-theory brane configurations and the corresponding
operators in the dual SCFT.

9.1 AdS giant gravitons

Let us first set na = 0 and assume that the vacuum does not spontaneously break the
conformal symmetry, i.e. lIi∞ = σa∞ = 0. Since na = 0, (8.16b) implies the σa ≡ 0 along
the BPS flow. Then the internal Calabi-Yau space X is conical and the solutions sit at
the Kähler walls of the moduli space. At these points we expect the complete validity
of our EFT to be questionable, because of the appearance of light M2-branes wrapping
the vanishing cycles. However, these corrections regard the sector described by the linear
multiplets Σa, which are not activated in the solution, and are expected to decouple from
the remaining multiplets LIi as long as the condition (8.18) is satisfied. Hence, in this
regime these semiclassical solutions remain sensible.

The M-theory interpretation of these states is more easily described in the EFT cylinder
coordinates introduced above. Then the BPS solution (8.20) is

lIi = 1
2Rm

I
i , F iI = 1

2m
I
i dvolS2 , (9.1)

where it is natural to set R equal L`P (the asymptotic AdS radius), while σa = 0 and
F a = 0. The brane interpretation becomes transparent by dualizing the vector fields AiI
back to scalars ϕiI ≡ ImziI . By using the general formula (8.10) (in Minkowski signature),
and recalling (8.9) and (8.28), the solution (9.1) can be dualized to a time-dependent
solution in symplectic coordinates

lIi = 1
2Rm

I
i , ϕiI = − 1

4πRb
it+ αiI , (9.2)

where αiI are arbitrary constants.
The solutions (9.2) describe a bunch of M2-branes wrapping a static S2 in global

AdS4 and spinning along the internal angular coordinates ϕiI . These configurations are
analogous to those found in [83] to describe AdS giant gravitons [84–86] on general IIB
toric AdS5 × Y backgrounds. The number of AdS giant gravitons is set by the number of
non-vanishing monopole charge vectors mI = (m1

I ,m
2
I ,m

3
I ,m

4
I) as I = 1, . . . , N . Note that

in our description in terms of EFT monopole states, we directly get a discrete spectrum
of AdS giant gravitons and of the corresponding scaling dimensions ∆m = 1

2b
i∑

I m
I
i —

see (7.10) — with no need of any additional geometric quantization of the classical family
of probe brane solutions as in [83, 86]. It also automatically implements the orbit average
prescription proposed in [87] for probe branes. Furthermore, we automatically get the
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expected upper bound N on the number of possible AdS giant gravitons, a bound which
must be imposed by hand in a probe treatment.

Our derivation directly relates these M-theory configurations to the EFT chiral oper-
ators

Mm(x) ≡ Om,n=0(x) = e−2π〈mI ,zI〉|Sym (9.3)

and their microscopic SCFT counterpart. Borrowing the terminology from the analogous
AdS5/CFT4 type IIB models, the operators (9.3) may be regarded as mesonic operators.

9.2 Adding M5-branes

Let us now consider operators (7.2) with na 6= 0. We will refer to these types of operators
as Betti operators, since the are charged under the Betti symmetries.32 The corresponding
semiclassical BPS solutions in R3 now contain the non-trivial fields

σa = na

2|x| , F a = 1
2n

advolS2 . (9.4)

In order to understand their M-theory interpretation, we recall that the effective three-
dimensional field-strengths F a arise by expanding G4 along the internal harmonic 2-forms
ωa, which are Poincaré dual to a basis of non-compact divisors Da.33 We can then interpret
the solution (9.4) as describing a Euclidean M5-brane sitting at the origin of the external R3

and wrapping an internal non-compact divisor D homologous to naDa. This can be under-
stood by considering the Bianchi identity for G4 modified by the presence of the M5-brane:

dG4 = `3Pδ5(D) . (9.5)

By decomposing G4 = `3P
2πF

a ∧ ωa + . . . and integrating (9.5) over the internal 2-cycles
Ca such Ca · Db = δab , we get the Bianchi identities dF a = 2πnaδ3(0), which are indeed
satisfied by the solution (9.4).

As explained in section 7, the charges (mI ,n) characterising these semiclassical states
and the corresponding chiral operators (7.2) must satisfy the constraint (7.9). This implies
that D ' naDa is linearly equivalent to an effective toric divisor, that is, we can choose
D = sADA, with sA ∈ Z≥0 such that QaAsA = na. The most elementary Betti operators
correspond to D = DA for some A = 1, . . . , d and have Betti charges na = QaA. The above
corresponding semiclassical state then provides an effective three-dimensional description
of the backreaction of an M5-brane wrapping the effective divisor DA in the Calabi-Yau
cone C(Y ). The toric divisor DA is itself a cone over a five-cycle ΠA ⊂ Y , which can
then be ‘rotated’ to a static world-line in AdS4 times ΠA, as in [88, 89]. This is the more
traditional description of a Betti operators in the AdS/CFT correspondence [90–92].

By extending these comments to the most general effective divisor D = sADA, the
corresponding semiclassical state describes an M5-branes wrapping the five-cycle Π ≡ ∂D ⊂
Y . We emphasize that our holographic EFT provides a description of these M5-branes
which goes beyond the probe approximation (and indeed, at the two-derivative level, it is

32In the relative IIB models, they would correspond to baryonic operators.
33We remind the reader that we are restricting ourselves to ‘non-anomalous’ models, i.e. b6(X) = 0.
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in principle justified only for large charges). For instance, from the first of (9.4) we see that
the Kähler moduli are forced to flow as we move close to the M5-brane, so that the internal
Calabi-Yau is ‘dynamically’ resolved in the direction of the extended Kähler moduli space
Kext selected by the Betti charges na.

Furthermore, for any given choice of admissible Betti charges na, there is an infinite
number of possible choices of toric charges mI satisfying (7.9). Recalling the previous
subsection, we can then regard the most general state of charges (mI ,n) as a bound state
of AdS giant gravitons and internal M5-branes. From an alternative angle, as in [89, 93],
we may regard the different states corresponding to different toric charges mI as the states
obtained by quantizing the moduli space of classical M5-branes wrapping a divisor with
fixed Betti charges n. Indeed, one can easily adapt the discussion for generic toric IIB
models of section 3 of [93]. In particular, the states with vanishing Betti charge correspond
to M5-branes in AdS4×Y wrapping a trivial cycle in Y , i.e. to ‘internal’ giant gravitons [94].
In combination with the arguments of section 9.1, our semiclassical description provides a
direct identification of internal giant gravitons and AdS giant gravitons, whose counting
should then clearly give the same result as in [86, 95] — see [93] for more comments on
this point in the case of toric IIB models.

Notice that this M-theory interpretation holds also if lIi∞, σa∞ 6= 0, that is if the vacuum
in R3 spontaneously breaks the conformal symmetry. The VEV computation of section 8.1
can then be interpreted as the evaluation of the path integral with the insertion of Eu-
clidean M5-branes. This provides a clear justification of the prescription proposed in [96]
to compute the VEV of Betti operators by using probe branes on resolved backgrounds.34

In fact, one may apply this prescription to compute the VEV of operators with low Betti
and toric charges, in terms of the EFT chiral fields. This can be done by adapting al-
most verbatim the steps of section 5 of [30] to the present M-theory setting. This would
require the use of probe M5-branes and a subsequent quantization of their moduli space.
Our holographic EFT approach provides a realization of this procedure that includes the
M5-brane backreaction. Furthermore, as for the AdS giant gravitons, in our description in
terms of monopole states with quantized monopole charges there is no additional need of
quantizing the space of classical M5-brane configurations in order to get the appropriate
discrete spectrum of states.

We also observe that (7.10) implies that the elementary Betti operators associated
with the choice D = DA has scaling dimension ∆ = 1

2NP
A. According to the above inter-

pretation in terms of M5-branes wrapping ΠA ⊂ Y , this ∆ should coincide with πNvol(ΠA)
6vol(Y ) ,

where the volumes are computed using the asymptotic Sasaki-Einstein metric [92]. Hence,
by physical consistency we get the following interesting identity:

PA = πvol(ΠA)
3vol(Y ) . (9.6)

We do not have a general mathematical justification of this identity, but we will explicitly
check it in the examples discussed below.

34See also [21, 29] for applications to more general IIB and M-theory toric models.
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9.3 Charged EFT particles

It is interesting to observe that the M-theory derivation naturally suggests the presence
of half-BPS massive particles in the holographic EFT. Indeed, one can obtain a three-
dimensional particle by wrapping an M2-brane on an effective curve C ⊂ X, defining a non-
trivial compact two-cycle of the resolved internal Calabi-Yau space. A simple dimensional
reduction of the M2-brane effective action over (3.1) shows that its contribution to the
three-dimensional EFT includes the terms

−
∫
γ
me(σ) dvolγ + ea

∫
γ
Aa with ea ≡ C ·Da ∈ Z , (9.7)

where me(σ) ≡ 〈σ, e〉 ≡ σaea is the mass of the particle, γ is the particle world-line
and dvolγ the corresponding line element. The mass me(σ) is positive precisely because
C belongs to the Mori cone, which is dual to the Kähler cone KX parametrized by σa.
One can of course consider the corresponding anti-particles with opposite charges −e and
masses m−e(σ) ≡ 〈σ, e〉 > 0. The spectrum of these BPS particles changes across the
Kähler walls inside Kext.

The contributions (9.7) are compatible with the proposal made in [46] to include the
spin into the EFT description of large charge operators. One important difference is the
presence of the first term in (9.7), which is possible because the mass me(σ) is moduli-
dependent and then can have the correct scaling dimension ∆ = 1 to be compatible with
conformal invariance. Note that, from the dual chiral formulation viewpoint, these particles
are characterized by the axionic monodromy ρa → ρa − iea around them. They are anal-
ogous to axionic strings in four dimensions that can be obtained from wrapped D3-branes
in type IIB models, which are hence related to the effective strings studied in [47].

We leave to the future an EFT study of the large charge SCFT including these localised
objects, along the lines of [46, 47], and limit ourselves to a few general remarks here. The
most basic one is that one cannot neglect the backreaction of these particles in three
dimensions. Consider a static particle and parametrise the two transverse directions by a
complex coordinates w. In the dual chiral formulation of the bulk moduli, its backreaction
can be described by the half-BPS flow solutions

ρ = ρ0 − e
2π log w

w0
, (9.8)

with fixed ziI ≡ z0,i
I , and arbitrary integration constant ρ0 at w = w0. These kinds of

solutions have been recently discussed in [97] in the completely analogous case of half-BPS
strings in N = 1 four-dimensional theories. As discussed therein, once rephrased in terms
of a floating EFT UV cut-off, the flow solution (9.8) can be interpreted as a classical RG-
flow of the EFT Lagrangian, and in particular of the mass appearing in (9.7). On the
other hand, the total IR physical mass (including the backreaction contribution) is given
by mIR

e ≡ lim|w|→∞me(σ(w)) and measures the total volume of the holomorphic curve
C ⊂ Mext described by the embedding (9.8). In the present setting, conformal invariance
implies that Mext is conical and then C, being holomorphic, is necessarily non-compact.
Hence these static BPS configurations are affected by IR divergences, since mIR

e = ∞, as
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expected for charged particles in three dimensions. However, one may construct non-static
finite energy configurations of vanishing total charge as in [46].

These arguments can be immediately generalised to BPS particles carrying axionic
charges associated with the toric U(1)4 symmetry. Indeed, by using the formulation in
terms of the linear multiplets LIi for the mobile M2-brane sector, one may generalize (9.7) to

−
∫
γ
md,e dvolγ + di

∑
I

∫
γ
AIi + ea

∫
γ
Aa with md,e ≡

∑
I

〈lI ,d〉+ 〈σ, e〉 , (9.9)

where d = (d1, . . . , d4) ∈ NZ. These couplings are compatible with the SN discrete gauge
symmetry and generate the axion monodromy ziI → ziI − idi around the particle. The
static BPS backreaction now also includes the flow zI = z0

I − 1
2πdI log w

w0
and the curve

C ⊂ Mext projects to N copies of a holomorphic curve inside X. The charges (d, e) must
be such that the mass md,e appearing in (9.9) is positive. Since the moduli (lIi , σa) move
inside the cone defined by sA(lI , σ) ≥ 0 for all I = 1, . . . , N , we can guarantee that md,e
remains positive over the entire Mext by picking di = viAk

A and ea = NMAak
A with

kA ∈ Z≥0. Again, in order to get finite energy configurations one must consider non-static
configurations of vanishing total charge.

10 The Y 12(P2) model

We now illustrate the above general results with a first concrete example. In this model the
UV quiver theory describes the dynamics of N M2-branes at the tip of the cone over the
Sasaki-Einstein space Y 12(P2). The UV quiver theory was discussed in section 2.1. This
theory has a geometric branch, with a corresponding holographic EFT and a class of BPS
semiclassical states, which will be described in detail. We will then match this holographic
description with what is expected from the dual quiver point of view.

According to our general discussion, in order to derive the holographic EFT we must
consider the crepant resolutions of the Calabi-Yau cone over Y 12(P2). As already mentioned
in section 2.1, these can be described in terms of a U(1) gauged linear sigma model with
five dimensionless complex homogeneous coordinates ZA, A = 1, . . . , 5 (so that d = 5 in
the formulas of section 6) of charges

Z1 Z2 Z3 Z4 Z5 FI
QA 1 1 1 −2 −1 σ

(10.1)

where σ is the unique Kähler modulus.
It admits different resolutions, depending on the sign of σ and corresponding to the

two possible triangulations of the toric diagram, see figure 6. For later convenience, we
choose the following set of toric fan generators in Z4:

v1 = (0, 0, 1, 0) , v2 = (0, 0, 0, 1) , v3 = (2, 1,−1,−1) ,
v4 = (1, 0, 0, 0) , v5 = (0, 1, 0, 0) .

(10.2)
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(-1,-1,2)

(0,1,0)

(1,0,0)

(0,0,0)

(0,0,1)

Figure 6. Toric diagram of Y 1,2(P2).

Indeed, one can easily check that QAvA = 0. By an appropriate SL(4,Z) transformation,
one can map vA to vectors of the form (wA, 1), where wA ∈ Z3 identify the vertices of the
toric diagram of figure 6.35

A detailed description of the geometrical properties of these resolutions can be found
in [19]. The fan corresponding to Kähler cone σ < 0 is simplicial and there is a leftover
terminal Z2 orbifold singularity. As a complex space, the Calabi-Yau corresponding to
σ < 0 can be regarded as the total space of the vector bundle O(−1)⊕3 over the weighted
projected space WP1

[1,2]. To our knowledge, the Calabi-Yau metric on this space is not
known. For this reason, we will restrict our attention to the branch σ ≥ 0.

10.1 The resolved geometry

In the Kähler cone σ ≥ 0, the resolution replaces the tip of the cone with a P2. The resolved
geometry X is the total space of the line bundle OP2(−2)⊕OP2(−1) and we can identify σ
with the volume of any P1 ⊂ P2, so that the conical geometry corresponds to value σ = 0.
By using (10.2) in (6.5) we get the following definition of the toric coordinates e−2πzi in

35More explicitly, MvTA = (wA, 1)T , where

M =


0 0 1 0
0 0 0 1
1 0 0 0
1 1 1 1

 ⇒
w1 = (1, 0, 0) , w2 = (0, 1, 0) , w3 = (−1,−1, 2) ,
w4 = (0, 0, 1) , w5 = (0, 0, 0) .
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terms of homogeneous coordinates:

e−2πz1 = Z4Z
2
3 ≡ ζ1 , e−2πz2 = Z5Z3 ≡ ζ2 , e−2πz3 = Z1

Z3
≡ λ1 , e−2πz4 = Z2

Z3
≡ λ2 .

(10.3)
We have also introduced local coordinates (ζ1, ζ2, λ1, λ2) which make manifest its bundle
structure of X: (λ1, λ2) are local coordinates on P2, ζ1 is the fibral coordinate of OP2(−2)
and ζ2 is the fibral coordinate of OP2(−1).

In order to compute the holographic EFT, we need the explicit form of the Ricci-flat
Kähler potential kX of the internal Calabi-Yau metric, see (3.16), which enters the mixed
formulation of section 4.1. From this one can then go to the formulations in terms of either
just chiral multiplets or just linear multiplets — see sections 4.2 and 6.2. The Calabi-
Yau metric has been computed in [98] for a fixed choice of the Kähler modulus σ and in
a particular set of real coordinates. One can find the appropriate change of coordinates
and, by a simple scaling argument, the metric for general σ. From this we can extract the
value of Kähler potential kX which decomposes as in (3.15) satisfying the appropriate condi-
tions (3.14). Here we just present the relevant results, relegating the details to appendix C.

The Kähler potential kX takes the form

kX(z, z̄;σ) = U(t1, t2;σ) + σkP2 (10.4)

where we have introduced the P2 Kähler potential36

kP2 = 1
2π log

(
1 + |λ1|2 + |λ2|2

)
(10.5)

and the global real ‘radial’ coordinates along the fibers

t1 ≡ |ζ1|2e4πkP2 = (|Z4Z
2
1 |+ |Z4Z

2
2 |+ |Z4Z

2
3 |)2 ,

t2 ≡ |ζ2|2e2πkP2 = |Z5Z1|2 + |Z5Z2|2 + |Z5Z3|2 .
(10.6)

Unfortunately, U(t1, t2;σ) does not seem to admit a reasonable explicit formula. (As
we will presently see, the symplectic potential FX , which enters the formulation with vector
multiplets of section 6.2, can be made more explicit.) Rather, U(t1, t2;σ) will be defined
in terms of two new real variables

x = x(t1, t2;σ) , y = y(t1, t2;σ) , (10.7)

which appear in the solution of [98]. These can be in principle obtained as functions of
(t1, t2;σ) by inverting

(t1)
3u+

8 = σ
[
(x− u−)(y − u−)

] u2
−

|u−−u∗|2
∣∣∣∣ [(x− u∗)(y − u∗)] −iu2

∗
(u∗−u−)Imu∗

∣∣∣∣ ,
(t2)

3u−
4 = σ

[
(x− u+)(u+ − y)

] u2
+

|u+−u∗|2
∣∣∣∣ [(x− u∗)(y − u∗)] −iu2

∗
(u∗−u+)Imu∗

∣∣∣∣ ,
(10.8)

36kP2 is normalized so that jP2 ≡ i∂∂̄kP2 = 1
6πRP2 and

∫
P1 jP2 = 1. It is only locally defined: (10.5) and

then (10.4) are valid in the local patch X\D3, where DA = {ZA = 0} denote the toric divisors.
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where u−, u+ and u∗, u∗ are the two real (with u− < u+) and the two complex zeros,
respectively, of the polynomial

G(u) ≡ u4 − 4
3u

3 + 8
3ν . (10.9)

Consistency requires that [98]

x ∈ [u+,∞) , y ∈ [u−, u+] (10.10)

and furthermore that ν is fixed by the conditions

u−(u+ − 1)
u+(u− − 1) = −1

2 . (10.11)

In order to find the explicit values of ν, u± and u∗, let us set

ν = (η2 − 1)3

54η2 (10.12)

with η > 0, which allows us to write

u± = 1
3(η + 1)

(
1±

√
2
η
− 1

)
, u∗ = −1

3(η − 1)
(

1 + i
√

2
η

+ 1
)
. (10.13)

The condition (10.11) fixes the value of η to be

η = 1
6
[
2 + 21/3(58 + 3

√
78)1/3 + 21/3(58− 3

√
78)1/3

]
' 1.91799 , (10.14)

which translates into

ν ' 0.0968 , u− ' 0.771 , u+ ' 1.174 , u∗ ' −0.306− i 0.437 . (10.15)

We are now in a position to write down the (implicit) function U(t1, t2;σ) appearing
in (10.4):

U(t1, t2;σ) = 2σ
3πu−u+

[
x+ y+ 1

Imu∗
Im
(
u2
∗ log[(x− u∗)(y− u∗)]

)
+ 2Reu∗ log σ

]
(10.16)

where the logarithmic term appearing in the second line is necessary in order to satisfy the
asymptotic conditions (3.14). We stress that in the above formulas x, y must be considered
as functions of t1, t2, and then of zi or λ1, λ2, ζ1, ζ2, and σ, as in (10.7). More details on
the corresponding Kähler metric can be found in appendix C. Notice also that all formulas
are manifestly invariant under the toric U(1)4 symmetry Imzi → Imzi + constant, which
is reflected into the ‘mixed’ holographic EFT of section 4.1, which is fully specified by kX .

We can now move to the symplectic description of the resolved metric, which enters
the dual formulation with vector multiplets of section 6.2. This is obtained by going to the
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dual coordinates li and the symplectic potential (6.8). By applying (6.7) to (10.4) we get:

l1 = (x− u−)(y − u−)
2u−(u+ − u−) σ

l2 = (x− u+)(u+ − y)
u+(u+ − u−) σ

l3 = |λ1|2

1 + |λ1|2 + |λ2|2
(σ + 2l1 + l2)

l4 = |λ2|2

1 + |λ1|2 + |λ2|2
(σ + 2l1 + l2) .

(10.17)

One can check that they span the polytope

Pσ = {l1, l2, l3, l4 ≥ 0} ∩ {2l1 + l2 + σ ≥ l3 + l4} (10.18)

This matches (6.11)–(6.15) provided that MA = δA3, so that χA = δA3σ.
One can then compute FX from (6.8). This can be entirely expressed in terms of li

and σ by inverting (10.17). Alternatively, by the linear change of coordinates introduced
in (6.11), we can use the coordinates

s1 = l3 , s2 = l4 , s3 = 2l1 + l2 − l3 − l4 + σ , s4 = l1 , s5 = l2 . (10.19)

The symplectic potential FX can then be rewritten in the form (6.34) with

sPcan ≡
∑
A

sA = 3l1 + 2l2 + σ (10.20a)

sP = 8
3u+

l1 + 4
3u−

l2 −
8 Reu∗
3u−u+

σ (10.20b)

and37

fX(l, σ) = 1
2πsPcan log 2l1 + l2 + σ

sPcan
+ 1

2πsP log sP
σ
− 1

2π l1 log 2l1 + l2 + σ

l1

− 1
2π l2 log 2l1 + l2 + σ

l2
−

4u2
−

3πu+|u− − u∗|2
l1 log l1

σ
−

2u2
+

3πu−|u+ − u∗|2
l2 log l2

σ

+ 2
3πu−u+ Imu∗

Im
[

u2
∗ α

(u− − u∗)(u+ − u∗)
log α

σ

]
, (10.21)

where

α(l, σ) ≡ 2u−(u+ − u∗)l1 + u+(u− − u∗)l2 + (u− − u∗)(u+ − u∗)σ . (10.22)

From (10.20b) and (10.19) we can then extract the constants that characterise the solution:

P 1 = P 2 = P 3 = − 8 Reu∗
3u−u+

= 4η
(1 + η)2 ' 0.901

P 4 = 8(4− 3u+)
9u−u+

' 0.470 , P 5 = 4(4− 3u−)
9u−u+

' 0.827
(10.23)

37In computing fX from (6.8) we have omitted terms linear in li and σ, that do not affect the metric.
This corresponds at most to shifting the dual coordinates Rezi by constants.
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or alternatively

b1 = 8
3u+

' 2.272 , b2 = 4
3u−

' 1.728 , b3 = b4 = 0 ,

p = − 8 Reu∗
3u−u+

= 4η
(1 + η)2 ' 0.901 .

(10.24)

According to (6.27), these two sets of constants are related by bi = PAviA and
p = PAMA = P3.

It is interesting to observe that the constants (10.23) indeed satisfy (9.6) in a rather
non-trivial way. This can be shown by observing that the quantities on the two sides
of the equalities (9.6) are the only real roots of the same cubic polynomials with integer
coefficients. We refer to appendix C.2 for the details of this match.

We observe that the terms proportional to log σ obtained by expanding the logarithms
in (10.21) actually cancel each other. We have nevertheless chosen to write fX in the
form (10.21) in order to manifestly show that it is homogeneous of degree-one in (li, σ), so
that FX has precisely the structure predicted in section 6.2 from holographic arguments.
We also remind the reader that the above formulas are sensible only for σ ≥ 0. According
to the arguments section 6.2, for σ < 0 it should be given by a symplectic potential FX
specified by the same PA’s but by a different homogeneous function fX .

10.2 Holographic EFT

In the previous subsection we have seen that the symplectic structure of the resolved cone
over Y 12(P2) can be made quite explicit (at least for σ ≥ 0). This can then be taken as
starting point for describing the associated holographic EFT for vector multiplets, provid-
ing a concrete illustration of the general discussion of section 6.2. The dual formulations
(partially) involving chiral multiplets and considered in sections 4.1 and 4.2 can then be
obtained by subsequent Legendre transformations.

The EFT action can be written as∫
d3xd4θ F̃(L,Σ) (10.25)

where F̃(L,Σ) is a function of 4N + 1 linear multiplets Σ = σ + . . . − 1
2ε
µνρθγµθ̄Fνρ and

LIi = lIi + . . . − 1
2ε
µνρθγµθ̄(F Ii )νρ, of the form (6.21). In the present case, it is explicitly

given by

F̃(L,Σ) = − 1
2π
∑
I

[
LI3 logLI3 + LI4 logLI4 −

(
2LI1 + LI2 + Σ

)
log

(
2LI1 + LI2 + Σ

)]
− 1

2π
∑
I

(
2LI1 + LI2 − LI3 − LI4 + Σ

)
log

(
2LI1 + LI2 − LI3 − LI4 + Σ

)
−

4u2
−

3πu+|u− − u∗|2
∑
I

LI1 logLI1 −
2u2

+
3πu−|u+ − u∗|2

∑
I

LI2 logLI2
(10.26)

+ 2
3πu−u+ Imu∗

∑
I

Im
[

u2
∗

(u− − u∗)(u+ − u∗)
α(LI ,Σ) logα(LI ,Σ)

]

where α(LI ,Σ) is the superfield obtained from (10.22) by substituting li → LIi and σ → Σ.
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Since the linear multiplets have fixed scaling dimensions ∆(LIi ) = ∆(Σ) = 1, we can
explicitly check that F̃(L,Σ) is quasi-homogeneous of degree-one under scaling transfor-
mations, as in (6.40), and then (10.25) is superconformal. Furthermore, the above EFT
is well defined on the branch of the moduli space in which σ ≥ 0 and all the vectors
lI ≡ (lI1, lI2, lI3, lI4) belong to the polytope (10.18).

It is interesting to observe how the kinetic potential (10.26) reduces to a very simple
form

∑
L L logL+constant, where the L’s are linear combinations of LIi ,Σ. Hence the

formulation of the EFT in terms of vector multiplets is particularly simple. One can
then go to the mixed formulation of section 4.1 by taking a partial Legendre transform of
F(z,Σ) = F̃(L,Σ) − 2LIiReziI , where ziI are the chiral multiplets obtained by dualization
of the linear multiplets LIi , such that ReziI = 1

2
∂F̃ (L,Σ)
∂LIi

. By a further Legendre transform
one can then obtain the Kähler potential K(z, ρ) = F(L,Σ)− 2ΣReρ in which Σ is traded
for the dual chiral mutiplet ρ, such that Reρ = 1

2
∂F(z,Σ)
∂Σ = 1

2
∂F̃(L,Σ)
∂Σ , obtaining the chiral

formulation of section 4.2. From (10.26) we can easily get the explicit relation between the
chiral multiplets and the linear multiplets:

Rez1
I = − 1

2π log
(

1 + LI3 + LI4
2LI1 + LI2 + Σ

)
−

2u2
−

3πu+|u− − u∗|2
logL1

+ 2
3πu+Imu∗

Im
(

u2
∗

u− − u∗
logα

)
− 2

3πu+

Rez2
I = − 1

4π log
(

1 + LI3 + LI4
2LI1 + LI2 + Σ

)
−

u2
+

3πu−|u+ − u∗|2
logL2

+ 1
3πu−Imu∗

Im
(

u2
∗

u+ − u∗
logα

)
− 1

3πu−

Rez3
I = − 1

4π log
(

LI3
2LI1 + LI2 − LI3 − LI4 + Σ

)
Rez4

I = − 1
4π log

(
LI4

2LI1 + LI2 − LI3 − LI4 + Σ

) (10.27)

Reρ = 1
4π
∑
I

log
( 2LI1 + LI2 + Σ

2LI1 + LI2 − LI3 − LI4 + Σ

)

+ 1
3πu−u+Imu∗

∑
I

Im log
[
u2
∗ logα(LI ,Σ)

]
+ 2NReu∗

3πu−u+
.

These relations can in principle be inverted to get the linear multiplets as functions of (the
real part of) the chiral multiplets, from which one can extract the explicit form of the EFT
Kähler potential — see (6.41) —

K = 2
3π
∑
I

( 2
u+

LI1 + 1
u−

LI2

)
− 4N Reu∗

3π(u−u+) Σ (10.28)

as a function of the chiral fields.
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From (10.27) one can extract the scaling dimensions of the chiral multiplets e−2πziI and
e−2πρ, by taking into account that their phases do not scale and that ∆(LIi ) = ∆(Σ) = 1:

∆(e−2πz1
I ) = 4

3u+
' 1.136 , ∆(e−2πz2

I ) = 2
3u−

' 0.864 ,

∆(e−2πz3
I ) = ∆(e−2πz4

I ) = 0 ,

∆(e−2πρ) = −4N Reu∗
3u−u+

= 2Nη
(1 + η)2 ' N × 0.4505

(10.29)

Of course, these are in agreement with the general formula (7.1) — see (10.24).
We stress that, as emphasized in section 7, the fields e−2πρ and e−2πziI are only locally

defined on the moduli space and cannot be interpreted as low-energy representations of
chiral operators of the microscopic SCFT. Hence, the fact that e−2πz3

I and e−2πz4
I have van-

ishing scaling dimension does not constitute any violation of the usual conformal unitarity
bounds. We will come back to this point in the next subsection.

Note that, even though the above description of the holographic EFT is a priori valid
only for σ = Σ|θ=θ̄=0 > 0, the formulas (10.26) and (10.27) make sense even for σ = 0,
as long as the lIi ’s belong to the interior of the polyedral cone Pσ=0, see (10.18). Indeed,
by setting Σ ≡ 0 we just get the effective theory for N probe M2-branes moving in the
Calabi-Yau cone over Y 12(P2). On the other hand, for σ < 0 the EFT is expected to
change, due to the change of the internal resolved Calabi-Yau cone. While we expect the
holomorphic parametrization of the moduli space provided by e−2πziI and e−2πρ to smoothly
connect the two branches, nothing prevents the complete EFT to exhibit some kind of phase
transition on the Kähler wall σ = 0. We will not have much more to say about this issue
for the Y 12(P2) model, since we do not know the explicit Calabi-Yau metric (and then the
holographic EFT) for σ < 0. Instead we will come back to this point in section 11, since
for the Q111 model we will be able to describe the holographic EFT on the entire extended
Kähler moduli space.

10.3 EFT chiral operators and semiclassical states

Following the general discussed of section 7, in the Y 12(P2) model we can construct chiral
operators

Om,n(x) ≡ e−2π〈mI ,zI(x)〉|Sym e
−2πnρ(x) (10.30)

where the charges mI
i ∈ Z are constrained by the lattice polytope conditions (7.9), which

in the present case read

mI
1,m

I
2,m

I
3,m

I
4 ≥ 0 , 2mI

1 +mI
2 + n ≥ mI

3 +mI
4 . (10.31)

From the general formula (7.10), or more directly from (10.29), one can immediately obtain
the corresponding scaling dimensions:

∆(Om,n) = 4
3u+

∑
I

mI
1 + 2

3u−

∑
I

mI
2 + 2nη

(1 + η)2 N

= 1
2P

A
∑
I

sA(mI , n) ,
(10.32)
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where sA(mI , n) ≥ 0 are the integral numbers obtained by setting li = mI
i and σ = n

in (10.19). Note that, given (10.31) and the values (10.23) of the PA’s, the unitarity bound
∆(Om,n) ≥ 1

2 is always satisfied for N � 1.
From (10.32) and (10.31) we see that the spectrum of scaling dimensions is degenerate,

in the sense that it is determined by the charges mI
1,m

I
2, n, while the charges mI

3,m
I
4 label

the ‘harmonics’ along the base P2 which enter the operator.
Take for instance the mesonic operators, which have vanishing Betti charge n = 0.

From (10.32) and (10.31), it is clear that for any pair of toric charges mI
1,m

I
2 ≥ 0, the finite

number of possible charges mI
3,m

I
4 ≥ 0 such that mI

3 + mI
4 ≤ 2mI

1 + mI
2 label the set of

degenerate mesonic operators with the same dimension ∆ =
∑
I

(
4

3u+
mI

1 + 2
3u−m

I
2

)
. These

operators may be written in terms of non-negative powers of the homogeneous coordinates
as follows:

Mm =
(∏

I

[
(ZI1 )mI3(ZI2 )mI4(ZI3 )2mI1+mI2−mI3−mI4(ZI4 )mI1(ZI5 )mI2

])
sym

. (10.33)

In the first Kähler cone σ > 0, the exceptional locus is given by D4 ∩ D5 ' P2. It is
then clear that the mesonic operators (10.33) identically vanish as soon as one M2-brane
touches D4 ∩D5 and are then ‘blind’ to the resolved P2. A similar conclusion holds for the
other Kähler cone σ < 0, whose exceptional locus is given by D1 ∩ D2 ∩ D3 'WP1

[1,2].
The exceptional locus of the resolved geometry is instead detected by Betti operators,

which have n 6= 0. Consider the ‘lightest’ ones with Betti charge n = 1: they have toric
charges mI

1 = mI
2 = 0 but possibly non-vanishing mI

3,m
I
4 such that 0 ≤ mI

3 + mI
4 ≤ 1.

Because of the symmetrization in (10.30), these operators can be labelled by two integers

m3 =
N∑
I=1

mI
3 , m4 =

N∑
I=1

mI
4 , (10.34)

such that 0 ≤ m3 + m4 ≤ N . We can then denote the corresponding operators as follows38

Bm3,m4 ≡ e−2π(mI3z3
I+mI4z4

I )|Sym e
−2πρ , 0 ≤ mI

3 +mI
4 ≤ 1 . (10.35)

According to the general discussion of subsection 9.2, these operators can be associated
to M5-branes wrapping a divisor belonging to the P2-family of divisors D[c1:c2:c3] = {c1Z1 +
c2Z2 + c3Z3 = 0}. Indeed, from (10.32) we see that

∆(Bm3,m4) = 1
2NP

3 =
πNvol(Π[c1:c2:c3])

6vol(Y ) ' N × 0.4505 , (10.36)

with Π[c1:c2:c3] = ∂D[c1:c2:c3] — see the comment after (10.24).

38We emphasize that this effective description of the chiral operators is valid when the EFT fields ziI
move in the local patch X\D3, see (10.3). In order to include the locus D3 in the description one should
change local patch by appropriately changing e−2πρ, which transforms as a local section of the line bundle
SymNOX(−D3) — see discussion below (7.9). Under such transformation the operators Bm3,m4 preserve
the same form but are generically mixed among themselves.
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As mentioned in subsection 9.2, one may consider a probe M5-brane wrapping D[c1,c2,c3]
in the resolved M-theory geometry and compute the expectation value of the corresponding
operator according to the prescription proposed in [96]. By quantizing the dependence on
the projective coordinates [c1 : c2 : c3] ∈ P2 one gets exactly (10.35). We omit the
details here, since they are identical to the IIB case discussed in [8]. However, as argued in
subsection 9.2, our formulation makes more direct the connection with the M5-brane states:
in the holographic EFT in terms of vector multiplets, the M5-branes states correspond to
BPS monopoles which can be conformally mapped to the chiral operators (10.30). In
particular, since the monopoles generate a three-dimensional radial flow σ = n

2|x| , they can
be described within the EFT considered in section 10.2 only for n ≥ 0. This is related to
the fact that the operators (10.30) with n ≥ 0 are the natural observables to parametrize
the moduli space corresponding with σ ≥ 0.

Consider instead the ‘lightest’ Betti operators of negative Betti charge n = −1 and
n = −2 respectively:

B̃1 = e−2π
∑

I
z2
I e2πρ , B̃2 = e−2π

∑
I
z1
I e4πρ (10.37)

These can be associated with Euclidean M5-branes wrapping the toric divisors D5 and
D4 respectively. They have the correct Betti charges since, in relative homology, we have
[D5] = −[D3] and [D5] ' −2[D3]. Furthermore, they have the expected scaling dimensions

∆(B̃1) = 1
2NP

5 = πNvol(Π5)
6vol(Y ) ' N × 0.4136

∆(B̃2) = 1
2NP

4 = πNvol(Π4)
6vol(Y ) ' N × 0.2349 ,

(10.38)

where Π4 = ∂D5 and Π5 = ∂D5. It is clear that as we move one or more M2-branes onto
the resolved P2 (for σ > 0), corresponding to the locus e−2πz1 = e−2πz2 = 0, the VEVs
of the operators B̃1 and B̃2 vanish. Loosely speaking, in the branch σ ≥ 0, B̃1 and B̃2
are blind to the resolution of the Calabi-Yau geometry, which is instead detected by the
operators (10.35). In other words, in the branch σ ≥ 0 the moduli space can be probed by
the combination of mesonic operators Mm and the Betti operators Bm3,m4 , while the VEVs
of B̃1 and B̃2 are fixed by the chiral ring relations

Bm3,m4B̃1 = Mm|m1
2=...=mN2 =1 ,

Bm3,m4B̃2 = Mm|m1
1=...=mN1 =1 .

(10.39)

We conclude this section by matching chiral operators between the holographic EFT
and the microscopic Chern-Simons quiver gauge theory. The operators (10.33) are holo-
graphic EFT realization of mesonic operators in the quiver gauge theory. Using the cor-
respondence (2.16) for each I, we can match the holographic effective field theory opera-
tor (10.33) with the ‘mesonic’ chiral operator Oq,n=0;α,β of equation (2.20) in the micro-
scopic quiver gauge theory, under the following identification of quantum numbers:

mI
1 = −qI2 + |qI |2 + αI1 , mI

2 = αI2 , mI
3 = βI1 , mI

4 = βI2 . (10.40)
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Similarly, the Betti operators (10.35) and (10.37) are the holographic EFT realizations
of the baryonic operators (2.18) of the microscopic quiver gauge theory. In particular, the
holographic EFT chiral field ρ and the UV chiral field χ are related as follows:

ρ ' χ− 1
2π log T (N) . (10.41)

The identifications between operators are to be understood up to a potential mixing
with products of lighter operators, which we are not concerned about here, see footnote 9.
We have explicitly reproduced the scaling dimensions (2.19) of these operators. The other
toric charges can similarly be reproduced.

More generally, the quiver gauge theory counterparts of the operators (10.30) are given
by the baryonic operators Oq,n;α,β of equation (2.20), with the identification (10.40).

11 The Q111 model

We now consider the toric model engineered starting from the Calabi-Yau over the so-called
Q111 Sasaki-Einstein space [21].39 Differently from the Y 12(P2) model, Q111 is a regular
Sasaki-Einstein space and will be characterised by rational scaling dimensions. On the
other hand, this model has other properties which allow us to concretely test other aspects
of our holographic EFTs.

The resolution of the Kähler cone over Q111 can be regarded as a toric space with six
homogeneous coordinates ZA, A = 1, . . . , 6, charged under the gauge group U(1)2. The
charges of the fields can be chosen as follow

Z1 Z2 Z3 Z4 Z5 Z6 FI
Q1A 1 1 0 0 −1 −1 σ1

Q2A 0 0 1 1 −1 −1 σ2

(11.1)

where σa, a = 1, 2, are the Kähler moduli. We can choose the following generators of the
toric fan edges:

v1 = (1, 1,−1, 0) , v2 = (0, 0, 1, 0) , v3 = (1, 1, 0,−1) ,
v4 = (0, 0, 0, 1) , v5 = (1, 0, 0, 0) , v6 = (0, 1, 0, 0) .

(11.2)

which indeed satisfy Q1AvA = Q2AvA = 0. By an appropriate SL(4,Z)-transformation,
they identify the toric diagram depicted in figure 7.40

39Aspects of the Q111 holographic EFT have been studied in [99].
40The vertices wA ∈ Z3 of the toric diagram correspond to the vectors (wA, 1)T = MvAT ∈ Z4 with

M =


1 0 0 1
1 0 1 0
0 1 1 1
1 1 1 1

 ⇒
w1 = (1, 0, 0) , w2 = (0, 1, 1) , w3 = (0, 1, 0) ,
w4 = (1, 0, 1) , w5 = (1, 1, 0) , w6 = (0, 0, 1) .
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(0,1,1)

(0,1,0)

(0,0,1)

(1,1,0)
(1,0,0)

(1,0,1)

Figure 7. The toric fan of Q111 in the w-space.

The extended Kähler moduli space parametrized by (σ1, σ2) is given by the entire R2

and is divided in the three Kähler cones

CI = {σ1 ≥ 0, σ2 ≥ 0}
CII = {σ1 ≤ 0, σ2 ≥ σ1}
CIII = {σ2 ≤ 0, σ1 ≥ σ2}

(11.3)

It is easy to see that the three Kähler cones are isomorphic and can be related by taking
different linear combinations of the charges. In each Kähler cone, resolving the geometry
amounts to substituting the apex of the cone with two P1s. The resolved geometry X can
be identified with the total space of the bundle OB(−1,−1) ⊕ OB(−1,−1) over the base
B ' P1

(1) × P1
(2) and the singular cone is recovered in the limit σ1, σ2 → 0. The different

Kähler cones are connected by flop transitions, in which one P1 blows-down and a new one
blows-up.

Since the three Kähler cones are isomorphic, we will first describe the explicit Kähler
and symplectic structures in chamber CI, and then show how they are glued to same
structures on the other Kähler cones. In this way, we will be able to extract the holographic
EFT on the entire extended (geometrical) moduli space of the model.

11.1 The resolved geometry

In this subsection we restrict to the first Kähler cone, that is, we assume that (σ1, σ2) ∈ CI.
We can use (11.2) in (6.5) to get the definition of the local toric coordinates e2πzi in terms
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of homogeneous coordinates:

e−2πz1 = Z1Z3Z5 ≡ ζ1 , e−2πz2 = Z1Z3Z6 ≡ ζ2 ,

e−2πz3 = Z2
Z1
≡ λ1 , e−2πz4 = Z4

Z3
≡ λ2 .

(11.4)

The new local coordinates (ζ1, ζ2, λ1, λ2) are useful to make manifest its bundle structure of
X: λ1 and λ2 are respective local coordinates over the P1

(1) and P1
(2) in the base B, while ζ1

and ζ2 are the coordinates over the two OB(−1,−1) fibers. These local coordinates e−2πzi

are good on X\(D1 ∪ D3) where, as above, DA ≡ {ZA = 0}.
The Calabi-Yau metric on the resolved geometry has been already computed in the

literature [21, 43, 44]. We are interested in its Kähler structure and here we present just
the final result, giving more details in appendix D. In the local patch introduced above,
the Kähler potential can be written as

kX(z, z̄;σ) = U(t;σ) + σ1k(1) + σ2k(2) , (11.5)

where k(1) and k(2) are the canonical Kähler potentials on P1
(1) and P1

(2) respectively,

k(1) = 1
2π log(1 + |λ1|2) , k(2) = 1

2π log(1 + |λ2|2) (11.6)

and U(t;σ), besides carrying a dependence on the Kähler moduli σa, solely depends on the
globally defined radial coordinate

t ≡ (|ζ1|2 + |ζ2|2)e2πk(1)+2πk(2)

= (|Z1|2 + |Z2|2)(|Z3|2 + |Z4|2)(|Z5|2 + |Z6|2) .
(11.7)

By imposing the Calabi-Yau condition as well as consistency with (3.15) and (3.14), one
obtains U(t;σ) = UI(t;σ), with

UI(t;σ) ≡ − 1
π

lim
Λ→∞

[∫ Λ
√
t

dτ
τ

G0(τ ;σ)− 2
1
4 Λ + 1

3(σ1 + σ2) log Λ
]

(11.8)

where G0(τ ;σ) is the real function defined by the equation

1
4G

4
0 + 1

3(σ1 + σ2)G3
0 + 1

2σ
1σ2 G2

0 = 1
2τ

4 . (11.9)

We observe that G0(τ ;σ) monotonically increases from 0 to ∞ for τ ∈ [0,∞). One can
then trade τ for G0 as integration variable in the integral appearing in (11.8). Omitting
irrelevant terms linear in (σ1 + σ2), we can write (11.8) in the less implicit form:

UI(t;σ) = 1
π
G0(
√
t, σ) + 1

3π (σ1 + σ2)
[
G0(
√
t, σ)− log

(
|ζ1|2 + |ζ2|2

)]
− 1

3π (σ1 + σ2) log(1 + |λ1|2)− 1
3π (σ1 + σ2) log(1 + |λ2|2)

+ 1
6π

√
A(σ) log

(
3G0(

√
t, σ) + 2(σ1 + σ2)− 2

√
A(σ)

3G0(
√
t, σ) + 2(σ1 + σ2) + 2

√
A(σ)

) (11.10)
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where
A(σ) ≡ (σ1)2 + (σ2)2 − 5

2σ
1σ2 . (11.11)

Note that the logarithm appearing in (11.10) is real also for A < 0, provided we choose
the same branch for all

√
A’s (say,

√
−|A| = i

√
|A|) and log such that log z = log |z| + iθ

where z = |z|eiθ with −π < θ < π (that is, the log branch cut along the negative horizontal
semi-axis.). Indeed, in this way the last term of (11.10) is holomorphic in A(σ) at A(σ) = 0.

We observe that the function (11.10) depends on G0, which is only implicitly deter-
mined by (11.9). Hence, our description of Kähler structure of the resolved geometry is
somewhat indirect. On the other hand, as we will presently see (and as we have already
experienced in the Y 12(P2) model), it turns out that the symplectic description of the
resolved geometry allows for a completely explicit description.

The symplectic description is obtained by going to the dual variables (6.7). In the
present case we obtain

l1 = |ζ1|2

|ζ1|2 + |ζ2|2
G0
(√
t;σ
)
, l2 = |ζ2|2

|ζ1|2 + |ζ2|2
G0
(√
t;σ
)

l3 = |λ1|2

1 + |λ1|2
[
σ1 + G0

(√
t;σ
)]
, l4 = |λ2|2

1 + |λ2|2
[
σ2 + G0

(√
t;σ
)] (11.12)

By direct inspection one can easily realise that they span the polytope

Pσ = {l1, l2, l3, l4 ≥ 0} ∩ {l1 + l2 − l3 ≥ −σ1} ∩ {l1 + l2 − l4 ≥ −σ2} (11.13)

This is compatible with the one directly obtained from (6.11) for the toric fan (11.2), if we
take MA1 = δA1, MA2 = δA3, and, accordingly, χA = δA1σ

1 + δA3σ
2.

We can now compute FX from (6.8). By inverting (11.12), it can be explicitly expressed
in terms of li and σ, or alternatively the coordinates introduced in (6.11):

s1 = l1 + l2 − l3 + σ1 , s2 = l3 , s3 = l1 + l2 − l4 + σ2 ,

s4 = l4 , s5 = l1 , s6 = l2 .
(11.14)

In particular, the symplectic potential FX can then be rewritten in the form (6.34) with

sPcan = 3l1 + 3l2 + σ1 + σ2 , (11.15a)

sP = 2l1 + 2l2 + 2
3
(
σ1 + σ2

)
, (11.15b)

and fX(l, σ) = f I
X(l, σ) with41

f I
X(l, σ) = 1

4πsP log H(l, σ)
sP

+ 1
6π

√
A(σ) log

(
3(l1 + l2) + 2(σ1 + σ2)− 2

√
A(σ)

3(l1 + l2) + 2(σ1 + σ2) + 2
√
A(σ)

)

+ 1
2π (l1 + l2 + σ1) log l1 + l2 + σ1

H(l, σ) + 1
2π (l1 + l2 + σ2) log l1 + l2 + σ2

H(l, σ) , (11.16)

41As for the Y 12(P2) model, in f I
X we have omitted terms linear in li and σ — see footnote 37.
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where
H(l, σ) ≡

√
3(l1 + l2)2 + 4(σ1 + σ2)(l1 + l2) + 6σ1σ2 . (11.17)

Comparing (11.15b) and (6.32) we obtain

PA = 2
3 for A = 1, . . . , 6 (11.18)

or, equivalently,
b1 = b2 = 2 , b3 = b4 = 0 , p1 = p2 = 2

3 . (11.19)

One can also check that relation (9.6) is satisfied.

11.2 Extended description of the resolved geometry

The descriptions of the resolved Calabi-Yau spaces in the other Kähler cones can be ob-
tained via a reshuffling of the projective coordinates and of the charges. For instance, the
resolution on the Kähler cone II can be obtained by swapping (Z1, Z2) and (Z5, Z6) and
considering as new sets of charges −Q1A and Q2A − Q1A, corresponding to new Kähler
moduli −σ1 and σ2 − σ1. (Notice that the radial variable (11.7) is invariant under such
redefinitions.) In this way we can get a unified description of the resolved geometry and
select a Kähler potential kX which has the form (11.5) at any point (σ1, σ2) ∈ R2. The
function U(t;σ) can be written in the form (11.8):

U(t;σ) = − 1
π

lim
Λ→∞

[∫ Λ
√
t

dτ
τ

G(τ ;σ)− 2
1
4 Λ + 1

3(σ1 + σ2) log Λ
]

(11.20)

where now

G(τ, σ) =


GI(τ, σ1, σ2) = G0(τ, σ1, σ2) for (σ1, σ2) ∈ CI

GII(τ, σ1, σ2) = G0(τ,−σ1, σ2 − σ1)− σ1 for (σ1, σ2) ∈ CII

GIII(τ, σ1, σ2) = G0(τ, σ1 − σ2,−σ2)− σ2 for (σ1, σ2) ∈ CIII

(11.21)

It is important to observe that G(τ, σ), solves the differential equation

G(τ, σ)
[
G(τ, σ) + σ1

] [
G(τ, σ) + σ2

] ∂G(τ, σ)
∂τ

= 2τ3 (11.22)

for any (σ1, σ2) ∈ R2. Indeed, (11.22) is equivalent to the Calabi-Yau condition for the
Kähler potential (11.5). The different descriptions of G(τ, σ) on the different Kähler cones
can then be associated with different values of the integration constant that one gets by
integrating (11.22) and imposing appropriate regularity conditions. Indeed, (11.22) can be
integrated into

1
4G

4 + 1
3(σ1 + σ2)G3 + 1

2σ
1σ2 G2 = 1

2τ
4 + h(σ) (11.23)

where h|CI = hI, h|CII = hII and h|CIII = hIII, with

hI ≡ 0 hII ≡ −
1
12(σ1)3(σ1 − 2σ2) hIII ≡ −

1
12(σ2)3(σ2 − 2σ1) . (11.24)
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Note that hII − hI is proportional to (σ1)2. Hence G and its first and second derivatives
in σ1 are continuous across the Kähler wall σ1 = 0 which separates CI and CII. Analogous
observations hold for the behaviour of G across the other Kähler walls.

A more explicit form of UII ≡ U |CII and UIII ≡ U |CIII can be obtained from that of
UI ≡ U |CI , see (11.10), and the relations

UII(t;σ1, σ2) = UI(t;−σ1, σ2 − σ1)− 1
2πσ

1 log t ,

UIII(t;σ1, σ2) = UI(t;σ1 − σ2,−σ2)− 1
2πσ

2 log t .
(11.25)

Let us now pass to the symplectic formulation of section 6.1 in terms of the vari-
ables (6.7). We have seen that in CI they are related to the complex coordinates as
in (11.12). On the other Kähler cones CII and CIII one has just to modify (11.12) by
substituting G0 ≡ GI with GII and GIII, respectively. By inverting these relations, one can
then compute FX from (6.8). By taking into account (11.25), one finds that F II

X ≡ FX |CII
can be obtained by making the following substitutions in F I

X ≡ FX |CI :

σ1 → −σ1 , σ2 → σ2 − σ1

l1 → l1 + l2 − l3 + σ1

l2 → l3 , l3 → l2 l4 → l4

(From CI to CII) . (11.26)

Analogously, we can obtain F III
X ≡ FX |CIII from F I

X by making the substitutions

σ1 → σ1 − σ2 , σ2 → −σ2 ,

l1 → l1 + l2 − l4 + σ2

l2 → l4 , l3 → l3 , l4 → l2 .

(From CI to CIII) . (11.27)

Note that the polytope Pσ introduced in (11.13) is invariant under (11.26) and (11.27),
so that li’s parametrize Pσ for any (σ1, σ2) ∈ R2. Furthermore, one can easily check that the
changes (11.26) and (11.27) correspond to permutations of the variables sA’s introduced
in (11.14) and leave sPcan and sP invariant. Hence, as expected, F II

X and F III
X can be

written in the form (6.34) with the same sPcan and sP (11.15) found for F I
X , but with

different homogeneous terms f II
X and f III

X which can be obtained from (11.16) by making
the substitutions (11.26) and (11.27), respectively. f I

X , f II
X and f III

X can be glued into a
single fX defined on the entire extended Kähler moduli space (σ1, σ2) ∈ R2. From the
above comments on the behaviour of G across the Kähler wall, we can conclude that fX
(and then FX) can have at most discontinuities in (σ1, σ2) of the ‘third order’ (that is,
regarding its third derivatives in (σ1, σ2)) on the Kähler walls.

11.3 Holographic EFT

We can now extract the information regarding the holographic EFT. We may straightfor-
wardly repeat, mutatis mutandis, most of the observations made for the Y 12(P2) model.
We will then be brief, leaving some details to the reader. As for the Y 12(P2) model, let us
start with the formulation in terms of the vector multiplets and the corresponding 4N + 2
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linear multiplets LIi = lIi + . . . − 1
2ε
µνρθγµθ̄(F Ii )νρ and Σa = σa + . . . − 1

2ε
µνρθγµθ̄F

a
νρ,

a = 1, 2. The EFT action can be written as in (10.25) with F̃ (L,Σ) obtained by using FX
computed above in (6.21), that is (omitting a term linear in 3LI1 + 3LI2 + Σ1 + Σ2)

F̃(L,Σ) =
∑
I

[
− 1

2π
∑
A

sA(LI ,Σ) log sA(LI ,Σ)
]

+
∑
I

[ 1
4πsP (LI ,Σ) log sP (LI ,Σ) + fX(LI ,Σ)

] (11.28)

where sA(l, σ) and sP (l, σ) are defined in (11.14) and (11.15b), and fX is given by (11.16)
in the first Kähler cone and by f II

X and f III
X , described in the previous subsection, in the

other two Kähler cones.
One could now repeat almost verbatim the discussion of section 10.2. In particular,

one can explicitly see that F̃ (L,Σ) is almost-homogeneous in the sense of (6.40) under
rescalings of LIi and Σa (which have scaling dimension 1) as required by the superconformal
invariance of the EFT. One can also go to the dual formulations involving chiral multiplets.
In particular, from (11.28) one can compute the explicit form of ReziI = 1

2
∂F̃
∂LIi

and Reρa =
1
2
∂F̃
∂Σa . These can be in principle inverted to extract the explicit form of the EFT Kähler

potential, see (6.41),
K = 1

π

∑
I

(
LI1 + LI2

)
+ N

3π (Σ1 + Σ2) . (11.29)

One can also verify the following scaling dimensions of the dual chiral fields

∆(e−2πz1
I ) = ∆(e−2πz2

I ) = 1 ,

∆(e−2πz3
I ) = ∆(e−2πz4

I ) = 0 ,

∆(e−2πρ1) = ∆(e−2πρ2) = 1
3N

(11.30)

As for the Y 12(P2) model, there is no unitarity problem with (11.30), since the chiral fields
e−2πziI and e−2πρa are not part of the EFT ring of scalar chiral operators, which will be
discussed in the following section.

11.4 EFT chiral operators and semiclassical states

According to the general discussion of section 7, the chiral operators of the Q111 model can
be classified by the toric and Betti charges mI

i and n1, n2 and admit the following EFT
description

Om,n(x) ≡ e−2π〈mI ,zI(x)〉|Sym e
−2πn1ρ1(x)−2πn2ρ2(x) (11.31)

in the holographic EFT. The charges must satisfy the constraints (7.9), which in the present
case become

mI
1,m

I
2,m

I
3,m

I
4 ≥ 0 , mI

1 +mI
2 −mI

3 ≥ −n1 , mI
1 +mI

2 −mI
4 ≥ −n2 . (11.32)

From the general formula (7.10), or more directly from (11.30), we get the corresponding
scaling dimensions:

∆(Om,n) =
∑
I

(
mI

1 +mI
2
)

+ 1
3N(n1 + n2) (11.33)
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From (11.32) it is clear that the unitarity bound ∆(Om,n) > 1
2 is satisfied for any set

of charges mI
i , n

a (since we are assuming large-N , and then N > 1). As discussed in sec-
tion 8.2, for large charges these chiral operators can be conformally mapped to semiclassical
states of the holographic EFT.

The mesonic operators, which have vanishing Betti charges (n1 = n2 = 0), can be
written as non-negative powers of the homogeneous coordinates

Mm =
(∏

I

(ZI1 )mI1+mI2−mI3(ZI2 )mI3(ZI3 )mI1+mI2−mI4(ZI4 )mI4(ZI5 )mI1(ZI6 )mI2
)

sym
(11.34)

and vanish if one of the M2-branes touches the exceptional P1×P1 of the resolved geometry.
These exceptional loci can instead be probed by Betti operators. The basic Betti operators
have Betti charges (n1, n2) = (1, 0), (n1, n2) = (0, 1) and (n1, n2) = (−1,−1) and lowest
dimension. These are labeled by an integer m = 0, 1 . . . , N and take the form

B(1)
m = e−2πmI3z3

I |Sym e
−2πρ1 , m =

N∑
I=1

mI
3 , 0 ≤ mI

3 ≤ 1

B(2)
m = e−2πmI4z4

I |Sym e
−2πρ2 , m =

N∑
I=1

mI
4 , 0 ≤ mI

4 ≤ 1

B(3)
m = e−2πmI1z1

I−2πmI2z2
I |Sym e

2πρ1+2πρ2 , m =
N∑
I=1

mI
1 , mI

1 +mI
2 = 1

(11.35)

These operators are dual to semiclassical monopoles of the holographic EFT which repre-
sent the states of a Euclidean M5-brane wrapping a member of the P1-families of divisors
{c1Z1 + c2Z2 = 0}, {c3Z3 + c4Z4 = 0} and {c5Z5 + c6Z6 = 0}, respectively. One can indeed
check that their scaling dimension ∆ = 1

3N coincides with the usual geometric formula
πNvol(Π)
6vol(Q111) , where Π = ∂D1, Π = ∂D3 and Π = ∂D5 respectively (where the volumes are
computed by using the asymptotic Sasaki-Einstein geometry). This also follows from (9.6)
which, as already mentioned, indeed holds for the preset model.

The semiclassical monopoles associated with the operators (11.35) describe flows along
the Kähler walls of the moduli space. In order to probe the interior of the Kähler cones,
one must then monomials in pairs of (11.35). For instance, B(1)

m1B
(2)
m2 on CI, B(2)

m1B
(3)
m2 on CII

and B(1)
m1B

(3)
m2 on CIII.

We conclude this section by matching chiral operators between the holographic EFT
and the microscopic Chern-Simons quiver gauge theory. The operators (11.34) are the
holographic EFT realization of ‘mesonic’ chiral operators in the microscopic quiver gauge
theory. Indeed, using the correspondence (2.29) for each I, we can match (11.34) with the
Oq,n=0;α,β of equation (2.35), if we identify quantum numbers as follows:

mI
1 = qI − n2

2 + |qI − n
2|

2 + αI1 , mI
2 = −qI2 + |qI |2 + αI2 ,

mI
3 = βI2 , mI

4 = −qI − n
2

2 + |qI − n
2|

2 + αI1 .

(11.36)

More generally, the quiver counterparts of the operators (11.31) are given by the opera-
tors Oq,n;α,β of equation (2.35), with the identification (11.36). In particular, the Betti
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operators (11.35) are the holographic EFT realizations of the baryonic operators (2.33)
of the microscopic quiver gauge theory.42 Note that this matching implies the following
microscopic interpretation of the holographic EFT chiral superfields ρa:

e−2πρ1 ' T0;1,0 detB1 = e−2πχ1 detB1 , e−2πρ2 ' T1N ;0,1 . (11.37)

In all these cases, the quantum numbers of operators computed in the holographic
EFT and in the microscopic quiver gauge theory agree.
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A Summary on three-dimensional superspace

In this appendix we collect our conventions and some useful computations on three-
dimensional N = 2 superspace that we have used throughout the paper. Recall that
the three-dimensional N = 2 superspace is described by three spacetime coordinates xµ,
µ = 0, 1, 2, and a set of four real Grassmann-odd variables, which we collect in the complex
spinor θα. As in [25], these quantities can be obtained readily by reducing those of [100]
for four-dimensional N = 1 superspace down to three spacetime dimensions as follows.
First, we ‘forget’ the third space-time coordinate x2; secondly, since in three spacetime
dimensions the irreducible spinorial representation of the Lorentz group is a real spinor
ψα, α = 1, 2, we delete the ‘dots’ over the anti-chiral spinor indices. In particular, spinor
indices are raised and lowered by the two-dimensional Levi-Civita symbol εαβ as

ψα = εαβψ
β , ψα = εαβψβ (A.1)

with ε01 = −ε01 = +1. The contractions of spinor indices are always understood to be
NW-SE; for instance:

ψχ ≡ ψαχα , ψχ̄ ≡ ψαχ̄α , etc. (A.2)

Furthermore, the hermitian conjugate is defined as ψ†α = ψ̄α, that implies, for instance,
(ψχ̄)† = −χψ̄. The three-dimensional gamma matrices are defined from the Pauli matrices
as

(γµ)αβ = (iσ2, σ3,−σ1) (A.3)
42The usual caveat about potential mixing with products of lighter operators applies, see footnote 9.
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and obey the identity
(γµ)αδ(γν)δβ = ηµνδβα + εµνρ(γρ)αβ , (A.4)

with ηµν = diag(−1, 1, 1) and the three-dimensional Levi-Civita symbol εµνρ normalized
so that ε012 = 1.

The supercovariant derivatives are

Dα = ∂

∂θα
− i(γµθ̄)α∂µ , D̄α = − ∂

∂θ̄α
+ i(γµθ)α∂µ , (A.5)

which satisfy

{Dα, Dβ} = {D̄α, D̄β} = 0 , {Dα, D̄β} = −2i(γµ)αβ∂µ . (A.6)

As in four-dimensional N = 1 supersymmetry, three-dimensional N = 2 supersym-
metric multiplets can be organized in a superfield expansion in the Grassmann variables
θα, θ̄α. Supersymmetric actions are then obtained by appropriately integrating superfields,
or combinations thereof, over the Grassmann variables. Specifically, in three-dimensional
N = 2 superspace, integrals are performed by exploiting

∫
d2θ 1 = 0 and∫

d2θ θ2 = −
∫

d2θ̄ θ̄2 = 1 ,
∫

d4θ θ2θ̄2 ≡
∫

d2θ

∫
d2θ̄ θ2θ̄2 = −1 . (A.7)

We now list the supersymmetric multiplets, as well as their superfield expansions, that
are used throughout the work. A chiral superfield Z obeys the relation D̄αZ = 0. Its
expansion in bosonic components is

Z = z − iθγµθ̄∂µz + θ2f − 1
4θ

2θ̄2�z + (fermions) , (A.8)

with z, f complex scalar fields. An anti-chiral multiplet Z̄ obeys the relation DαZ̄ = 0
and its component expansion can be obtained from (A.8) by complex conjugation.

A vector multiplet is represented by a real superfield whose components are reduced
by enforcing gauge symmetry. A U(1) vector multiplet V , in the Wess-Zumino gauge, has
the following expansion in bosonic components

V = −2iθθ̄σ − 2θγµθ̄Aµ − θ2θ̄2D + (fermions) (A.9)

where σ and D are real scalar fields and Aµ a real vector field. A U(1) gauge transformation
is realized by shifting V → V − i(Λ− Λ̄), with Λ a chiral superfield. A chiral field of charge
q transforms as Φ→ eiqΛΦ under a U(1) gauge transformation. The linearized coupling of
a current multiplet J = . . .− θγµθ̄ jµ + . . . to a U(1) vector multiplet V is

−
∫

d4θ V J ⊃ jµAµ. (A.10)

At the non-linear level, J can be obtained by computing δS = −
∫

d3xd4θJ δV under a
general variation δV .

Given a real vector multiplet V , we can construct the associated real linear multiplet

Σ ≡ i
4DD̄V = i

4ε
αβDβD̄αV = − i

4ε
αβD̄αDβV , (A.11)
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which obeys D2Σ = D̄2Σ = 0. Focusing on bosonic components only, its superfield expan-
sion is

Σ = σ − 1
2ε

µνρθγµθ̄Fνρ + iθθ̄D + 1
4θ

2θ̄2�σ + (fermions) (A.12)

with Fµν = 2∂[µAν].
A general N = 2 action describing the interaction among neutral chiral multiplets Zi

and linear multiplets Σa can be obtained from a superspace integral as follows

S =
∫

d3x d4θF(Z, Z̄,Σ) , (A.13)

where F(Z, Z̄,Σ) is a real function of the superfields Zi, Z̄ ı̄ and Σa. Substituting the
superfield expansions (A.8) and (A.12), (A.13) produces the following bosonic action

S = 1
4

∫
Fab

(
dσa ∧ ∗dσb + F a ∧ ∗F b

)
−
∫
Fī dzi ∧ ∗dz̄ ̄

− i
2

∫ (
Faidzi −Faı̄dz̄ ı̄

)
∧ F a +

∫ (
Fī f if̄ ̄ −

1
4FabD

aDb
)
∗ 1 ,

(A.14)

where, for instance, Fai ≡ ∂F
∂σa∂zi

.
Charged matter can be easily introduced. For simplicity we specialize to the case where

there is a single U(1) gauge group, with gauge field Aµ contained in a vector multiplet as
in (A.9), and with the linear multiplet Σ in (A.11) providing its super-field-strength. Then,
the N = 2 supersymmetric Lagrangian containing the gauge kinetic term, Chern-Simons
term and Fayet-Iliopoulos term is

Lgauge =
∫

d4θ

(
− 1
e2 Σ2 − k

4πΣV − ζ

2πV
)
. (A.15)

Matter chiral superfields Qi, with lowest bosonic components qi and auxiliary fields fi,
with charge ni under the U(1) gauge field can then be coupled in a N = 2 supersymmetric
fashion via the following Lagrangian:

Lmatter =
N∑
i=1

∫
d4θ Q̄ie

niV+2imiθθ̄Qi (A.16)

The bosonic components of the Lagrangians (A.15) and (A.16) are

LB = (Lgauge + Lmatter)bosonic

= − 1
4e2F

µνFµν −
1

2e2∂
µσ∂µσ + 1

2e2D
2 + k

4πε
µνρAµ∂νAρ −

k

2πσD −
ζ

2πD (A.17)

+
N∑
i=1

{
− ∂µq̄i∂µqi + f̄ifi + (i∂µq̄iAµqi + c.c.) + q̄i

[
D −AµAµ − (σ −mi)2

]
qi
}
.

The auxiliary fields fi, D can be integrated out by using their equations of motion,

fi = 0 , D = −e2
(

N∑
i=1

niq̄iqi −
k

2πσ −
ζ

2π

)
, (A.18)
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leading to the on-shell Lagrangian

L = − 1
4e2F

µνFµν −
1

2e2∂
µσ∂µσ + k

4πε
µνρAµ∂νAρ −

e2

2

(
N∑
i=1

niq̄iqi −
k

2πσ −
ζ

2π

)2

+
N∑
i=1

{
− ∂µq̄i∂µqi + f̄ifi + (i∂µq̄iAµqi + c.c.)− q̄i

[
AµAµ + (σ −mi)2

]
qi
}
. (A.19)

B Kähler cone structure and the dilaton

Let us consider a three-dimensional N = 2 SCFT with moduli spaceM, parametrized by
some chiral coordinates XA with scaling dimensions ∆A. By superconformal invariance,
M must be a Kähler cone and admit a globally defined homogeneous Kähler potential
K(X, X̄), with scaling dimension ∆K = 1.

Let us pick any chiral combination S of dimension ∆S = 1
2 and set XA ≡ S2∆AefA(ζ),

with ζi a set of (locally defined) chiral fields of vanishing scaling dimensions. We can then
set

K = |S|2e2K̂(ζ,ζ̄) . (B.1)
A different choice of S corresponds to a holomorphic redefinition S → Se−2g(ζ), which

in turn corresponds to a transformation

K̂(ζ, ζ̄)→ K̂(ζ, ζ̄) + g(ζ) + g(ζ) . (B.2)

The corresponding Kähler metric on the moduli space is

ds2
M = 2K

[
(d logS + 2K̂i dζi)(d log S̄ + 2K̂ı̄ dζ̄ ı̄) + 2K̂ī dζidζ̄ ̄

]
. (B.3)

One can make manifest the conical structure by introducing the dilaton, namely the
‘radial’ coordinate τ defined by

τ2 ≡ 2K = 2|S|2e2K̂(ζ,ζ̄) . (B.4)

Notice that τ has scaling dimension ∆τ = 1
2 . In order to write the metric in conical form,

we set
S = 1√

2
eiχτe−K̂(ζ,ζ̄) . (B.5)

The metric (B.3) can then be written as

ds2
M = dτ2 + τ2ds2

Y , (B.6)

where
ds2
Y ≡ (dχ+Q)2 + 2K̂ī dζidζ̄ ̄ (B.7)

and
Q ≡ −i

(
K̂i dζi − K̂ı̄ dζ̄ ı̄

)
. (B.8)

The form (B.6) of the metric shows that the moduli space M is a cone based on a
Sasaki space Y. The U(1)R R-symmetry acts by shifting the χ coordinate. In the language
of Sasakian geometry, we identify the so-called contact one-form η ≡ dχ + Q so that we
can write the Kähler form onM as

JM = τdτ ∧ η + iτ2K̂ī dζi ∧ dζ̄ ̄ . (B.9)
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C The resolved cone over Y 12(P2)

In this section we provide more details of the geometry of the resolved cone over Y 12(P2),
which was chosen as M-theory background in section 10. We compute explicitly the metric
of the resolved cone, also making contact between our notation and that of [98].

The resolved cone X over the Sasaki-Einstein manifold Y 1,2(P2) may be described as
the moduli space of a gauged linear sigma model. Its five complex coordinates ZA are
charged under a single U(1) as

Z1 Z2 Z3 Z4 Z5 FI
QA 1 1 1 −2 −1 σ

(C.1)

where σ denotes the FI parameter and we restrict to the phase σ ≥ 0. The resolved cone
X is then described by the D-flatness condition

|Z1|2 + |Z2|2 + |Z3|2 − 2|Z4|2 − |Z5|2 = `Pσ (C.2)

further modded out by the gauge symmetry

ZA → eiQAαZA . (C.3)

We can most readily identify X with the bundle OP2(−2)⊕OP2(−1). The P2 base can be
covered by three local patches defined by Z1 6= 0, Z2 6= 0 and Z3 6= 0 respectively. The
coordinates Z4 and Z5 describe the fibers. For example, in the patch where Z3 6= 0, the
P2-base can be described by the complex coordinates

λ1 ≡
Z1
Z3

, λ2 ≡
Z2
Z3

, (C.4)

while
ζ1 ≡ Z4Z

2
3 , ζ2 ≡ Z5Z3 , (C.5)

can be used as fibral coordinates for OP2(−2)⊕OP2(−1).
The non-vanishing homology groups are H0(X;Z) ' H2(X;Z) ' H4(X;Z) = Z and

are generated by a point, H ⊂ S and S respectively, where S ' P2 is the zero-section of
the vector bundle OP2(−2)⊕OP2(−1), while H ' P1 is its hyperplane divisor. Indeed, for
the base Sasaki-Einstein Y ' Y 1,2(P2) we have [49]

H0(Y ;Z) = H2(Y ;Z) = H7(Y ;Z) = Z
H1(Y ;Z) = H3(Y ;Z) = Z2 , H5(Y ;Z) = Z⊕ Z2

H4(Y ;Z) = H6(Y ;Z) = 0 .
(C.6)

By Poincaré duality we can then obtain Hk(Y ;Z) ' H7−k(Y ;Z).
In order to compute the metric, we first need the Kähler potential for the resolved cone

X over Y 1,2(P2). Let us work in a local patch with complex coordinates zi ≡ (λ1, λ2, ζ1, ζ2).
The P2 base is naturally endowed with the Fubini-Study Kähler potential

kP2 = 1
2π log(1 + |λ1|2 + |λ2|2) , (C.7)
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which we normalize such that

jP2 ≡ i∂∂̄kP2 = 1
6πRP2 ,

∫
H
jP2 = 1 , (C.8)

where RP2 is the associated Ricci form.
We may regard e2πkP2 as a metric for the line bundleOP2(−1) and then we can introduce

the following globally defined radial coordinates over X ' OP2(−2)⊕OP2(−1):

t1 ≡ |ζ1|2e4πkP2 , t2 ≡ |ζ2|2e2πkP2 . (C.9)

The Kähler potential for the CY metric over X can be written in the form

kX = U(t1, t2; v) + σkP2(λ, λ̄) (C.10)

where U(t1, t2; v) is a globally defined function which we will determine shortly and σ is
the unique Kähler modulus, which parametrizes the volume of H ' P1 at the tip of the
resolved cone. In fact

σ = 2π
`P

∫
H
JX (C.11)

as follows immediately from (C.8), and

JX ≡
`P

2π i∂∂̄kX = `P

2π
(
i∂∂̄U + σjP2

)
. (C.12)

We will show momentarily that the Kähler potential (C.10) leads to the same class of
metrics as that found in [98].

In order to better characterize U(t1, t2; v) we first introduce two new real coordinates43

x = x(t1, t2;σ) , y = y(t1, t2;σ) (C.13)

obtained by inverting the following relations

t1 ≡ σ
8

3u+ exp
[

2
u+

(∫ x

u+
du u− u+

F(u) +
∫ u+

y
duu+ − u

F(u)

)]
,

t2 ≡ σ
4

3u− exp
[

1
u−

(
P
∫ x

u−
duu− u−

F(u) +
∫ y

u−
duu− u−

F(u)

)]
.

(C.14)

The real coordinates x and y obey the consistency conditions (10.10), and u− < u+ are
the two real zeros of the function G(u) defined in (10.9). The function F(u) is related to
G(u) in (10.9) as

F(u) ≡ 3
4
G(u)
u2 = 3

4u
2 − u+ 2ν

u2 . (C.15)

By rewriting
F(u) = 3

4u2 (u− u+)(u− u−)(u− u∗)(u− u∗) (C.16)

the radial coordinates (C.14) can be more explicitly written in terms of the roots of G

as in (10.8). Other useful identities are u+(u−−1)
u+−u− = −2

3 and u−(u+−1)
u+−u− = 1

3 . Moreover,

43Notice the redefinition x→ 1− x and y → 1− y with respect to [98].
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note that 0 < u− < 1 < u+ and that F(u) is negative for u ∈ (u−, u+) and positive for
u ∈ (u+,∞). The condition (10.11) fixes u±, ν to be irrational numbers. Furthermore

u∗ = 1
3

(
1− η + i(η − 1)

√
η + 2
η

)
' −0.306− i 0.437 (C.17)

and its complex conjugate u∗ are the two complex zeros of F(u). Since F(u) depends on ν
or equivalently on η according to (10.12), these zeros all depend on ν or η.

Finally, in terms of (C.14) and the Kähler modulus σ, the function U(t1, t2;σ) appear-
ing in (C.10) reads

U(t1, t2;σ) = σ

2πu−u+

[ ∫ x

u−
du(u− u−)(u− u+)

F(u) +
∫ y

u−
du(u− u−)(u− u+)

F(u)

− 4
3

(
u+ + u− −

4
3

)
log σ + c

] (C.18)

where c is an arbitrary constant and the logarithmic term in the second line is required to
satisfy the asymptotic conditions (3.14).

From the implicit definition (C.14) of x and y, one can compute the differentials

dx = F(x)
2(u+ − u−)(x− y) [u+(y − u−)d log t1 − 2u−(y − u+)d log t2]

dy = F(y)
2(u+ − u−)(y − x) [u+(x− u−)d log t1 − 2u−(x− u+)d log t2] .

(C.19)

It is also useful to introduce the globally defined (1, 0)-forms

η1 ≡
u− − y

3(u− − 1)∂ log t1 −
u+ − y

3(u+ − 1)∂ log t2

η2 ≡
u− − x

3(u− − 1)∂ log t1 −
u+ − x

3(u+ − 1)∂ log t2
(C.20)

with ∂ log t1 = d log ζ1 + 4∂kP2 and ∂ log t2 = d log ζ1 + 2∂kP2 . Hence, from the Kähler
potential (C.10), upon using (C.19) and (C.20), we can compute

JX = σ

u−u+π

[
xy jP2 + iF(x)

2(x− y)η1 ∧ η̄1 + iF(y)
2(y − x)η2 ∧ η̄2

]
. (C.21)

Finally, by introducing the angular variables (τ, ψ) defined by

Im log ζ1 ≡ 2ψ + 2τ
u+

, Im log ζ2 ≡ ψ + τ

u−
(C.22)

the Kähler metric associated with (C.21) can be written as

ds2
X = σ

u−u+π

[
xy ds2

P2 + x− y
4

(
dx2

F(x) −
dy2

F(y)

)

+ F(x)
x− y

(
dτ + y(dψ +A)

)2 + F(y)
y − x

(
dτ + x(dψ +A)

)2] (C.23)
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where

A = πdckP2 (C.24)

with dc = −i(∂ − ∂̄), is such that dA = 2πjP2 . Up to an overall rescaling, this metric is in
the form presented in [98].

The asymptotic conical region is obtained by taking the limit x→∞. By identifying
the asymptotic radial coordinate r through

r2 ' 4σ
3u+u−π

x (C.25)

we asymptotically have ds2
X ' dr2 + r2ds2

Y , where

ds2
Y ≡ ds2

T + 9
16 [dτ + y(dψ +A)]2

with ds2
T ≡

3
4yds

2
P2 −

3
16F(y)dy

2 − 3
4F(y)(dψ +A)2

(C.26)

is the Sasaki-Einstein metric over Y ≡ Y 1,2(P2).

C.1 Evaluation of integrals

The integrals in (C.14) and (C.18) can then be performed explicitly. We find that the
former are

t
3u+

8
1 = σ

((x− u−)(y − u−)
(u+ − u−)2

) u2
−

|u−−u∗|2
∣∣∣∣∣
((x− u∗)(y − u∗)

(u+ − u∗)2

) u2
∗

(u∗−u−)(u∗−u∗)
∣∣∣∣∣
2

t
3u−

4
2 = σ

((x− u+)(u+ − y)
(u+ − u−)2

) u2
+

|u+−u∗|2
∣∣∣∣∣
((x− u∗)(y − u∗)

(u− − u∗)2

) u2
∗

(u∗−u+)(u∗−u∗)
∣∣∣∣∣
2

(C.27)

and that the integrals appearing in (C.18) are given by

∫ x

u−
du(u− u−)(u− u+)

F(u) +
∫ y

u−
du(u− u−)(u− u+)

F(u) =

= 4
3

(
x+ y − 2u− + Im

[
u2
∗ log (x− u∗)(y − u∗)

(u− − u∗)2

]
/ Imu∗

)
.

(C.28)
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Thus, from the Kähler potential (C.10), we find the dual symplectic potential (6.8)

FX(l;σ) = − 1
2π

4∑
i=1

li log li −
1

2πs3 log s3

+ 1
2πsPcan log(2l1 + l2 + σ)− 1

2πsP log σ

− 1
2π l1 log 2l1 + l2 + σ

l1
− 1

2π l2 log 2l1 + l2 + σ

l2

−
4u2
−

3πu+|u− − u∗|2
l1 log l1

σ
−

2u2
+

3πu−|u+ − u∗|2
l2 log l2

σ

(C.29)

− 4
3πu+

l1 log
∣∣∣∣∣α u2

∗
(u∗−u−)(u∗−ū∗)

∣∣∣∣∣
2

− 2
3πu−

l2 log
∣∣∣∣∣α u2

∗
(u∗−u+)(u∗−ū∗)

∣∣∣∣∣
2

+ 2σ
3πu−u+

Im[u2
∗ logα]

Imu∗

where we have introduced

s3 = 2l1 + l2 − l3 − l4 + σ

sPcan = 3l1 + 2l2 + σ

sP = 8
3u+

l1 + 4
3u−

l2 + 4(3u+ + 3u− − 4)
9u−u+

σ
(C.30)

α = 2u−(u+ − u∗)
l1
σ

+ u+(u− − u∗)
l2
σ

+ (u− − u∗)(u+ − u∗) .

C.2 PA, superconformal R-charges and volumes of 5-cycles

We have seen in section 6 that the constants PA introduced in (6.32) can be interpreted
as twice the scaling dimensions (or superconformal R-charges) of the homogeneous chiral
fields ZA. The AdS/CFT correspondence relates the latter to the volumes of 5-cycles
ΠA = ∂DA in the Sasaki-Einstein manifold Y = ∂X which are bases of the toric divisors
DA = {ZA = 0} in the Calabi-Yau cone X. Consistency therefore requires that PA in
our formalism are related to the volumes of 5-cycles ΠA as in (9.6). In this appendix
we verify this equality in the case of Y = Y 1,2(P2), matching the quantities computed
in section 10.2 in the holographic EFT with the volumes and Reeb vector computed by
volume minimization [57, 101] in appendix A.1 of [53].

The components of the Reeb vector and the ratios of the volumes of the 5-cycles ΠA

(A = 1, . . . , 5) to the volume of the Sasaki-Einstein Y = Y 1,2(P2) are irrational numbers.
The expressions computed in section 10.2 and those computed in [53] have different func-
tional forms, and proving that they are equal seems hard at first sight. One can be excused
to settle for a numerical comparison, which is easily done. In this appendix we will however
prove these equalities, by exploiting the fact that volumes, components of the Reeb vector
and R-charges are algebraic numbers [57]. It turns out that the relevant quantities are
each the only real root of a certain cubic polynomials with integer coefficients, which can
be determined by standard algebraic methods (or by using Mathematica [102]).
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Let us first focus on the holographic EFT side. Starting with expression (10.14) for η,
and using the expressions (10.13), (10.29), (10.24) and (10.23), one finds that the following
quantities are the only real roots of the following cubic polynomials:

Quantity Polynomial P (z)
η 2z3 − 2z2 − 3z − 1
u+ 27z3 − 54z2 + 33z − 8
u− 27z3 − 18z2 + 3z − 4

∆(e2πz1) 2z3 − 11z2 + 24z − 16
∆(e2πz2) 2z3 − z2 + 4z − 4

1
N∆(e−2πρ) 2z3 + 3z2 + 16z − 8

b1 z3 − 11z2 + 48z − 64
b2 z3 − z2 + 8z − 16
p z3 + 3z2 + 32z − 32

1
2P

1 = 1
2P

2 = 1
2P

3 2z3 + 3z2 + 16z − 8
1
2P

4 2z3 − 17z2 + 72z − 16
1
2P

5 z3 − 2z2 + 20z − 8

(C.31)

For the formulae of appendix A.1.1 of [53] for the Reeb vector and the superconformal
R-charges RA ≡ πvol(ΠA)

3vol(Y ) computed from volumes of 5-cycles, the same method gives44

Quantity Polynomial P (z)
x z3 − z2 + 8z − 16

4− x z3 − 11z2 + 48z − 64
R1 = R2 = R3 2z3 + 3z2 + 16z − 8

R4 2z3 − 17z2 + 72z − 16
R5 z3 − 2z2 + 20z − 8

(C.32)

Comparing (C.32) to (C.31), we see that the nontrivial components of the Reeb vector
are identified as 4− x = b1 and x = b2, and that PA = 2RA in agreement with (9.6).

C.3 Counting holomorphic sections and chiral operators

In this section we compare the geometric count of holomorphic sections with the count of
monopole operators in the worldvolume theory on M2-branes. We will start with the case
of N = 1 M2-brane before the S operation, and then generalise the results in two ways:
acting with the S operation and taking N > 1. We are eventually interested in N � 1
M2-branes to make contact with the holographic EFT.

44The homogeneous coordinates (Z1, Z2, Z3, Z4, Z5) of (10.1) were denoted as (b0, d0, a2, a1, c0) in [53] and
were identified with the following operators in the flavored ABJM theory on the worldvolume of a single
M2-brane: (B1, B2, T̃ , T, A2).
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C.3.1 N = 1 count before the S operation

Let us start from the geometric side and look at the generating function of holomorphic
sections of the line bundle OX(nD), where X is the cone over Y 1,2(P2), as in [93, 103]. D
is the toric divisor associated to a GLSM field of charge 1, up to linear equivalence. In
other words, we count the effective chiral operators of section 7 with fixed charge n in the
formal limit N = 1.

From the point of view of the GLSM (C.1), we count operators of electric charge n
using the Molien integral

g1,n(T ) =
∮

dw

2πiww
−nPE[(T1 + T2 + T3)w + T4w

−2 + T5w
−1]

=
∑

r1,...,r5∈Z≥0

δr1+r2+r3−2r4−r5,n

5∏
A=1

T rAA

(C.33)

where PE denotes the plethystic exponential45 and TA are fugacities associated to the
homogeneous coordinates ZA. We assume |TA| < 1 so that we can Taylor expand the PE.
The Molien integral projects to gauge invariant states, but we have inserted a background
electric charge −n under the gauge U(1) which therefore needs to be compensated by a
total charge of n carried by GLSM fields. The Kronecker delta in the second line of (C.33)
is trivialised by setting rA ≡ sA(m, n) := 〈m,vA〉 + MAn as in (7.9), where the lattice
4-vector m takes value in the quantized Delzant polytope PZ

n := Pn∩MZ, see (6.11) for the
continuous version. Here vA are the coordinates of the generators of the toric fan (10.2)
and we take MA = δA,3. Then

5∏
A=1

T rAA = (T 2
3 T4)m1(T3T5)m2(T1T

−1
3 )m3(T2T

−1
3 )m4(T3)n ≡ ωn

4∏
i=1

tmii (C.34)

where
ti =

∏
A

T
viA
A (C.35)

are fugacities for the toric U(1)4 symmetries and

ω =
∏
A

TMA
A (C.36)

is a fugacity for the Betti U(1) symmetry, so we can write the generating function counting
operators of charge n as

g1,n(t, ω) = ωn
∑

m∈PZ
n

4∏
i=1

tmii . (C.37)

It is possible to calculate (C.37) in closed form for n ≥ 0 and n ≤ 0, but the result
is not particularly illuminating so we omit the details here. Instead, following appendix F
of [22], we will show that the geometric formula using the Molien integral (C.33) reproduces
the formula for the Hilbert series that counts monopole operators in the U(1)3/2×U(1)−3/2

45If xi are variables and ni integers, the plethystic exponential is given by PE[
∑

i
nixi] =

∏
i
(1−xi)−ni .
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flavoured Chern-Simons quiver gauge theory of section 2.1, with a fixed background mag-
netic charge n for the ‘baryonic’ gauge U(1). To see that, it is convenient to introduce the
U(1)M symmetry in the GLSM (2.14), with a fugacity γ that we integrate over and an
electric charge m that we sum over. We can rewrite (C.33) as

g1,n(T ) =
∑
m∈Z

∮
dw

2πiww
−n
∮

dγ

2πiγ γ
−mPE[(T1 + T2)w + T3wγ + T4w

−2γ−1 + T5w
−1] .

(C.38)
This is ineffectual, since performing the sum over m leads to a Dirac delta function that
sets γ = 1 and returns the original Molien integral (C.33). Instead, changing integration
variable γ = uw−1 and performing the integral over u yields

g1,n(T )=
∑
m∈Z

∮
dw

2πiww
−(n−m)

∮
du

2πiuu
−mPE[(T1+T2)w+T3u+T4w

−1u−1+T5w
−1]

=
∑
m∈Z

∮
dw

2πiww
−(n−m)PE[(T1+T2)w+(T3T4+T5)w−1]T

|m|+m
2

3 (T4w
−1)

|m|−m
2 (C.39)

=
∑
m∈Z

(
T3
T4

)m
2

(T3T4)
|m|
2

∮
dw

2πiww
−(n− 3

2m+ 1
2 |m|)PE[(T1+T2)w+(T3T4+T5)w−1],

see equation (F.9) of [22] for details of the manipulations. Finally, letting

T1 = ty , T2 = t/y , T3 = t1/2z , T4 = t1/2x/z , T5 = t/x (C.40)

leads to the final expression

g1,n(t, x, y, z) =
∑
m∈Z

zmt
|m|
2 x

|m|−m
2

∮
dw

2πiww
−(n− 3

2m+ 1
2 |m|)PE

[
tw

(
y + 1

y

)
+ t

w

(
x+ 1

x

)]
.

(C.41)
Equation (C.41) precisely takes the form of the Hilbert series that counts dressed

monopole operators in the abelian U(1)3/2 × U(1)−3/2 Chern-Simons quiver of section 2.1
(before the S operation), computed as in [22]. In the UV quiver theory n is interpreted
as a background magnetic charge for the baryonic gauge U(1); in other words, we turn
on background magnetic charges n1 = −n2 = n for the topological symmetries of the
two U(1) gauge groups. The integral over the fugacity for the decoupled diagonal gauge
U(1) sets the dynamical gauge magnetic charges of the two U(1) gauge groups to be equal:
m1 = m2 ≡ m, where m is the magnetic charge for the diagonal gauge U(1), which we sum
over, weighted by the topological fugacity z = z1z2 for the diagonal gauge U(1). w−1 is the
fugacity for the ‘baryonic’ gauge U(1), which is integrated over. t2 is the fugacity for the
R-symmetry, which assigns R-charge 1/2 to all bifundamentals. y is the fugacity for an
SU(2) global symmetry that rotates b1 and b2, whereas x is the fugacity for a U(1) global
symmetry that acts on a1, a2 and the fundamental flavours. (There is also a mixed bare
Chern-Simons term at level 1/2 between the latter U(1) symmetry and the diagonal gauge
U(1).) Taking into account the quantum corrections to the charges of monopole operators
as explained in [22], one precisely finds formula (C.41) for the Hilbert series.
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The fugacity map (C.40) identifies the homogeneous coordinates of the GLSM with
gauge variant operators in the abelian quiver Chern-Simons theory as follows:

Z1 ↔ b1 , Z2 ↔ b2 , Z3 ↔ t , Z4 ↔ t̃ , Z5 ↔ a2 , (C.42)

(recall that a1 = tt̃) [15]. The toric coordinates e−2πzi are instead identified with

e−2πz1 ↔ t2t̃ = ta1 , e−2πz2 ↔ ta2 , e−2πz3 ↔ b1
t
, e−2πz4 ↔ b2

t
, (C.43)

which are gauge invariant but not globally defined chiral operators. The holomorphic
operators of ‘Betti charge’ n counted by formula (C.37) can then be written as

bm3
1 bm4

2 t2m1+m2−m3−m4+nt̃m1am2
2 (C.44)

in terms of the independent holomorphic variables b1, b2, t, t̃, a2 of the abelian quiver Chern-
Simons theory. The operators (C.44) are genuine globally defined chiral operators if and
only if they are holomorphic in b1, b2, t, t̃, a2, that is if and only if the powers in (C.44) are
all non-negative. This is precisely the condition that m ∈ PZ

n .

C.3.2 N = 1 count after the S operation

We now apply the S operation to the topological symmetry associated to the ‘baryonic’
U(1) gauge symmetry. On the geometry side, using (C.33) the generating function becomes

g1(T, b) ≡
∑
n∈Z

bng1,n(T ) =
∑
n∈Z

bn
∑

r1,...,r5∈Z≥0

δr1+r2+r3−2r4−r5,n

5∏
A=1

T rAA

=
∑

r1,...,r5∈Z≥0

br1+r2+r3−2r4−r5
5∏

A=1
T rAA

= PE
[
b(T1 + T2 + T3) + b−2T4 + b−1T5

]
,

(C.45)

which is the Hilbert series of the extended geometric moduli space Mext
N=1 =

C4+b2(Y 1,2(P2)) = C5. This corresponds to adding to the GLSM (C.1) a homogeneous
coordinate X ∈ C∗ of charge −1 which can be used to soak up the charge of the other
homogeneous coordinates, as explained after equation (7.13). The basic gauge invariants
of this extended GLSM are then

XZ1 , XZ2 , XZ3 , X−2Z4 , X−1Z5 , (C.46)

in one-to-one correspondence with the 5 homogeneous coordinates of the original GLSM.
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On the quiver Chern-Simons theory side, we follow the prescription of appendix B
of [22] to apply the S operation and use formula (C.41) to obtain

g1(t,x,y,z,b)≡
∑
n∈Z

bng1,n(t,x,y,z)

=
∑

n,m∈Z
bnzmt

|m|
2 x

|m|−m
2

∮
dw

2πiww
−(n− 3

2m+ 1
2 |m|)PE

[
tw

(
y+ 1

y

)
+ t

w

(
x+ 1

x

)]

=
∑
m∈Z

zmt
|m|
2 x

|m|−m
2 b−(− 3

2m+ 1
2 |m|)PE

[
tb

(
y+ 1

y

)
+ t

b

(
x+ 1

x

)]
= PE

[
zt

1
2 b+z−1t

1
2xb−2− tb−1x+ tb(y+y−1)+ tb−1(x+x−1)

]
= PE

[
tby+ tby−1 +zt

1
2 b+z−1t

1
2xb−2 + tb−1x−1] . (C.47)

A contribution of magnetic charge (n,m) in the second line corresponds to a dressing of
the bare monopole operator TnTm, where Tm is a monopole operator of charge m under
the diagonal gauge U(1) in U(1)3/2 × U(1)−3/2 (so that T1 ≡ T and T−1 ≡ T̃ ) and Tn is a
monopole operator of magnetic charge n under the newly gauged topological symmetry for
the baryonic gauge U(1). Note that Tn carries charge n under the ‘baryonic’ gauge U(1).
Since no matter fields are charged under the newly gauged U(1), the classical relations
TiTj = Ti+j hold, with T0 the identity operator. Hence Tn = T n, and we can identify
T ≡ T1 with the extra homogeneous coordinate X in the extended GLSM. For the same
reason, a monopole operator of magnetic charges (n,m) factorises into the product of two
monopole operators for the quiver gauge group and for the extra U(1) gauge factor. To go
from the second to the third line of (C.47) we have swapped the integral over w with the
sum over n, which produces a delta function 2πiwδ(w− b). Finally, we have summed over
m to get from the third to the fourth line.

In the order in which they are written in the last line of (C.47), the generators of the
extended moduli space in the last line of (C.47) are the gauge invariant operators

T b1 , T b2 , T t , T −2t̃ , T −1a2 , (C.48)

which precisely correspond to the invariants (C.46).

C.3.3 Count for N > 1

The generalisation to multiple membranes is straightforward and does not introduce any
conceptual novelty.

On the geometric (or GLSM) side, we have N sets of homogeneous coordinates ZIA
labelled by I = 1, . . . , N . The gauge group of the GLSM is the semidirect product of U(1)N ,
with N copies of the same U(1) each acting on ZIA with a different I, and the symmetric
group SN which permutes the I indices (since the membranes are indistinguishable). The
gauge invariant operators of Betti charge 0 take precisely the form (10.33), and the Hilbert
series which counts these operators is given by the symmetric product formula

gN,0(T ) = SymNg1,0(T ) = 1
N !

(
∂

∂ν

)N
PE[νg1,0(T )]

∣∣∣∣
ν=0

. (C.49)
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Acting with the S operation leads to a sum over Betti charges n, and the operators
take the form

Om,n = Xn

(∏
I

[
(ZI1 )mI3(ZI2 )mI4(ZI3 )2mI1+mI2−mI3−mI4+n(ZI4 )mI1(ZI5 )mI2

])
sym

(C.50)

or equivalently (10.30). The generating function which counts these operators at fixed n is
given by the symmetric product formula [103]

gN,Nn(T ) = SymNg1,n(T ) = 1
N !

(
∂

∂ν

)N
PE[νg1,n(T )]

∣∣∣∣
ν=0

, (C.51)

and summing over n we obtain

gN (T, b) =
∑
n∈Z

bngN,Nn(T ) . (C.52)

On the quiver gauge theory side, we have a U(N)3/2×U(N)−3/2 quiver Chern-Simons
theory. We need to count dressed monopole operators of charge Nn under the off-diagonal
combination of the U(1) × U(1) center of the U(N) × U(N) gauge group. These are bare
monopole operators of magnetic charges (m1, . . . ,mN ;m1, . . . ,mN ), dressed by bifunda-
mental chiral operators of the residual gauge theory which describes the massless degree of
freedom in the monopole background, and symmetrized over the Weyl group. For instance,
starting with N = 5 and turning on a magnetic charge (2, 2, 2, 1, 1; 2, 2, 2, 1, 1), the residual
theory factorizes into a U(3) × U(3) quiver and a U(2) × U(2) quiver. We refer to [22]
for the details of the construction. Taking into account the bare Chern-Simons levels and
one-loop corrections in the monopole background, the above monopole has electric charge
(−4,−4,−4,−2,−2; 4, 4, 4, 2, 2) under the Cartan of the gauge group. To get a gauge in-
variant operator of the (U(3) × U(3)) × (U(2) × U(2)) residual gauge theory, the above
bare monopole operator must be dressed by a dibaryonic operator of the SU × SU quiver
of opposite electric charge. The minimal option is to dress the bare monopole with the
dibaryon (det3A

(3))4(det2A
(2))2, where we used the notation introduced in section 2 and

omitted global SU(2) indices to avoid clutter. Averaging over the broken Weyl group, one
obtains a gauge invariant operator in the full theory.

For our purposes, the discussion can be drastically simplified if we assume the validity
of a conjecture of [103], which has been tested in many examples using Hilbert series and
is expected from string theory considerations: this states that the generating function of
mesonic (respectively dibaryonic) operators in the N > 1 theory can be obtained from a
symmetric product of the generating functions of mesonic (resp. dibaryonic) operators in
the N = 1 theory. The matching between the field-theoretic and the geometric count for
N > 1 then follows from the matching at N = 1 reviewed in the previous subsections of
the appendix, along with this conjecture.

A few examples of gauge invariant operators in the U(N)×U(N) gauge theory (before
the S operation) and in the U(N)×U(N)×U(1) gauge theory (after the S operation) are
discussed in section 2 and at the end of section 10.
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D The resolved cone over Q111

In section 11 we computed the holographic EFT of the moduli when the internal manifold
is the resolved cone over Q111. Here, following [21], we recall some basic features of this
geometry and provide explicit expressions for the Kähler form and the resolved metric.

The homogeneous space Q111 is defined by the quotient

Q = SU(2)1 × SU(2)2 × SU(2)3 ×U(1)R
U(1)1 ×U(1)2 ×U(1)3

. (D.1)

In a local patch, the metric with isometry group SU(2)1 × SU(2)2 × SU(2)3 ×U(1)R is

ds2
Q111 = 1

16

(
dψ +

3∑
i=1

cos θidφi

)2

+ 1
8

3∑
i=1

(
dθ2

i + sin2 θidφ2
i

)
(D.2)

where ψ has period 4π and θi ∈ [0, π], φi ∈ [0, 2π]. Such a metric is regular and manifestly
portrays Q111 as a U(1) bundle over the P1 × P1 × P1 base, with connection

∑
i cos θidφi.

We can then construct a cone C(Q111) over the Q111 base, whose metric is

ds2
C(Q111) = dr2 + r2ds2

Q111 . (D.3)

The singularity at the tip of the cone can be resolved by substituting the apex of the cone
with two P1s. The resulting resolved geometry X is the bundle O(−1,−1)B ⊕O(−1,−1)B
over the base B ' P1

1 × P1
2. This structure can be more easily described by interpreting

the resolved geometry as the moduli space of a gauged linear sigma model with six chiral
fields ZA, A = 1, . . . , 6 charged under the gauge group U(1)2. The charges of the fields are
chosen as

Z1 Z2 Z3 Z4 Z5 Z6 FI
Q1A 1 1 0 0 −1 −1 σ1

Q2A 0 0 1 1 −1 −1 σ2

(D.4)

where σ1 and σ2 are FI parameters. The coordinates over the resolved cone X then satisfy
the D-flatness conditions

|Z1|2 + |Z2|2 − |Z5|2 − |Z6|2 = `Pσ
1 ,

|Z3|2 + |Z4|2 − |Z5|2 − |Z6|2 = `Pσ
2 .

(D.5)

Let us assume that the parameters σ1 and σ2 belong to the Kähler cone I in (11.3), that
is σ1 ≥ 0 and σ2 ≥ 0. Hence, {Z1, Z2} and {Z3, Z4} are the homogeneous coordinates
of the two P1 in the base. Choosing charts where Z1 6= 0 and Z3 6= 0, the base can be
parametrised by the gauge invariant coordinates

λ1 = Z2
Z1

, λ2 = Z4
Z3

(D.6)

and the fiber O(−1,−1)B ⊕O(−1,−1)B by

ζ1 = Z1Z3Z5 , ζ2 = Z1Z3Z6 . (D.7)
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Moreover, we can introduce the globally defined radial coordinate

t = (|ζ1|2 + |ζ2|2)(1 + |λ1|2)(1 + |λ2|2) . (D.8)

Compatibility with the SU(2)3 × U(1) isometry of the Q111 base requires the Kähler po-
tential to be of the form

kX(z, z̄;σ) = U(t;σ) + σ1k(1) + σ2k(2) . (D.9)

The first contribution U(t;σ), besides carrying a dependence on the P1-volume moduli σa,
depends solely on the radial coordinate t. The last two contributions, k(1) and k(2), which
are the canonical Kähler potentials on P1

(1) and P1
(2) defined in (11.6), are related to the

resolution of the singularity.
From (D.9) we immediately obtain the Kähler form

J = `P

2π
(
i∂∂̄U(t;σ) + σ1j(1) + σ2j(2)

)
(D.10)

with
j(a) = i

(1 + |λa|2)2dλa ∧ dλ̄a . (D.11)

By introducing the holomorphic forms

η ≡ ∂ρ2

ρ
, ξ ≡ ζ2∂ζ1 − ζ1∂ζ2

|ζ1|2 + |ζ2|2
, (D.12)

with ρ =
√
t, we can explicitly write the Kähler form (D.10) as

2π
`P
J = [σ1 + t U ′(t;σ)]j(1) + [σ2 + t U ′(t;σ)]j(2)

+ i[t U ′′(t;σ) + U ′(t;σ)]η ∧ η̄ + iU ′(t;σ)ξ ∧ ξ̄ .
(D.13)

From (11.8) one can show that G0(
√
t;σ) = 2πtU(t;σ), allowing us to rewrite (D.13) as

2π
`P
J =

[
σ1 + G0(

√
t;σ)

2π

]
j(1) +

[
σ2 + G0(

√
t;σ)

2π

]
j(2)

+ i
2π

∂G0(
√
t;σ)

∂t
η ∧ η̄ + iG0(

√
t;σ)

2πt ξ ∧ ξ̄ .

(D.14)

To make contact with the real basis used in [21], let us perform the change of coordinates

r2 ≡ 1
π
G0(
√
t;σ) ,

ζ1 ≡
√
te

i
2 (ψ+φ1+φ2+φ3) cos θ1

2 cos θ2
2 cos θ3

2 ,

ζ2 ≡
√
te

i
2 (ψ−φ1+φ2+φ3) sin θ1

2 cos θ2
2 cos θ3

2 ,

λ1 ≡ e−iφ2 tan θ2
2 ,

λ2 ≡ e−iφ3 tan θ3
2 ,

(D.15)

– 87 –



J
H
E
P
1
0
(
2
0
2
2
)
1
1
1

where ψ ∈ [0, 4π], θi ∈ [0, π], φi ∈ [0, 2π], so that the Kähler form becomes

2π
`P
J = r

2dr ∧
(
dψ +

3∑
i=1

cos θidφi

)
− r2

4 dθ1 ∧ sin θ1dφ1

− 2σ1 + r2

4 dθ2 ∧ sin θ2dφ2 −
2σ2 + r2

4 dθ3 ∧ sin θ3dφ3 .

(D.16)

and the associated metric is

ds2
C(Q111),res = dr2

κ(r) + κ(r) r
2

16

(
dψ +

3∑
i=1

cos θidφi

)2

+ r2

8
(
dθ2

1 + sin2 θ1dφ2
1

)
+ (2a+ r2)

8
(
dθ2

2 + sin2 θ2dφ2
2

)
+ (2b+ r2)

8
(
dθ2

3 + sin2 θ3dφ2
3

)
,

(D.17)

with σ1, σ2 > 0 and

κ(r) = (2A− + r2)(2A+ + r2)
(2σ1 + r2)(2σ2 + r2) (D.18)

where
A± = 1

3

(
2σ1 + 2σ2 ±

√
4(σ1)2 − 10σ1σ2 + 4(σ2)2

)
. (D.19)

Note that A± are complex when σ2

2 < σ1 < 2σ2, but κ is real. The metric (D.17) coincides
with the one presented in [21] and, in the limit σ1, σ2 → 0, the metric (D.2) is recovered.

D.1 Counting holomorphic sections and chiral operators

We will be brief in this appendix, since it follows the same logic as appendix C.3, but now
applied to Q111. We restrict our attention to N = 1, since the generalization to N > 1
goes as in appendix C.3.

D.1.1 N = 1 count before the S operation

We start from the geometric side and calculate the generating function that counts
holomorphic sections of the line bundle OX(naMAaDA) = OX(n1D1 + n2D3), where
X is the cone over Q111, and DA is the toric divisor associated to the field ZA in the
GLSM (D.4), up to linear equivalence (we have taken MA1 = δA,1, MA2 = δA,3). In other
words, we count the effective chiral operators of section 7 with fixed charges n = (n1, n2)
in the formal limit N = 1.

Using the GLSM (D.4), the generating function is given by the Molien integral

g1,n(T ) =
2∏

a=1

∮
dwa

2πiwa
w−n

a

a PE[(T1 + T2)w1 + (T3 + T4)w2 + (T5 + T6)w−1
1 w−1

2

=
∑

r1,...,r6∈Z≥0

δr1+r2−r5−r6,n1δr3+r4−r5−r6,n2

6∏
A=1

T rAA .

(D.20)

The Kronecker delta function constraints are solved by setting rA = sA(m,n) :=
〈m,vA〉 + MAan

a as in (7.9), where m takes value in the quantized Delzant polytope
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PZ
n := Pn ∩MZ, see (6.11) for the continuous version, and vA are the coordinates of the

generators of the toric fan (11.2). Then

6∏
A=1

T rAA = Tn
1

1 Tn
2

3 (T1T3T5)m1(T1T3T6)m2(T−1
1 T2)m3(T−1

3 T4)m4 ≡
2∏

a=1
ωn

a

a

4∏
i=1

tmii (D.21)

where
ti =

∏
A

T
viA
A , ωa =

∏
A

TMAa
A (D.22)

are fugacities for the toric U(1)4 symmetries and the Betti U(1)2 symmetries respectively.
The generating function counting operators of charge n is then

g1,n(t, ω) =
2∏

a=1
ωn

a

a

∑
m∈PZ

n

4∏
i=1

tmii . (D.23)

It is possible to calculate (C.37) in closed form for n in each of the three chambers (11.3)
(with σa replaced by na), see appendix F of [22] for details. Here, following the same
appendix, we will content ourselves with showing that the geometric formula using the
Molien integral (D.20) reproduces the formula for the Hilbert series that counts monopole
operators in the U(1)0×U(1)0 flavoured Chern-Simons quiver gauge theory of section 2.2,
with a fixed background magnetic charge n1 for the ‘baryonic’ gauge U(1) and a background
magnetic charge n2 for the flavour U(1)F . We omit the details of the manipulations, which
are analogous to those of appendix C.3, and simply state the result:

g1,n(T ) =
∑
m∈Z

∮
dw

2πiww
−n1

(
T3w

T6

)m
2
(
T5
T4w

)m−n2
2

(
T3T6
w

) |m|
2
(
T4T5
w

) |m−n2|
2

× PE[(T1 + T2)w + (T3T6 + T4T5)w−1] .

(D.24)

Finally, letting

T1 = ty , T2 = t

y
, T3 = t1/2z

x
, T4 = t1/2 , T5 = t1/2x , T6 = t1/2

z
(D.25)

leads to the final expression

g1,n(t, x, y, z) =
∑
m∈Z

zmt
1
2 (|m|+|m−n2|)x

1
2 (−n2−|m|+|m−n2|) (D.26)

×
∮

dw

2πiww
−(n1−n

2
2 + |m|2 + |m−n

2|
2 )PE[tw(y + y−1) + tw−1(x+ x−1)] ,

which is precisely the Hilbert series that counts dressed monopole operators in the abelian
U(1)0 × U(1)0 flavoured Chern-Simons quiver of section 2.2, with suitable mixed Chern-
Simons levels, computed as in [22].

The fugacity map (D.25) identifies the homogeneous coordinates of the GLSM with
gauge variant operators in the abelian quiver Chern-Simons theory as follows:

Z1 ↔ b1 , Z2 ↔ b2 , Z3 ↔ r , Z4 ↔ r̃ , Z5 ↔ s , Z6 ↔ s̃ , (D.27)
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where r, r̃, s, s̃ are effective monopole operators which satisfy

r̃s = a1 , rs̃ = a2

rs = t , r̃s̃ = t̃ .
(D.28)

The effective monopole operators r̃, s (respectively s̃, r) are needed to describe the pinching
of the circle parametrized by the dual photon at s = σ2 (resp. s = 0), where the flavours
p1, q1 (resp. p2, q2) become massless.

The toric coordinates e−2πzi are instead identified with

e−2πz1 ↔ b1rs = tb1 , e−2πz2 ↔ b1rs̃ = a2b1 , e−2πz3 ↔ b2
b1
, e−2πz4 ↔ r̃

r
, (D.29)

which are gauge invariant but not globally defined chiral operators. Indeed the last two
operators are only defined locally in a patch of the two blown-up P1’s. The holomorphic
operators of Betti charge n = (n1, n2) counted by formula (D.23) can then be written as

bm1+m2−m3+n1

1 bm3
2 rm1+m2−m3+n2

r̃m4sm1 s̃m2 . (D.30)

D.1.2 N = 1 count after the S operation

Now we apply the S operation to the two U(1) symmetries that we turned on a background
magnetic charge for in the previous subsection.

On the geometry side, using (D.20) the generating function becomes

g1(T, b) ≡
∑

n1,n2∈Z
bn

1
1 bn

2
2 g1,n(T )

= PE
[
b1(T1 + T2) + b2(T3 + T4) + b−1

1 b−1
2 (T5 + T6)

]
,

(D.31)

which is the Hilbert series of the extended geometric moduli spaceMext
N=1 = C4+b2(Q111) =

C6. This corresponds to adding to the GLSM (2.26) two homogeneous coordinate Xa ∈ C∗

(a = 1, 2) of charge −δab under the b-th U(1) gauge factor, which can be used to soak up
the charge of the other homogeneous coordinates, as explained after equation (7.13). The
basic gauge invariants of this extended GLSM are then

X1Z1 , X1Z2 , X2Z3 , X2Z4 , X−1
1 X−1

2 Z5 , X−1
1 X−1

2 Z6 , (D.32)

in one-to-one correspondence with the 6 homogeneous coordinates of the original GLSM.
On the quiver Chern-Simons theory side, we gauge the topological U(1) of the gauged

baryonic U(1), as well as the U(1)F flavour symmetry. Following appendix B of [22] and
using formula (D.26) we find

g1(t, x, y, z, b) ≡
∑

n1,n2∈Z
bn

1
1 bn

2
2 g1,n(t, x, y, z) (D.33)

= PE
[
b1ty + b1ty

−1 + b2t
1
2 zx−1 + b2t

1
2 + b−1

1 b−1
2 t

1
2x+ b−1

1 b−1
2 t

1
2 z−1] ,

which precisely reproduces (D.31), with the generators written in the same order. Next,
we identify these generators as dressed gauge invariant monopole operators. Let tm;n1,n2
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be the monopole operator of magnetic charges (m,m) under the U(1)×U(1) gauge group
of the original quiver, and (n1, n2) under the newly gauged U(1)2 introduced in the double
S operation. Since no matter fields are charged under the gauged topological symmetry of
the gauged baryonic U(1), monopole operators for this U(1) gauge symmetry, which have
magnetic charge n1 6= 0, can be factored out: for all m,n1, n2

tm;n1,n2 = t0;n1,0tm;0,n2 = (T1)n1
tm;0,n2 (D.34)

where T1 ≡ t0;1,0 is invertible. The generators in the second line of (D.33), in the order in
which they are written, are then the gauge invariant operators

T1b1 , T1b2 , t1;0,1 , t0;0,1 , (T1)−1t0;0,−1 , (T1)−1t−1;0,−1 . (D.35)

Comparing this with (D.32), we find the further identifications X1 ↔ T1 and

X2Z3 ↔ t1;0,1 , X2Z4 ↔ t0;0,1 , X−1
2 Z5 ↔ t0;0,−1 , X−1

2 Z6 ↔ t−1;0,−1 . (D.36)
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