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1

Introduction

Quantum field theories can have anomalies. These are subtleties which arise when the
regulator of the theory breaks some of the symmetries which were preserved by the classical
version of the theory. The goal of this paper is to describe an anomaly in the entanglement
entropy which appears in certain chiral field theories.
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2 Gravitational anomaly in two dimensions
2.1 Physical entanglement flow argument
2.2 Connection with Casimir energy
2.3 Path integral derivation

D[A]

Σ0

Σ

ξ

Entanglement entropy is a hot topic in high energy physics, condensed matter physics,
and black hole thermodynamics.1 Formally, we can define the the entanglement entropy
S on any region A of a Cauchy slice Σ of a spacetime, by evaluating the von Neumann
entropy of the density matrix ρA of the fields restricted to A:
S = −tr(ρA ln ρA )

(1.1)

However, the entanglement entropy in QFT is UV divergent due to the entanglement of
short-distance degrees of freedom across the boundary ∂A (called the “entangling surface”).
Because of this, S depends not only on the choice of region A, but also on the regulator
scheme used to cut off the short distance entanglement. This can lead to an unexpected
anomalous transformation of S under a symmetry for which it was naı̈vely invariant.
Normally, S has the property that it depends only on the domain of dependence D[A]
of the region A. One would have expected that any partial Cauchy slice Σ of D[A] would
have the same amount of entropy on it, because the information on two such slices Σ and
Σ0 , as shown in figure 1, are related by a unitary transformation, which preserves the von
Neumann entropy.2 However, in a theory with a diffeomorphism anomaly, this property
no longer holds.
This entanglement anomaly only appears in quantum field theories which also have
a diffeomorphism anomaly. Although the diffeomorphism anomaly makes it impossible to
define the theory on a general curved spacetime (without adding additional structure),
1

For some reviews, see [1–4].
This is a formal argument. From an algebraic perspective, the transformations we consider are actually
outer automorphisms of the algebra of observables. (An “outer automorphisms” is a symmetry of the
algebra which does not correspond to any well-defined unitary operators in the algebra of A, modulo “inner
automorphisms” which do correspond to unitaries.) From this perspective, the possible existence of an
anomaly is not completely surprising.
2
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Figure 1. Two different Cauchy slices Σ and Σ0 of the same domain of dependence D[A], connected
by a diffeomorphism ξ.

1.1

Analogy to trace anomaly

A more familar example of an anomaly in the entanglement entropy comes in CFT’s. Here,
scale invariance maps a spatial region A to a rescaled region A0 , for example one twice as
large. Thus one might have expected that S(A) = S(A0 ). But in fact this is not the case,
because S can depend on the ratio between the length scale of the region and the UV
cutoff. Thus S transforms in an anomalous way under rescaling; the naive scale invariance
is not present. But this is not so disturbing if we think of the CFT as an effective field
theory description of a microscopic theory which in fact has a shortest distance scale.
3

Or more generally, on a curved spacetime for which the diffeomorphism anomaly vanishes.
Although this gravitational anomaly is not present in the Standard Model, that is only because of a
cancellation beween various chiral fermions. The entanglement entropy of an individual chiral field is thus
still ambiguous under a boost or gauge transformation. See the Discussion section.
5
We thank T. Azeyanagi, R. Loganayagam, G-S. Ng, T. Nishioka, and A. Yarom for correspondence
and for sharing their drafts with us prior to publication. [9] appeared on the arxiv a couple days after v1
of this article.
4
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one might have thought that such theories are perfectly well-behaved in flat spacetimes. 3
However, if one wishes to calculate the entanglement entropy in such theories, one finds
that it depends on the reference frame in which one regulates the theory, so that the
entanglement entropy is not preserved by a local Lorentz boost. In 2 dimensions this
ambiguity was first pointed out in [5], and discussed from a dual holographic perspective
in [6]. In this paper we will describe the 2d anomaly from several complimentary points of
view, and also extend the results to 4 and 6 spacetime dimensions.
In D ≥ 4 dimensions, there can be a mixed anomaly which involves both a U(1) gauge
field and the gravitational field. For simplicity we focus on D = 4. In this case there is
a free parameter, which can be adjusted to decide whether the theory should break gauge
invariance or diffeomorphism invariance (or both). This choice determines the invariance
properties of the entanglement entropy. When diffeomorphism symmetry is broken, we
find that the entanglement entropy transforms under a local boost, in the presence of a
magentic flux through ∂A. On the other hand, when gauge symmetry is broken, the entanglement entropy transforms under a local gauge transformation, in the presence of a
gravitational “twist” field along ∂A.4
In dimensions of the form D = 4k + 2, there exists a purely gravitational anomaly.
In D = 6, we will show that there is a boost anomaly in the entanglement entropy which
can arise when ∂A has a nonzero Pontryagin number. We expect similar results to hold in
higher dimensions.
Some other recent articles on this topic are [7–9].5 [7] studies the problem from the dual
AdS/CFT point of view, but on general grounds their results for the frame-dependence of
the entanglement entropy should apply to any field theory. Our results, derived in a rather
different manner, are in precise agreement with theirs when a comparison is possible. [8, 9]
use methods similar to ours, but treat the presence of coordinate singularities differently,
resulting in a factor of two disagreement in various expressions (as explained in sections 2.3
and 4.2). See also [10–13] for further investigation into and applications of holographic
entanglement entropy in theories with anomalies.

This non-scale invariance of the entanglement entropy is closely related to the trace
anomaly, which is a nonzero trace T of the stress tensor which arises when a CFT is
quantized on a curved spacetime. This anomaly exists in even numbers of dimensions, e.g.
in 4 dimensions the trace anomaly (of a theory without a diffeomorphism anomaly) takes
the form
T = −aE4 + cC 2
(1.2)

where  is a UV cutoff, # is a nonuniversal number, h is the 2 dimensional metric,
E2 = R[h]

(1.4)

is the 2d Euler density of the boundary, and
I = Rijkl hik hjl + Rij hij + (1/3)R − Kij K ij + (1/2)K 2

(1.5)

is another conformally invariant density involving both Riemann and the extrinsic curvature. The coefficient in front of power law divergences such as the area term is nonuniversal,
meaning that it depends on the details of the UV regulator. These power law divergences
can be subtracted off in a canonical way which does not require picking a length scale;
they are therefore unrelated to the physics of anomalies. But the coefficient of the log
divergence is universal, and what is more it transforms additively under a multiplicative
change of scale. It is therefore not surprising that it is related to the physics of the trace
anomaly, as discussed in [15–20].
The connection to the trace anomaly can be made precise by calculating S via the
replica trick, described below in section 1.2. Because the replica trick involves passing
to a spacetime manifold with a curvature singularity at the tip, there is a delta function
singularity of T at the tip which causes the path integral to be noninvariant under a local
rescaling at the boundary ∂A. The dependence of the log divergence on a and c follows
directly from this fact. (When evaluating the entropy of a Killing spacetime, E2 (∂A) and
I(∂A) are simply the Wald entropies associated with E4 and C 2 respectively.)
Since the replica trick involves passing to a curved spacetime, it stands to reason that
the diffeomorphism anomaly, which manifests as a nonconservation of Tab , should also
manifest as an anomaly in the entanglement entropy. As stated above, we shall see that
the anomaly takes the form of a frame-dependence of the entanglement entropy.
Unlike the trace anomaly, the diffeomophism anomaly appears only in theories with
chiral fields (e.g. chiral fermions or self-dual p-form fields). A purely gravitational anomaly
can appear only in spacetime dimensions of the form D = 4k + 2 [21]. But there are also
mixed anomaly diagrams which appear for D = 2k ≥ 4, which cannot be regulated in a way
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where E4 = Rabcd Rabcd − 4Rab Rab + R2 is the Euler density and C 2 = Cabcd C abcd =
Rabcd Rabcd − 2Rab Rab + (1/3)R2 is the Weyl-squared invariant, and a and c are the central
charges of the theory. The interesting thing is that these same coefficients occur in the
divergence structure of the entanglement entropy, for example in 4d [14, 15]:
Z √
Area
S(A) = # 2 − 8π
hd2 x[−aE2 + cI] ln() + finite
(1.3)

∂A

✏

A

B

B
C

C

Figure 2. Example of mutual information regulator. All intervals are understood to be at the
same time slice.

trace anomaly: log divergence of S :: chiral anomaly: boost non-invariance of S.
1.2

(1.6)

Regulators and replicas

In order to even define the entanglement entropy in an anomalous theory, we need to have
a UV regulator for S which permits an anomalous theory. This is harder than it looks,
because several common regulators for the entanglement entropy do not permit chiral fields.
Some examples of regulators that do not work: (1) A lattice regulator makes the von
Neumann entropy well defined (although there are subtleties for lattice gauge theories [22–
24]), but is subject to the fermion doubling problem, resulting in an non-anomalous theory.
We discuss this further below. (2) An t’ Hooft brick wall [25] just outside the entangling
surface would require some kind of reflecting boundary conditions to be placed on the
brick wall; but in an anomalous theory such boundary conditions are not possible because
the number of left and right moving modes can be different (as we shall see explicitly in
sections 2.1, 4.1, and 6 below.)
Mutual information. One regulator which does work for chiral theories involves a limit
of the mutual information [26]. The first step is to widen the entangling surface ∂R into a
region C with small width of order . This defines a slightly smaller region A ⊂ R, similarly
there is a slightly smaller region inside the complement B ⊂ R̄, as shown in figure 2. For
example A and B could be the set of points whose distance from ∂R on the time slice Σ is
greater than /2. Then one can define the mutual information
I() ≡ IA,B = S(ρAB |ρA ⊗ ρB ) = SA + SB − SAB ,

(1.7)

in terms of the relative entropy S(ρ|σ) ≡ S = tr(ρ ln ρ) − tr(ρ ln σ). Here the first equality
is the algebraic definition of the mutual information, which is well-defined and finite in
any reasonable QFT, so long the minimum gap between A and B is finite. The second
inequality holds for finite systems whose entropy is well-defined. In a QFT SA , SB , and
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which simultaneously preserves diffeomorphism invariance and gauge invariance. Thus, if
we analyse the theory in the gauge-preserving frame in which diffeomorphism invariance is
anomalously broken, there can also be a frame-anomaly in the entanglement entropy.
A pure gauge anomaly would not be relevant, since the gauge potential plays no role
in the replica trick calculation of S.
In short, the following analogy obtains:

SAB are separately divergent (and difficult to define in a chiral theory), but the divergences
are local on the boundary, and therefore cancel between the three terms. Thus formally
we may say that the second inequality holds as well in QFT.
For a spin system on a discrete lattice, if we set  = 0 so that A and B are complimentary regions, then in a pure state SA = SB and SAB = 0; hence
IA,B = 2SA

(1.8)

Replica trick. A final way to define the entanglement entropy is by means of the replica
trick [1, 16, 27, 28]. In this trick, we first Wick rotate to a Euclidean manifold which generates the state, and then pass to the n-fold cover of this Euclidean manifold, so that there is
a conical singularity with angle 2πn going around the entangling surface ∂A. The partition
function Zn of this replicated manifold is related to the Renyi entropy tr(ρn ). We can if we
like regulate this conical singularity by smoothing it out over a distance a. We also need a
UV regulator  on the field theory, in order to make it finite. Finally we analytically continue
1
ln
1−n



Zn
Z1n


(1.9)

to n = 1 in order to obtain the regulated von Neumann entropy Sn . Typically when we do
this, there are divergences as  → 0 but not as a → 0 [29].
In the case of a theory with a gravitational anomaly, this procedure becomes trickier.
We will not spend too much time worrying about exactly how to impose the UV regulator
, since the form of the anomaly itself should be independent of the regulator. But it is
conceptually important that the regulator, whatever it is, must break coordinate invariance.
One manifestation of this is that the stress-tensor Tab 6 depends on the Christoffel symbol
Γ. This means that the theory implicitly requires a coordinate system (with its associated
flat auxilliary Cartesian metric) in order for it to be well-defined.
Now in order for the replica trick to make sense, all physically relevant structures must
be faithfully replicated n times (except near the tip which may be smoothed out to regulate
the answer). Hence, the auxilliary flat coordinate system must itself be copied n times.
6

Here we refer to the “consistent” form of Tab obtained by varying ln Z with respect to the metric.
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In a continuum QFT, I() diverges in the limit that  → 0, and so we cannot set  = 0.
Nevertheless, motivated by 1.8, we may define I()/2 at small but finite  as a regulated
version of the entropy S(A), in a pure state. This is a strictly formal relation, as always with
regulators; nevertheless one can see that it is reasonable by observing that the contributions
from long range entangled entities (e.g. EPR pairs) are the same for both I()/2 and S(A).
Note that unlike the lattice or brick wall, the mutual information regulator is purely
passive, in the sense that it does not modify the physics, only the definition of S. However,
it does depend on the choice of slice Σ. So it is not manifest that I() is independent of
the reference frame used to define A, B, C. And in fact we shall see that in theory with a
chiral diffeomorphism anomaly, this non-boost-invariance actually arises.

Ψ = Ψ L ⊗ ΨR

(1.10)

where the state factorizes into QFTL and QFTR modes, because the two sectors do not
interact. But this defines ΨL up to a phase. (Assuming the singularity is parity symmetric,
this phase must be real and hence a sign.) In any case, if we take on faith that the theory
is well-defined in the presence of the coordinate singularity, we can define the variation of
S with respect to a boost and get a definite answer; we will perform this calculation in
sections 2.3, 4.2. So long as one is careful to take into account the divergences of Tab near
the coordinate singularity, one obtains the same answer by the replica trick path integral
as by other methods.
1.3

Regularizing with an extra dimension

There is another, rather different way to regularize an anomalous theory. If a lattice
regulator for a given quantum field theory exists then we are guaranteed to have a welldefined (if non-universal) notion of entanglement entropy for a given spatial region. 8 As
mentioned above, however, anomalous theories generally can not be regulated by a lattice
in the UV while preserving the symmetries of the problem. This is the essential content
of the fermion-doubling theorems of Nielsen and Ninomiya [35, 36]. In such anomalous
theories it seems that there is then a certain difficulty in precisely localizing degrees of
freedom in space. In much of this paper, we will ignore this subtlety and proceed with path
integral computations using the replica trick, but one might rightfully question whether the
entanglement entropy that we so compute necessarily has a Hilbert space interpretation.
However, there is a related system which does have a lattice regulator. Anomalous ddimensional quantum field theories can be understood as living on the boundary of a (d+1)dimensional gapped field theory with some topological structure. The simplest example of
this is perhaps the theory of a single right-moving Weyl fermion in (1+1) dimensions, which
7

In 2 dimensions, this impossibility of smoothing the coorindate singularity can easily be seen by choosing
a unit timelike vector associated with one particular coordinate, say x̂, and then observing that x̂ is twisted
around ∂R the wrong number of times to have a smooth interior.
8
We note that the simplest implementation of this idea requires modification in the case of lattice gauge
theory [22–24] where the physical Hilbert space does not factor across lattice sites, but the idea itself still
makes sense. See also [30–34] for a discussion of related issues from the point of view of the continuum
field theory.
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This leads to a coordinate singularity at ∂R. But this coordinate singularity remains even
after the curvature singularity is smoothed out.7
It is therefore necessary to define the theory even in the presence of a coordinate
singularity. This requires one to specify boundary conditions at the singularity, i.e. one
must specify the state which pops out of it. In a 2 dimensional CFT with a scale-invariant
coordinate singularity at the origin, it is most natural to assume that in radial quantization,
the state coming out of the singularity should be the vacuum.
More generally, we may argue that if the theory is tensored with its P -inverse theory,
the resulting QFTL × QFTR has no gravitational anomaly. It is therefore well-defined even
in the presence of a coordinate singularity. Let the state coming out of the singularity be

1.4

Plan of paper

The introduction being nearly over, tradition dictates that we warn our readers of the
things which are to come.
In each section I < D < V II of the body of the paper, we will discuss the physics of
a D-dimensional system of physics related to the anomaly. When D is even, this means
that we will describe the chiral diffeomorphism or mixed gauge-gravitational anomaly in D
dimensions, and calculate its effects on a boost or gauge transformation of the entanglement
entropy. Since there is no anomaly in odd dimensions, for odd D we will instead discuss
a D = d + 1 dimensional Hall system, which has a d dimensional anomalous theory living
on its boundary and provides another perspective on the anomaly in the entanglement
entropy. In section VII we will discuss.

2

Gravitational anomaly in two dimensions

In this section we will consider a CFT2 which has a gravitational anomaly, i.e. cL 6= cR .9
We will show in three different ways that even if we do not couple the theory to gravity,
there is still a residual effect of this anomaly, namely that the entanglement entropy of a
region is not invariant under boosting the cutoff. This is not too surprising given that
9

Such a CFT can still be modular-invariant if cL − cR = 0 mod 24 and other conditions are met. The
simplest examples of such theories involve 24 chiral bosons compactified on a Niemeier lattice (one of the
24 different even unimodular lattices possible in 24 dimesnsions), although other constructions such as
orbifolding give additional theories [39]. We will not require modular invariance for what follows.
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exhibits a two-dimensional gravitational anomaly and can be understood as the edge mode
of a traditional integer quantum Hall droplet (see e.g. [37, 38] for introductory reviews). The
combined bulk + boundary system is invariant under d + 1 dimensional diffeomorphisms —
in a sense the anomalies of the two theories “cancel” — and so can be realized with a lattice
regulator. Thus it should be possible to unambiguously define the entanglement entropy
in this system, though it may be difficult to separate entanglement of the topological bulk
from that of the gapless edge modes. We stress that there is no notion of duality being
used here (or indeed anywhere in this paper); the bulk and boundary simultaneously exist.
However one might wonder whether the entanglement entropy in such a system exhibits
any signature of the anomaly at all. As it turns out, we can frame the non-invariance of the
entanglement entropy discussed above in terms of such a system, where we consider an entangling region that extends into the bulk, and then study the response of the system under
a deformation of the bulk metric that “shears” the boundary relative to the bulk, pulling it
infinitesimally in the direction of a specified d-dimensional vector field that can be thought
of as a “boundary diffeomorphism”. Just as above, the response of the entanglement to
such an operation is given by a local integral over the entangling surface. The form of this
integral is again completely fixed by the anomaly, though it turns out to be related to its
covariant rather than its consistent form, as we discuss in detail later in sections 3 and 5.
This can be viewed as yet another regulator on an anomalous theory, a particularly
uneconomical one that requires the presence of an entire extra dimension.

2 δW [g]
T µν (x) ≡ √
g δgµν (x)

(2.1)

If the theory suffers from a gravitational anomaly then this stress tensor is not conserved:
∇µ Tµν = −icg ρσ ∂ρ ∂µ Γµνσ

(2.2)

with cg an anomaly coefficient. The factor of i on the left-hand side is due to the Euclidean
signature; it is only the imaginary part of a Euclidean partition function that can be
anomalous, but upon analytic continuation to Lorentzian signature typically all sensible
observables are real, as we will explicitly see.
If we are studying a two-dimensional conformal field theory then the anomaly coefficient can be related to a difference in central charges as follows:
cg ≡

cL − cR
.
96π

(2.3)

Now we note that the right-hand side of the anomaly equation (2.2) does not appear
covariant; there is an explicit appearance of the Christoffel symbol. Relatedly, the object
T µν defined as a functional derivative of a generating function in (2.1) does not actually
transform as a tensor. This is called the “consistent” form of the anomaly, as it satisfies
the Wess-Zumino consistency condition [41].
We can define a covariant stress tensor by adding a local functional of the sources,
usually called the Bardeen-Zumino counterterm [41]:
µν
µν
Tcov
≡ T µν + TBZ

where explicitly the counterterm is


1
µν
TBZ
≡ − ∇λ X λµν + X λνµ − X µνλ
2



X µλν ≡ −icg µρ Γλνρ + λρ Γµνρ

(2.4)

(2.5)

µν
The resulting Tcov
transforms as a tensor, and its divergence is covariant:
ρµ
∇ρ Tcov
= −icg µν ∇ν R,

(2.6)

However it is not the functional derivative of a two-dimensional action. We will revisit this
point later.
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many techniques for calculating the entanglement entropy involve passing to a curved
spacetime [16, 27, 40].
In theories with cL = cR , the gravitational anomaly cancels, but the fact that the left
and right-moving sectors are separately anomalous implies that entropy is shifted between
them under a boost. Thus there is no invariant notion of the entropy of just the left-movers.
We first review some elementary aspects of the form of the gravitational anomaly [21].
This material is well-known [41–43]. We have benefitted from the reviews provided by the
recent treatments in e.g. [44–46]. In Euclidean signature we define the stress tensor of a
two-dimensional field theory with partition function Z[g] ≡ e−W [g] as the response to an
infinitesimal variation of the metric:

v

u
v10

Σ0

v1

Σ
u01

Figure 3. Zoomed in view near one of the endpoints of the interval, demonstrating transformation
of the cutoff under a local boost. (u1 , v1 ) and (u01 , v10 ) refer to the lengths of the cutoff along the
(u, v) directions before and after the boost respectively.

Finally, we note that we can always trade a diffeomorphism anomaly for a Lorentz
anomaly, in which case T µν remains conserved but develops an antisymmetric piece. This
is physically equivalent and in this work we will focus on the presentation of the anomaly
in which the stress tensor is not conserved.
2.1

Physical entanglement flow argument

There is an easy geometrical way to see the anomaly in D = 2 [5]. The entanglement
entropy of an interval of length L is given by
 2 
cL + cR
L
S=
ln
+ s(ρ),
(2.7)
12
1 2
where s(ρ) is a finite, state dependent contribution and there is a cutoff (e.g. the mutual
information regulator of section 1.2) which cuts off the UV divergence at a proper distance
1 , 2 along the left and right hand sides of the interval respectively. 10
Now L has a domain of influence D[L]. But we can also choose a different Cauchy
slice Σ of D[L] with the same endpoints, and impose the cutoff in the reference frame of
this slice, as shown in figure 3. Naı̈vely, the two slices have the same information, and so
it makes no difference to the von Neumann entropy S. However, if there is a nontrivial
boost angle at either of the two endpoints, information can leak in and out past the cutoff
surface, so there is the possibility for an anomaly.
The key realization is that cL is due to degrees of freedom which propagate leftwards
at the speed of light, while cR is due to degrees of freedom which propagate rightward at
10

If the theory has a parity symmetry cL = cR ≡ c, then (since there are two endpoints of L) we recover
the standard S = (c/3) ln(L) + const. vacuum entanglement formula [16].
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u1

the speed of light.11 This tells us that the entropy transforms under a boost by an amount
proportional to cL − cR . To find the exact constant of proportionality, we can split (2.7)
into left and right moving pieces:
 2


cL
∆v
cR
∆u2
S=
ln
+
ln
+ s(ρ),
(2.8)
12
v1 v2
12
u1 u2
where v1,2 and u1,2 measure the proper length of the cutoff along the v and u directions
at endpoints 1 and 2. If the slice Σ is boosted at the endpoints by a Lorentzian angle χ1,2
relative to L, then we have
(2.9)

−χi

(2.10)

ui = e

.

Here we have defined a positive boost to be one for which δt/δx is positive (note that this
definition is not preserved under reflecting the x coordinate), and thus
δS =

cR − cL
[δχ1 + δχ2 ]
12

(2.11)

Hence, if we bulge the slice Σ towards the future in a reflection symmetric way, we obtain
the same entropy. But in general, different Cauchy slices will have different amounts of
entanglement entropy on them, after subtracting off the divergences using the cutoff. The
logarithmic entanglement divergence acts as a Hilbert hotel, allowing one to increase or
decrease the amount of entropy by means of the boost. Thus, as in the case of other
anomalies, a classically true conservation law is violated by the quantum field theory.
Note that although the entanglement entropy depends on the boost angle at which
the slice Σ hits the boundary, the entanglement S is still invariant under a global Lorentz
boost of flat spacetime, assuming the boost also acts on the interval (and associated slice
Σ). That is because we are regulating the entanglement entropy in the reference frame
associated with the slice Σ. We could instead have selected a unit timelike vector “aether
field” ua , and regulated the entanglement in the reference frame associated with this field.
This makes the entropy of an interval independent of Σ, but breaks global Lorentz symmetry through the choice of aether field. It seems likely that this is conceptually related
to trading the diffeomorphism anomaly for a Lorentz violation anomaly, but we will not
explore this relationship more here.
2.2

Connection with Casimir energy

There is a slicker way to derive the entanglement anomaly for a CFT, by exploiting the
Casimir momentum on a cylinder. To do this, we start by conformally transforming the
11

This is a somewhat formal argument since the spectrum of a CFT does not cleanly factorize into left and
right moving pieces. As a result, restricting to (e.g. left-moving) chiral operators only leads to an effective
ccurrents ≤ cL , e.g. ccurrents = 1 for a CFT whose only current is the stress tensor [47]. However, it is cL
which is relevant to the boost transformation of the entanglement entropy, not ccurrents . (ccurrents might
play a role if we had defined the entanglement entropy on a null surface using an algebra of observables
containing chiral operators only, but we are considering the full algebra of observables on a spatial interval.)
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vi = eχi ,

n-fold place to a cylinder using the map z = eiw , where z is the complex Cartesian coordinate on the plane and z = 0 is the entangling surface. This gives us a cylinder whose
circumference is R = 2πn. The ground state of the cylinder corresponds to the ordinary vacuum in radial coordinates. As a result of the conformal transformation, there is
an anomalous change in the stress-tensor, which can be derived from the Schwarzian via
standard arguments. One finds that the Casimir energy is
E = −2π

cL + cR
.
24R

(2.12)

p = 2π

cL − cR
,
24R

(2.13)

so that the vacuum state on the cylinder is not translation invariant, but instead picks up
a phase upon being rotated.
Since the stress-tensor transforms anomalously under this conformal transformation, it
is not immediately obvious that a replica trick calculation of S should give the same answers
on the cylinder and the plane. However, for purposes of calculating δS it actually is acceptable to use the cylinder frame. We will first derive the answer and then explain why it works.
If we cut the plane at some radius |z| = r∗ and rotate the disk inside by an angle θ
(making Γ 6= 0 there), on the cylinder this corresponds to cutting at a fixed moment of time
and rotating the past by the angle θ. This generator of this transformation is the Casmir
momentum. Thus the change of the cylinder partition under an infintesimal phase δθ is
δ ln Z = ip δθ.

(2.14)

We then calculate the entanglement entropy S = (1 − R∂R ) ln Z and obtain the change of
the entropy under a Euclidean rotation:
δS = (1 − R∂R )δ ln Z|R=2π
cL − cR
=i
δθ.
12

(2.15)

This is imaginary in Euclidean signature, but it corresponds to a real shift in the entropy
in Minkowski signature if we act with a real Lorentz boost δχ = −iδθ:
δS = −

cL − cR
δχ
12

(2.16)

This agrees with the result calculated in the previous section. This is actually somewhat remarkable, since the partition function Z transforms anomalously under the transformation of the plane to the cylinder. If instead of calculating both terms in δS, we had
calculated only δ ln Z, we would not have gotten the same answer for both the cylinder
and the plane (Z is trivial for the plane, aside from the cosmological constant divergence).
The reason this works is that S transforms in a nicer way than Z does under conformal
transformations, since it depends on the UV regulator only near the entangling surface,
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Since left-moving fields move left, and right-moving fields move right, it follows that when
cL 6= cR there is also a Casmir momentum [44, 48]:

whereas Z depends on the UV regulator everywhere. Thus, if we act with a conformal
transformation which is trivial in a neighborhood of z = 0, but which maps to the cylinder for |z| > x (for some x), the entropy is unaffected, and we are free to compute the
entanglement entropy at a radial time r∗ > x using the calculation above.
2.3

Path integral derivation

Sn =

1
Tr ρn
ln
1 − n (Tr ρ)n

(2.17)

as a Euclidean partition function on an n-sheeted Riemann surface with metric g(n) [27,
40]. The variation of the partition function on a 2-dimensional manifold M2 under an
infinitesimal diffeomorphism ξ in any theory is given by
Z
Z
1
√
√
δξ ln Z[g(n) ] = −
d2 x ghT µν iδξ gµν = −
d2 x g hT µν i∇µ ξν .
(2.18)
2 M2
M2
In writing this expression we have assumed that the only external source that transforms
under diffeomorphisms is the metric. Now when M2 has a boundary, this expression can
be integrated by parts to obtain
Z
Z
√
√
δξ ln Z[g(n) ] = +
d2 x g ∇µ hT µν iξν −
dσ γ hT µν inµ ξν
(2.19)
M2

∂M2

where the first term measures the intrinsic non-conservation of the stress tensor and the
second measures the flow of energy off the edge of the manifold, where nµ is an outwardspointing normal to this edge.
In Euclidean space we take the interval to extend from z1 to z2 . Let us focus on the
neighborhood of z1 . We introduce polar coordinates (r, θ) near z1 such that the angular
coordinate θ parametrizes rotations around z1 . On the n-sheeted Riemann surface θ has
periodicity 2πn, and thus z1 is the site of a conical surplus. To discuss physics near that
point we may resolve the curvature singularity by introducing a regulated metric g(n),a ,
which near z1 is
 r 2
ds2(n),a = f
dr2 + r2 dθ2 ,
(2.20)
a
with a a small length scale and the function f (x) is chosen to satisfy f (x → 0) = n and
f (x → ∞) = 1. For example, we may take f (x) = 1 + e−x (n − 1).
Now consider a general diffeomorphism ξ that corresponds to an infinitesimal and
position-dependent rotation on θ as
ξ = ξ θ (r)∂θ + ξ r (r)∂r
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The previous argument applied to conformal field theories. In this section we present a more
general derivation that applies to any 2d field theory (conformal or not) with a gravitational
anomaly. We will use the replica approach to the computation of entanglement entropy.
We first calculate the Renyi entropy,

A short computation evaluating (2.2) on the explicit regulated metric (2.20) shows that
the first term in (2.19) is


Z
Z
1 2r f 0
2
µν
θ
d x ∇µ hT iξν = 4πincg dr (∂r Ia (r)) ξ (r)
Ia (r) ≡ 2
−1
(2.22)
f
a f
M2

We turn now to the boundary term in (2.19). At first, it may not appear that the
manifold in question has a boundary, as the diffeomorphism dies away at infinity. However,
this theory is not generally covariant, and thus it may think that the origin of polar
coordinates — i.e. the “circle” r = 0 — is also a boundary.
To compute the boundary term we need the actual value of the stress tensor near
the origin, not just its divergence. Recall now that there is a modified covariant stress
tensor defined in (2.4) that transforms as a tensor. This covariant stress tensor, being
covariant, should not contribute a boundary term from the origin of polar coordinates. For
the purposes of obtaining the boundary term we then need only find the contribution from
the Bardeen-Zumino correction term, which we can explicitly compute from (2.5):
T µν nµ ξν

r→0

µν
→ −TBZ
nµ ξ ν

r→0

=

3icg ξ θ (r)
2
rf ar

(2.24)
r→0

Assembling the pieces we find for the diffeomorphism variation of the n-sheeted partition
function


2
δξ ln Z[g(n) ] = −2πicg
+ n ξ θ (r)
.
(2.25)
n
r→0
To find the change in the Renyi entropy we need to also compute the denominator in (2.17),
which is simply n times the answer for n = 1, leaving us with:


1
δξ Sn = −4πicg
+ 1 ξ θ (r)
(2.26)
n
r→0
The dependence on the Renyi index n is familiar from the form of the Renyi entropies for
a single interval in 2d CFT. Indeed the transformation of the Renyi entropy under a rigid
boost was previously derived from 2d CFT arguments in [6]. Here we have performed a
more general derivation for any diffeomorphism, and we see that the result holds for any
two-dimensional field theory (conformal or not) with a gravitational anomaly.
It is clear that we will obtain a contribution from each endpoint of the entangling
region A, and we may rewrite this result in a more covariant way as

X
1
δξ Sn = −2πicg
+1
µν ∇µ ξν (xi )
(2.27)
n
i∈∂A
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This expression is controlled by ∂r Ia (r). As we take the regulator a → 0, ∂r Ia (r) vanishes
for all r > 0, but its integral from r to ∞ is always finite and equal to n−2 − 1. As we take
a → 0, the kernel of the integral then becomes a delta function localized at r = 0. We find
then the following regulator-independent expression for the variation:


Z
1
2
µν
lim
d x ∇µ hT iξν = 2πicg
− n ξ θ (r)
(2.23)
a→0 M
n
r→0
2

Finally the entanglement entropy S is related to the Renyi entropy as S = limn→1 Sn ,
leading to
X
δξ S = 8πcg
δχ(xi )
(2.28)
i∈∂A

3

Gravitational anomaly on the boundary of a 3d Hall phase

We now study the anomalous two-dimensional theory as the boundary of a 3d “Hall” phase,
by which we mean a bulk gapped three-dimensional system that cancels the anomaly of the
boundary theory. This is precisely the situation for an ordinary incompressible quantum
Hall droplet in the laboratory, where the bulk is made up of some number of Landau levels
completely filled with electrons, and the edge mode in question is a single chiral Weyl
fermion. This particular system is only an example, and we will not describe its microscopic
physics any further, but will simply describe the low-energy effective action describing a
12

We have also repeated the computation in a Cartesian coordinate system (more precisely, we replicated
Cartesian coordinates n times and then smoothed out the metric near the tip): the apportioning of the
answer between bulk and delta-function terms is different, but the final answer is the same.
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where we have analytically continued to Lorentzian signature using the conventions in
appendix A in defining the local boost 2δχ(xi ) ≡ iµν ∇µ ξν . In a CFT this result agrees
with the result found earlier on geometric grounds in (2.11).
The boundary term representing a flux of stress-energy into the origin was required for
this agreement: otherwise the magnitude of the path-integral result here is off by a factor
of minus two. We briefly comment on the connection to other recent work [8, 9]: due to
the choices of convention involved, we have not attempted a careful comparison of the sign
of our computation with theirs. However the overall magnitude of their expressions differ
from ours by a factor of two, and the computations do not include any boundary terms such
as (2.24), so we believe that their calculations essentially contain only the first term (2.23).
This boundary term may seem unsettling, as it essentially corresponds to a delta function of angular momentum non-conservation that always remains arbitrarily sharp even
though we have smoothened out the curvature singularity over a finite radius a. Said differently, while we have regulated the curvature singularity, the coordinate system (2.20) still
has a coordinate singularity at the origin which we are unable to regulate. In a theory with
a diffeomorphism anomaly a coordinate singularity may contribute to physical observables.
In general one might expect a need to specify information at every singularity, indicating a lack of uniqueness from the point of view of the low-energy theory: for example,
one might worry that there are other delta functions present whose coefficient we cannot
fix from low-energy considerations. In general in quantum field theory it is difficult to
rule out the presence of such contact terms: however, examining the structure of the final
answer (2.28) we see that we would require a delta function in Tµν that is antisymmetric.
This is not allowed, as we are studying the presentation of the anomaly in which Tµν is
symmetric but not conserved. Thus it seems that the anomaly contributes in a universal
way, though some care is required with the regulation.12

general class of such systems.13 As the full system is diffeomorphism invariant, it admits a
lattice regulator and there is no obstruction to defining a microscopic entanglement entropy
for spatial subregions in such a system, though it may be hard to separate contributions
of the gapped bulk from that of the anomalous boundary.
Denote by GM N the metric of the 3d bulk, and denote by CPMQ its metric-compatible
Christoffel connection. The 2d metric gµν should be understood as describing the boundary
of the three-manifold with metric GM N . Then the generating functional of the full system
is (in Euclidean signature)
(3.1)

Here W [g] is the generating functional of the boundary two-dimensional theory as studied
above. SCS [C] is the three-dimensional gravitational Chern-Simons term,


Z
2 A
Q
Q
3
MNP
A
B
SCS [C] ≡
d x
CQM ∂N CAP + CQM CBN CQP
(3.2)
3
M3
(here  with an overbar indicates the Levi-Civita symbol, and an  with no overbar denotes
the Levi-Civita tensor). This Chern-Simons term is not the action itself of fundamental
degrees of freedom: rather these gapped bulk degrees of freedom have been integrated out,
leaving a response functional that captures the response to changes in the fixed external
metric G.
Consider now a three-dimensional diffeomorphism χ that acts on G as
δ χ GM N = D M χ N + D N χ M ,

(3.3)

with D the three-dimensional covariant derivative with respect to connection C. Note that
χ need not vanish at the boundary, and will thus induce a transformation of the boundary
metric g. The Chern-Simons term is invariant under diffeomorphisms up to a boundary
term, which precisely cancels the intrinsically two-dimensional anomalous variation of W [g].
Then the combined partition function Wtot [G] is by construction invariant under χ:
δχ Wtot [G] = 0

(3.4)

[g]
Recall from (2.1) that the usual two-dimensional stress tensor is T µν ≡ √2g δW
δgµν . This
stress tensor satisfies the anomaly equation (2.2). Now consider the change in Wtot under
a small variation of the metric δG, which includes a potential variation of the boundary
metric δg. The full variation can be split into several parts:
Z
Z
√
1
√
µν 
δG Wtot [G] =
d2 x g T µν + TBZ
δgµν − icg
d3 x GC M N δGM N .
(3.5)
2 ∂M3
M3

The last term arises from the bulk variation of the gravitational Chern-Simons term [50].
C M N is called the Cotton tensor, and is
CMN ≡


1 QP M
N
M

D P RQ
+ QP M DP RQ
2

13

(3.6)

See also [49] for a discussion on the distinction between covariant and consistent anomalies in relation
to condensed matter physics.
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Wtot [G] = W [g] + icg SCS [C]

mA
A

ξ

The first term comes from the usual variation of the boundary 2d field theory. The second
term arises from a boundary term coming from the variation of the Chern-Simons term, and
is in fact equal to the Bardeen-Zumino correction term defined in (2.5). Recall from (2.4)
that the sum of the original stress tensor and the Bardeen-Zumino correction term is the
µν
covariant stress tensor Tcov
whose non-conservation is given by a covariant expression (2.6).
Note that we are giving the bulk Hall phase a physical interpretation, but it is also often
used simply as a technical device to construct the covariant stress tensor.
µν
We stress that (3.4) does not mean that Tcov
is conserved. Rather it means that the
µν
non-conservation of Tcov
can be interpreted as a flow of energy from the bulk onto the
boundary.
We would now like to study how the entanglement entropy in this system responds
to two-dimensional diffeomorphisms. It may not be clear what we mean by this: after
all, under three-dimensional diffeomorphisms (3.4) shows that the full system is invariant.
Nevertheless there is a natural sense in which the system responds to two-dimensional
diffeomorphisms.
Take the 2d field theory to live on flat 2d space, which is then the boundary of a
half-space M3 . The details of the geometry of M3 should not matter, so for simplicity we
take the metric of this flat space to be
ds2 ≡ GM N dX M dX N = gµν (xµ )dxµ dxν + dz 2

(3.7)

with the boundary at z = 0 and the deep bulk to be at z → ∞. gµν (x) is the metric on
which the 2d field theory is defined. Now consider a spatial region A — for simplicity, take
it to be an interval — in the 2d field theory. Extend the endpoints of A straight into the
bulk to define a two-dimensional spatial region called mA , as shown in figure 4. We will
study the entanglement entropy of A.
We now need to specify the action of an infinitesimal 2d diffeomorphism ξ(xµ ) on this
system. Given such a 2d diffeomorphism with compact support, consider the following 3d
metric:
(ξ)
ds2 ≡ GM N dX M dX N = [gµν + f (z) (∇µ ξν + ∇ν ξµ )] dxµ dxν + dz 2
(3.8)
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Figure 4. Boundary region A and associated bulk region mA . Under the described shear operation
of the full metric, the interval on the boundary is distorted as shown.

as a Euclidean partition function on an n-sheeted three-dimensional manifold with metric
G(n) . We will take the bulk 3d metric to be uniquely specified by the boundary metric g(n)
through the relation (3.7), i.e.
(n)

(n)
GM N dX M dX N ≡ gµν
dxµ dxν + dz 2

(3.10)

This corresponds to extending the edges of the boundary interval A straight into the bulk
along the z direction. We will compute this only in the n → 1 limit: this amounts to
computing a partition function on a metric with a conical singularity and extracting the
linear dependence on the opening angle.
Now we compute δ ξ Z by varying off of (3.10) in the manner specified in (3.8). The
variation of the partition function can be parametrized in terms of (3.5) as
Z
Z
q
1
2 p
µν
δ ξ Wtot [G(n) ] =
d x g(n) Tcov δ ξ gµν −
d3 x G(n) C M N δ ξ GM N
(3.11)
2 ∂M3
M3
All geometric quantities are computed on the metric (3.10).
We first compute the bulk contribution from the Cotton tensor. As (3.10) is a direct
product of a 2d conical metric with a line, we see that all bulk geometric quantities will only
be non-vanishing if they have legs only in the field theory directions. From the definition
of the Cotton tensor in (3.6) we see that this implies that C M N must have one index in
the z direction, but the variation δ ξ GM N is only in the field theory directions. Thus the
bulk contribution vanishes.
We turn now to the first term. By construction, the variation of the boundary metric
is that of a 2d diffeomorphism,
δ ξ gµν = ∇µ ξν + ∇ν ξµ .

(3.12)

We may integrate by parts to obtain
Z
δ ξ Wtot [G(n) ] = −

d2 x

p
µν
g(n) (∇µ Tcov
) ξν
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where f (z) is a function that smoothly interpolates from 1 at z = 0 to 0 at z = ∞. It
is important to note that (3.8) is not a 3d diffeomorphism of (3.7); rather, one might
understand it as physically shearing the boundary at z = 0 by a vector field ξ µ relative to
a fixed coordinate system at z → ∞. Note that it is true that the boundary metric changes
from (3.7) to (3.8) as though under a standard 2d diffeomorphism. The partition functions
and entanglement entropy on G(ξ) will differ from that on G, and we will now compute this
variation. We will denote by δ ξ the infinitesimal variation that takes us from (3.7) to (3.8),
with the overbar reminding us that this variation is not a diffeomorphism.
We will now compute the entanglement entropy and determine how it changes under
the above variation. As above, we will use the replica method approach to the computation
of entanglement entropy in two-dimensional field theory. In this section we directly compute
the entanglement entropy by evaluating


∂
S = 1−n
log Z[G(n) ]
.
(3.9)
∂n
n→1

We pause to note the physical interpretation of this formula: the system responds to the
manipulation above as though the diffeomorphism is being generated by the covariant
stress tensor, not the consistent stress tensor as in (2.19). There is no contradiction here
µν
as we are not studying a 2d partition function. Now using (2.6) for the divergence of Tcov
and the well known fact that for a cone with opening angle 2π(n − 1) about the point x = 0
the Ricci scalar satisfies R = 4π(n − 1)δ (2) (x) (see e.g. [51]), we find the variation in the
entanglement entropy to be
X

δ ξ S = 4πicg

νσ ∇ν ξσ (xi ) .

(3.14)

Using (3.1) and analytically continuing to Lorentzian signature using νσ ∇ν ξσ (xi ) =
−2iδχ(xi ), we see that for a local boost we have (2.11):
δ ξ S = 8πcg

X

δχ(xi ) .

(3.15)

xi ∈∂A

This formula appears identical to the purely two-dimensional formula (2.28), but it is
computing something different. It is measuring how the entanglement entropy of a threedimensional region — containing both a gapped bulk and a gapless boundary — changes if
the boundary of the region is physically sheared relative to the deep bulk. Its calculation
is also different; it arose from the covariant form of the anomaly and thus did not involve
any extra contributions from the coordinate singularity. Interestingly, the final result is
the same. In principle, this formula (unlike (2.28)) could be verified by an explicit Hilbert
space computation involving the microscopic fermionic wavefunctions in a Hall phase.
One may ask what role this extra bulk played in this analysis. In essence its role was
really to permit a natural definition of a reference coordinate system, that which lives at
the “other boundary” at z → ∞. In this computation we are asking how the full system
responds when the coordinate system defining the field theory is changed relative to this
reference coordinate system.

4

Mixed gauge-gravitational anomaly in four dimensions

In this section we extend the above results to four dimensions. In particular, we show that
a mixed gauge-gravitational anomaly also results in an entanglement anomaly very similar
to that discussed above.
We first review some aspects of the mixed anomaly. We consider a theory with a U(1)
current j µ and a stress tensor T µν . These can be coupled to background fields aµ and gµν
in the usual manner, and we have the following expressions:
1 δW [a, g]
jµ ≡ √
g δaµ

2 δW [a, g]
T µν ≡ √
g δgµν

(4.1)

The usual Ward identity for the consistent currents with a mixed gauge-gravitational
anomaly (with anomaly coefficient cm ) in four dimensions in the presence of background
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xi ∈∂A

fields is
cm κσαβ ν

R λκσ Rλαβ
4

cm 
= f µν j ν + i aµ κσαβ Rν λκσ Rλαβ
4

∇µ j µ = −i
∇ν T µν

(4.2)

K α is a four-dimensional analog of the gravitational Chern-Simons term, and its divergence
is the gravitational Pontryagain density:
1
∇α K α = µνρσ Rαβµν Rβαρσ
4

(4.4)

Importantly, this counterterm is not diffeomorphism invariant, and so we will no longer
have δξ W = 0. The addition of this counterterm changes the definition of the currents and
modifies the Ward identities above to read:
µ

∇µ j = 0
∇ν T

µν

√

cm
ν
= f µν j + ig µν √ ∂λ
gκσαβ Fκσ ∂α Γλνβ
2 g

(4.5)

We see that we have lost diffeomorphism invariance, but the new current is now conserved,
and so we will call this the “gauge-preserving frame”.
If we wish to study states where we couple a non-trivial background gauge field to the
current j µ , then it seems that we should work in the gauge-preserving frame, as defined
by (4.5). We will show below that in the gauge-preserving frame the entanglement entropy
exhibits an anomaly under boosts, provided a suitable background gauge field is turned
on. On the other hand, if we wish to study the fermions on a non-trivial gravitational
background, then it seems that we should work in the diff-preserving frame, as defined
by (4.2). In this case, as one might expect, we will show that the the entanglement entropy
transforms anomalously under U(1) gauge transformations. In both cases we will present
free fermion computations and general path-integral arguments, just as above.
Finally, it is possible to define a covariant stress tensor and current by adding BardeenZumino improvement terms:
µ

µ

µ
jcov
= j + j BZ

µν
Tcov
=T
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with f = da. The non-conservation of j µ is the usual statement of the anomaly. The nonconservation of T µν may require some explanation. It has two parts: the first is familiar
from non-anomalous systems as the analog of “Newton’s second law”, simply saying that
external gauge fields pulling on charges can dump momentum into the system. The second
arises due to the non-conservation of j µ . We will refer to this presentation as the “diffpreserving frame”, as under a diffeomorphism (which acts both on the background gauge
field and metric), we have δξ W [a, g] = 0.
Now this can be modified by the addition of a local functional of the sources to the
generating functional W :


Z
2 σ δ 
4 √
µ
α
αµνρ
δ
σ
W [a, g] ≡ W [a, g] + icm d x gaµ K
K ≡
Γµσ ∂ν Γρδ + Γµδ Γν Γρσ (4.3)
3

which take the form


1
µν
T BZ ≡ − ∇λ X λµν + X λνµ − X µνλ
2
µ
j BZ ≡ −icm K µ

X µλν ≡


−icm  µρκσ λ

Γνρ + λρκσ Γµνρ Fκσ
2
(4.7)

As above these will play a role in our analysis.
We first study the effect of a magnetic field on the fermion in the gauge-preserving
frame.
Weyl fermions and chiral zero modes with magnetic fiux

In this section we review the presence of chiral zero modes when a 4d Weyl fermion is placed
in a background magnetic field. This is the essential physics behind the chiral magnetic
effect [52].14 The relevance of this setup to entanglement entropy has been discussed in a
different context in [56].
Consider a single left-handed Weyl fermion in four dimensions with charge q. This
q
15
theory has a gauge-gravitational anomaly with anomaly coefficient cm = 192π
2.
Consider now this theory on a spacetime of the form R1,1 × T 2 , with x, y parametrizing
R
the torus and t, z parametrizing R1,1 . We put a background magnetic flux Φ = Fxy dx dy
on the torus, so that the magnetic field points in the z direction, as shown in figure 5.
We are now interested in the low-energy physics of this system in the (t, z) directions.
We work in the gauge Ax = By. Our spinor conventions are in appendix B: the Weyl
equation for the left-handed spinor is



∂ t − σ 3 ∂ z + D ⊥ ψL = 0

D⊥ ≡ −σ 1 (∂x − iqBy ) − σ 2 ∂y

(4.8)

We now search for zero-energy eigenspinors of the Dirac operator on the torus D⊥ . These
take the form

2 !
p
− 12 Bq y− Bq
+
ipx
e
D⊥ χp (x, y) = 0
χp = e
,
Bq > 0
0
!
0
−
ipx

2
χp = e
,
Bq < 0
(4.9)
p
1
Bq y− Bq
e2
These modes have zero energy due to a cancellation between the positive zero-point cyclotron energy of the fermion in the lowest Landau level and the Zeeman coupling B · S
between the spin of the fermion and the background magnetic field; it is clear that the spin
of the zero-mode is anti-correlated with the sign of Bq. As usual, their degeneracy can be
14

See e.g. [53–55] for a discussion of hydrodynamic chiral transport.
It also has a U(1)3 anomaly in the charge current, which does not contribute to the entanglement
anomaly. It is most convienent to assume this anomaly is cancelled by other fields, so that we can consistently consider nontrivial bundles for the EM field. For example, if there are eight left-handed fermions with
charge q = +1 and one with charge q = −2, then the U(1)3 anomaly will cancel, but the mixed anomaly
will still be present.
15
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4.1

A
∂A

y
x
~
B

ψL
Figure 5. Weyl fermion studied on R1,1 × T 2 with magnetic flux on T 2 . Lowest energy modes have
spin aligned with magnetic field, and chiral nature of Weyl fermion means that velocity is antialigned with spin: thus the low energy physics is that of a chiral CFT 2 . We study the entanglement
entropy of a region A that is a product of an interval on R1,1 and T 2 .

understood heuristically16 by noting that the momentum p in the x direction is quantized
BqL
in units of L2πx and furthermore that it must be bounded by 2 y to ensure that the center
of the wavefunction remains inside the torus, meaning that the number of zero modes is
Φ
N0 = 2π
.
Inserting these wavefunctions into the Weyl equation (4.8) we see that lowest-lying
modes obey the equation
ψL = χ± (x, y)Ψ± (z, t)

(∂t − ∂z ) Ψ+ (z, t) = 0

(∂t + ∂z ) Ψ− (z, t) = 0

(4.10)

As we use χ+ for positive Bq and χ− for negative Bq, we see that the low-lying mode
always propagates chirally along the direction of the magnetic field. Physically, this arises
because the 4d Weyl fermion has a definite helicity, meaning that its direction of motion
is correlated with the spin, which is correlated with the field. Note that the right-handed
antiparticle has the opposite charge but is anti-aligned with the spin, which means that it
propagates in the same direction as the particle.
16

As in most textbook computations of Landau levels, we have been quick; the wavefunctions exhibited
do not precisely satisfy torus boundary conditions. These wavefunctions should be understood as being
approximately correct in the limit that B  L−2
x,y , and our counting of the degeneracy of the levels is
technically only correct in this limit, although an index theorem actually guarantees that it is precisely
correct. The exact wavefunctions on the torus can be found in e.g. [38].
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z

In other words, the low energy dynamics of this system is described by a 2d CFT with
qΦ
(4.11)
2π
This result holds much more generally than the derivation we just gave. We may replace
the compact T 2 with any compact 2d manifold M2 with a flux Φ through it. The index
theorem for the 2d Dirac operator tells us that the number of definite chirality zero modes
q R
on M2 satisfies N + − N − = 2π
M2 F . Four-dimensional chirality is a product of chirality
on R1,1 and chirality on M2 , so a four-dimensional Weyl spinor decomposes as:
cL − cR =

1,1

1,1

R
2
⊗ ΨM
L + ΨR

2
⊗ ΨM
R + massive 2d modes.

(4.12)

Thus each zero mode of definite chirality on M2 gives us a definite chirality spinor on R1,1 .
As we now have an effective 2d theory with cL 6= cR , we expect the physics of section 2
to apply. In particular if we consider computing the entanglement of a region that is
a product of M2 and an interval in z, we expect a net entanglement anomaly of the
form (2.11)
Z

q(NL − NR )
δξ S =
F (δχ1 + δχ2 ) ,
(4.13)
24π
M2
where the boost in question here is in the z direction and does not depend on the compact
directions, and we now allow NL and NR species of left and right-handed Weyl fermions.
In the next section we will demonstrate that this expression can be obtained from a local
integral over the entangling surface.
4.2

Path integral derivation of diffeomorphism anomaly

We now turn to a derivation of a formula for the variation of the entanglement entropy under
an infinitesimal diffeomorphism in a general theory. This precisely parallels the discussion
of the two-dimensional case in section 2.3, and so we only highlight the differences. The
variation of the partition function under an infinitesimal diffeomorphism is


Z
1 µν
µ
4 √
δξ ln Z[a, g] = −
d x g
hT iδξ gµν + hj iδξ aµ
(4.14)
2
M4
where the variation of the sources under the diffeomorphism is the usual Lie derivative
δξ gµν = ∇µ ξν + ∇ν ξµ

δξ aµ = ξ σ ∇σ aµ + (∇µ ξ σ ) aσ

Integrating by parts and using the Ward identities (4.5) we find
Z
√

icm
δξ ln Z[a, g] = −
d4 x ξ ν ∂ λ
gκσαβ Fκσ ∂α Γλνβ
2 M4
Z
√
µν 
µ
−
d3 x γnµ j (ξ σ aσ ) + T ξν

(4.15)

(4.16)

∂M4

We now need to evaluate this variation on an n-sheeted replica manifold. We zoom in near
a patch of the entangling surface and use coordinates (r, θ, xa,b ), where xa,b run along the
entangling surface. We work with the same conical regulator metric:
 r 2
ds2(n),a = f
dr2 + r2 dθ2 + dxi dxj δij ,
(4.17)
a
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R
Ψ4d
R = ΨL

but we allow now the diffeomorphism ξ µ (x) and the background field strength Fµν to be
arbitrary functions of xa and r.
We compute first the bulk term, which is
Z
√

icm
δbulk ≡ −
d4 x ξ ν ∂ λ
gκσαβ Fκσ ∂α Γλνβ
2 M4
Z
= −2icm πn drd2 xi ξ θ (r)∂r (Fxi xj (r)Ia (r))
(4.18)

The first term here is the desired local expression on the entangling surface. The second
term is not local, as it essentially measures the change in F from the entangling surface to
infinity. However we see that it is linear in n: in other words, it is merely renormalizing
the partition function and is not associated with entanglement, and will cancel against the
denominator in (2.17).
We turn now to the evaluation of the boundary term. Following the reasoning of the
earlier section, we know that the full contribution will come from the Bardeen-Zumino
µν
µ
term (4.7). It is easy to see that j BZ = 0. Computing T BZ explicitly we find that the
boundary term is
!
Z
Z
6ic
πn
√
µν
m
δbdy ≡
d3 x γ nµ T BZ ξν =
d 2 x i F xi xj ξ θ
,
(4.20)
2
∂M4
f ar
r→0
where we have neglected terms that do not contribute in the r → 0 limit. To find the
variation of the Renyi entropy we assemble these pieces, taking care to also take into
account the denominator of (2.17). We find
Z

1
d2 xFxi xj ξ θ
(4.21)
δξ Sn = 4πicm 1 +
n
This expression may be written more covariantly as

Z
1
δξ Sn = 2πicm 1 +
dΣµν Fµν (∇ρ ξσ ) ρσ
∂A
n
∂A

(4.22)

where µν
∂A is the binormal to the entangling surface ∂A, defined in appendix A in (A.10).
Finally, we rotate to Lorentzian signature by defining a local boost around the entangling
surface via 2δχ = iµν
∂A ∇µ ξν . We also take the n → 1 limit to find the following elegant
expression for the entanglement anomaly
Z
δξ S = −8πcm
(F δχ)
(4.23)
∂A

This reduces to the expected expression (4.13) for free fermions if we study the system on
the product of a compact 2d manifold with flux and R1,1 and use the known value for the
L −NR )
anomaly coefficient cm = q(N192π
.
2
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with Ia (r) the same as in (2.22). As argued there, as we take a → 0, Ia (r) approaches −1
almost everywhere, and ∂r Ia (r) approaches a delta function at r = 0 with weight n12 − 1.
Thus we can expand out the derivative in r to find



Z
Z
1
lim δbulk = −2icm π d2 xi
− n (Fxi xj ) ξ θ
− n dr∂r (Fxi xj )ξ θ
(4.19)
a→0
n
r→0

4.3

Weyl fermions and chiral zero modes with twist flux

ds2 = dr2 − r2 (dη − Ui (xi )dxi )2 + dxi dxj δij + O(U 2 )

(4.24)

Here i, j run over the coordinates x, y on the R2 . Ui is an Abelian gauge field that generates translations in η; these translations correspond to SO(1, 1) rotations of the normal
frame around the entangling surface, and so we will call Ui the “twist” gauge field. This
nomenclature makes slightly more sense in Euclidean signature, where the relevant transformations are really SO(2) twists of the normal frame around the entangling surface. We
present some geometric background in appendix A.
Now let Ui have a constant field strength, i.e. dU = Bdx ∧ dy. We note that this is
somewhat similar to the well-known Lorentzian Taub-NUT solution, which has a similar
structure, except that the twist flux of the U(1) gauge field there is finite and distributed
over a compact S 2 rather than an infinite R2 . In the usual compact Taub-NUT global
issues force the time coordinate to be periodically identified in units of the total twist flux
(also called the “NUT charge”). Here the total twist flux on the R2 is formally infinite,
and we will simply ignore any global issues.
We now work out the equation of motion for a Weyl fermion living on this background.
This computation is standard, and so we relegate all details of the derivation to appendix B
and write down only the final equation of motion for the two-component left-handed Weyl
spinor ψL :
 


1
z
σ r∂r +
− ∂η + rD⊥ ψL = 0
(4.25)
2
where the operator acting on the transverse space is
D⊥ ≡ σ i (∂i + Ui ∂η ) ,

(4.26)

and where we are working close to the Rindler horizon r → 0, i.e. we have neglected terms
of the form r2 B. The transverse operator (4.26) couples the fermion to Ui as though it was
a U(1) gauge field, except that the U(1) charge is the Rindler energy. We now specialize to
the time dependence for all fields of the form e−iωη and the gauge Ux = By; the transverse
operator becomes
D⊥ = σ x (∂x − iωBy) + σ y ∂y ,
(4.27)
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In the previous section we argued that if we couple Weyl fermions to a non-trivial background U(1) gauge potential, then the presence of zero modes leads us to expect an anomalous transformation of the entanglement entropy under diffeomorphisms. In this section
we describe the converse problem: we couple Weyl fermions to a background gravitational
curvature, then argue that the presence of zero modes leads us to expect an anomalous
transformation of the entanglement entropy under U(1) gauge transformations. The “zero”
modes in question are not as familiar as those above, though we expect them to be related
to the chiral vortical effect [53, 57].
Consider the following gravitational background, viewed as an infinitesimal deformation of the product manifold that is Rindler space times R2 :

For concreteness, let us now fix B > 0. Then we see that independently of the sign of ω,
we always have
1 −i|ω| log r
Ψ±
(4.30)
ω (r) ∼ √ e
r
In other words, both positive and negative frequency modes always have the same definite
sign for their spatial momentum in the r-direction.
This is somewhat novel. Normally one interprets negative frequency modes as antiparticles, meaning that one should invert all their quantum numbers when considering
a physical excitation. This inversion means that the anti-particles always move in the
opposite direction from the particles, and thus that the net charge current in the radial
direction should now have a definite sign. Note that the degeneracy of these chirally
R
propagating charge modes is given by |ω| d2 xB, i.e. it depends on their frequency.
Thus the current receives a contribution only from the zero modes. The net flow of
current through the Rindler horizon at Rindler temperature β is computed by summing
over these modes:
Z
2q BA ∞ dω
ω
q BA
hj r (r)i =
=
.
(4.31)
r 2π 0 2π 1 + eβω
24 β 2 r
This expression is derived in appendix B. The existence of a net charge flow off the edge
of the system means that it is no longer gauge-invariant. To turn this fact into a precise
statement about the entanglement entropy, consider computing the entanglement entropy
of the Rindler wedge r > 0 from the Euclidean partition function as


∂
S = 1−β
log Z(β)
(4.32)
∂β
β=2π
with β the Rindler temperature. Now consider the gauge variation of the system with
gauge parameter Λ(r), excluding a small disc near the region r = 0. The partition function
changes as
Z
Z
d4 xhj µ i∂µ Λ = −

δΛ log Z(β) = −
M

d3 x (nµ hj µ i) Λ(x),

(4.33)

∂M

where we have integrated by parts. The anomaly plays no direct role here as the geometry
away from the tip of the cone is trivial. The second term is simply the net flow of current
through the surface at r = 0. In components this is
Z
δΛ log Z = lim d2 x rβhj r iΛ(r)
(4.34)
r→0
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i.e. precisely equivalent to (4.8) in the previous section with the important substitution of
the Rindler energy ω for the the U(1) charge q. Thus the zero modes D⊥ χ±
p (x, y) = 0 take
precisely same form as in (4.9), except that their 2d chirality is now determined by the
sign of ωB: interestingly, positive frequency modes have the opposite chirality to negative
−iωη , we find for the
frequency ones. Building a full spinor from ψL = χ± (x, y)Ψ±
ω (r)e
equation of motion in the Rindler radial coordinate:


1
r∂r + + iω Ψ+
ωB > 0
(4.28)
ω (r) = 0,
2


1
r∂r + − iω Ψ−
ωB < 0
(4.29)
ω (r) = 0,
2

where we have performed the integral over Euclidean time with period β. We now use the
Lorentzian expression for j r from (4.31) and plug into (4.32) to conclude that
δΛ S = (NL − NR )

qBA
Λ(r → 0) ,
24π

(4.35)

with A the transverse area, and where we have again generalized to arbitrary numbers of
left and right-handed fermion species. In other words, in the presence of a nonzero twist
flux, the entanglement entropy is sensitive to U(1) gauge transformations with support on
the entangling surface. This formula is clearly the gauge analog of (4.13).
Path integral derivation of gauge anomaly

We now perform a similar path integral argument to understand the gauge variation of the
entanglement entropy. As we are now working on a non-trivial gravitational background, we
work in the diff-preserving frame (4.2). Under a U(1) gauge transformation with compact
support, the transformation of the partition function is
Z
√
δΛ log Z[a, g] = d4 x g ∂µ hj µ iΛ(x) .
(4.36)
From the anomaly equation (4.2), this can be written as
Z
cm
√
δΛ log Z[a, g] = −i
d4 x g Λ(x)κσαβ Rν λκσ Rλναβ
4

(4.37)

Thus to determine the variation of the entanglement entropy, we need to evaluate the
geometric invariant in (4.37) on the n-sheeted geometry and then extract the dependence
on n as we take n → 1. A general formula for such expressions was found (in the context
of evaluating holographic entanglement entropy in higher-derivative theories of gravity)
in [58, 59]. Applying the prescription of [58] to the expression above, we find after some
algebra that
Z


icm
αβ
δΛ SEE = 16π
dΣγδ µρ
R
+
2K
K
g
Λ(x)
(4.38)
µαγ ρβδ
µργδ
∂A
4 ∂A
where Kµαβ is the extrinsic curvature. With the help of the Voss-Ricci equation — described in the appendix in (A.14) — we see that the combination of extrinsic curvatures
and Riemann tensor that appears here actually measures the field strength Ω of the twist
gauge field V , as defined in (A.15):
Z
δΛ SEE = 8πicm
dΣγδ Ωγδ Λ(x)
(4.39)
∂A

Finally we should analytically continue to Lorentzian signature. The Euclidean gauge field
Vµ that generates SO(2) rotations in the normal bundle is continued to the Lorentzian
signature gauge field Uµ of section 4.3 via Vµ = iUµ . Thus we find finally
Z
δΛ SEE = 8πcm
(dU Λ)
(4.40)
∂A

This is the gauge analog of (4.23), and it again reproduces the free fermion computaL −NR )
tion (4.35) if we use the relation cm = q(N192π
for free Weyl fermions.
2
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4.4

4.5

The choice of anomaly frame

An important point is that our generating functional arguments agree with the free field
analysis only when we are working in the correct anomaly frame: i.e. the free field diffeomorphism anomaly (4.13) agrees with the general formula (4.23) only in the gauge-preserving
frame, whereas the free field gauge anomaly (4.35) agrees with the general formula (4.40)
only in the diff-preserving frame. We believe this is because we need to turn on background
fields to see each of these anomalies, and this can only be safely done in the appropriate
anomaly frame.

Another way to say this is that adding the anomaly-shifting counterterm (4.3) changes
the free-field computation by adding a term to the current through the entangling surface (4.31): the full contribution to the answer comes from the free modes only in the
appropriate anomaly frame.

5

Mixed anomaly on the boundary of a 5d Hall phase

We now study the 4d theory described above as the boundary of a gapped 5d “Hall” phase.
We begin with the original form of the Ward identities in (4.2), without the addition of the
anomaly-shifting counterterm (4.3). We would now like to supplement this system with a
five-dimensional gapped theory which is the analog of the “Hall droplet” discussed above.
The full generating functional is then
Wtot [A, G] = W [a, g] + icm SCS [A, G],

(5.1)

where A and G live in five dimensions and the appropriate five-dimensional Chern-Simons
term is
Z
1
SCS [A, G] ≡
d5 x ¯P QM N R AP RABQM RB AN R .
(5.2)
4 M5
One may check that under both a 5d U(1) gauge transformation Λ and a 5d diffeomorphism
χ we have
δΛ Wtot [G, A] = 0

δχ Wtot [G, A] = 0 .
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More concretely, the background fields in question grow linearly with space (e.g. Ax ∼
By). For the magnetic field case we imagined compactifying on a torus; to make the
gauge field compatible with torus boundary conditions we need to perform a large gauge
transformation, which is problematic if there is an anomaly. We could imagine simply
taking an infinite R2 rather than a T 2 (this was indeed always the case for the twist flux,
where we do not have a useful notion of twist flux quantization). However now the fields
grow arbitrarily large as we move outwards, and there may actually be boundary terms
from infinity that scale geometrically the same way as the volume, affecting the answer.
The safest way to perform the computation when turning on background fields seems to
be to work in the anomaly frame that is appropriate to the background field in question.

Furthermore, under a general variation of background fields we have (in direct analogy
to (3.5))


Z
1 µν
µν 
4 √
µ
δWtot [G, A] =
d x g (j ) δaµ +
T + TBZ δgµν
2
∂M5
Z
√

+ icm
G J M δAM + C M N δGM N
(5.4)
M5

µ
where we have repeated the Ward identity for j µ = jcov
purely for convenience. We note
that if we had started with the presentation of the anomaly with the anomaly-shifting
counterterm (4.3), the definitions of both the original currents and the Bardeen-Zumino
correction terms would differ, but the final covariant currents would be the same, i.e.
µ
µ
µ
µ
j µ + jBZ
= j + j BZ = jcov
and similarly for T µν .
We now seek to understand how the entanglement entropy transforms under a 4d
diffeomorphism and gauge symmetry, and thus we seek to understand the analog of the
“sheared metric” (3.8) in the four-dimensional case. The metric part of this takes precisely
the same form:
(ξ)

ds2 ≡ GM N dX M dX N = [gµν + f (z) (∇µ ξν + ∇ν ξµ )] dxµ dxν + dz 2

(5.6)

where as before f (z) interpolates between zero at z = ∞ and 1 at z = 0. We will also now
allow a “shear” of the gauge field, which we take to be:
A(ξ) = a + f (z)dΛ

(5.7)

In other words, for the 5d metric we interpolate between two 4d metrics related by a 4d
diffeomorphism ξ. For the 5d gauge field we interpolate between two 4d gauge fields related
by a 4d gauge transformation Λ. For notational convenience we will simply refer to this
total operation as δ ξ .
We now study the entanglement entropy by studying the partition function on the
n-sheeted replica geometry and performing the variation δ ξ . The boundary geometry and
extension into the bulk is precisely as discussed in section 3, except that everything is now
in higher dimension. The analog of (3.11) is


Z
1 µν
µ
4
T δ ξ gµν + jcov δ ξ aµ
δ ξ Wtot [A, G(n) ] =
d x
2 cov
∂M5
Z
q

+icm
d5 x G(n) J M δ ξ AM + C M N δ ξ GM N
(5.8)
M5
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We refer the reader back to (3.5) for an explanation of where these terms come from. Just
as in the lower-dimensional case, the covariant stress tensor and current are now defined
µ
µν
µν
as jcov
= j µ , Tcov
= T µν + TBZ
(in this presentation of the anomaly the Bardeen-Zumino
µ
correction term for the current vanishes: jBZ
= 0) and their (non)-conservation equations
are as follows:
cm
µ
∇µ jcov
= i κσαβ Rν λκσ Rλαβ
4


cm
µν
µ ν
∇µ Tcov = f ν j + i ∇ν ρσαβ Fρσ Rµν αβ
(5.5)
2

The bulk 5d terms J M and C M N are found to be (see e.g. [60] for a derivation):
1
J P = ¯P QM N R AP RABQM RB AN R
4

1
MN
C
=
∇T RT M P Q FRS ¯N P QRS .
4

(5.9)
(5.10)

Paralleling our discussion of the Cotton tensor in the earlier section, they can be shown to
have no contribution. We turn now to the first term in (5.8). The variation of the boundary
metric and gauge field are those of a combined diffeomorphism and gauge transformation:
δ ξ aµ = ξ σ ∇σ aµ + (∇µ ξ σ ) aσ + ∂µ Λ

Integrating by parts on the boundary terms we find
Z


√ 
µν
µ
µ
δ ξ Wtot [A, G(n) ] =
d4 x g −∇µ Tcov
+ f νµ jcov
ξν − (∇µ jcov
) (ξ σ aσ + Λ)

(5.11)

(5.12)

∂M5

The second term is absent in a non-anomalous theory where the current is conserved. We
note that if we choose to pick Λ to be Λ ≡ −ξ µ aµ we may cancel it. However the first term
cannot be canceled: using the expression for the covariant anomaly (5.5) we find for the
contribution from the first term:
Z
cm
√
δ ξ Wtot [A, G(n) ](1) = i
d4 x g κσαβ Fκσ Rµν αβ (∇ν ξµ )
(5.13)
2
Now on a conical deficit with opening angle 2π(n−1) the Riemann tensor can be understood
as having a delta function singularity on the (two-dimensional) worldvolume ∂A of the
deficit [51]:
∂A
Rαν ρσ (x) = 2π(n − 1)αν
(5.14)
∂A ρσ δ∂A (x),
where αν
∂A is the binormal defined in (A.10). Putting this into (5.13) and extracting the
linear dependence on the opening angle, we find for the anomalous variation of the entanglement entropy arising from the first term:
Z
δ ξ SEE,(1) = 4πicm
(dΣµν Fµν ) αβ
(5.15)
∂A ∇α ξβ
∂A

with dΣµν the area element.
We now turn to the second term in (5.12), that involving the non-conservation of the
current. As the form of the covariant anomaly (5.5) for the divergence of the current takes
precisely the same as the consistent form exhibited in (4.2), its contribution may be found
following precisely the same logic as in section 4.4, where the gauge parameter there is
now replaced by the combination (ξ σ aσ + Λ). We find for the contribution from the second
term:
Z
δ ξ SEE,(2) = 8πcm
dU (Λ + ξ σ aσ ),
(5.16)
∂A

with U the twist gauge field. Defining a local boost as before by 2δχ = iµν
∂A ∇µ ξν , and
assembling the two pieces, we find for the variation of the entanglement entropy:
Z

σ
δ ξ SEE = 8πcm
(−F δχ) + dU (Λ + ξ aσ ) ,
(5.17)
∂A
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δ ξ gµν = ∇µ ξν + ∇ν ξµ

We note that unlike the expressions discussed in the previous section, there is no notion of a
gauge or diff-preserving frame and indeed no anomaly frame ambiguity at all. The covariant
anomaly takes a unique form, and we thus have a unique answer for the transformation of
the entanglement entropy in this construction.

6

Gravitational and mixed anomalies in six dimensions

Weyl fermion. By analogy to previous sections, we will consider a six-dimensional Weyl
fermion on a product manifold R1,1 ×M4 , where M4 is a compact Euclidean four-manifold.
We are interested in the spectrum of massless modes on the non-compact R1,1 component.
If there are more right-moving modes than left-moving ones, then we expect there to be
an entanglement anomaly. For a 6d right-handed Weyl fermion, accroding to our helicity
conventions, a left-chirality mode on M4 will be left-moving on the R1,1 factor, while a
right-chirality mode will be right-moving:
4d
2d
4d
2d
Ψ6d
R = ΨR ⊗ ΨR + ΨL ⊗ ΨL + massive 2d modes.

(6.1)

where the massive 2d modes move in both directions, and hence do not contribute to the
anomaly.
Now the spectrum of the Dirac operator on M4 is constrained by an index theorem,
which tells us that the difference in the number of (complex) left-chirality modes and
right-chirality modes is given by a topological invariant of M4 :
P
nL − nR = −
(6.2)
24
R
with P the Pontryagin number P = 8π1 2 M4 tr(R ∧ R) [61]. Because the spinor representations of Spin(4) are pseudoreal, nL and nR are both constrained to be even. Note that
for a smooth orientable four-dimensional manifold with spin structure, P is a multiple of
48 by Rokhlin’s theorem, as is required for the above relation to make sense.
The above mismatch of zero modes implies an effective chiral 2d CFT on the R1,1
P
with cR − cL = − 24
(where cL/R = nL/R because a Weyl spinor is complex). Hence the
corresponding entanglement anomaly for a single Weyl fermion can be obtained from the
2d result (2.11):
1 P
δS = −
δχ
(6.3)
12 24
This can be obtained from a local expression on the 4d entangling surface. Generalizing to
the case where there are (NL , NR ) 6d Weyl fermions, we obtain:
Z
NR − NL
δS = −δχ
tr(R ∧ R)
(6.4)
2304π 2 E
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In six dimensions we restrict ourselves to a free-field analysis. Here there are two different
kinds of chiral fields that one can study: free Weyl fermions and the self-dual boson. The
helicity group is Spin(4) = SU(2)L × SU(2)R , and we will define a right-handed particle as
one which has nonzero SU(2)R helicity. Using this definition, we find that the entanglement
anomaly is −8 times larger for the right-handed (or self-dual) boson than for the righthanded fermion, as expected from their contributions to the gravitational anomaly.

where R is the intrinsic four-dimensional curvature on the entangling surface.
We may also consider the case in which M4 depends nontrivially on the R1,1 directions. Since the number of left and right moving modes is always an integer, deforming
the geometry to allow for extrinsic curvature K ab cannot affect the number of modes, as
evaluated on a compact surface, and we expect (6.4) to still apply.

∆A = (d ∗ d ∗ + ∗ d ∗ d)A = 0

(6.5)

On any product manfold, the Hodge Laplacian has the property that it decomposes into
the sum of the Laplacian of the base and the fiber: ∆6d = ∆4d + ∆2d . The 2-form A splits
into 3 polarization classes: a) 2-forms on M4 times scalars on the R1,1 , b) 2-forms on R1,1
times scalars on M4 , and c) mixed products of 1-forms on both M4 and R1,1 . We will use
u, v to represent right-moving and left-moving coordinates respectively on R1,1 , and i, j . . .
to represent coordinates of M4 .
We are interested in finding chiral modes of R1,1 which propagate in only one direction.
Let us begin by restricting attention to modes whose profile on R1,1 is right-moving: eiωu .
Such modes are massless excitations with ∆2d = 0, and therefore also ∆4d = 0. The 0, 1,
or 2-forms on M4 are therefore harmonic, i.e. both dA and d ∗ A vanish on M4 . However,
the harmonic 0-form solution is pure gauge, and the harmonic 1-form fails to satisfy the
self-duality constraint (since Fiuv 6= 0, but Fijk |M4 = 0 for a harmonic mode). It follows
that we can restrict attention to the case in which the 2-form is polarized along M4 . We
are left with the solution
Aij = eiωv hij
(6.6)
where hij is a harmonic 2-form on M4 . This solution has a field strength polarized in the
hij,v direction, and in order for this field strength to be self-dual, hij must also be self-dual,
since 6d abucdu = 4d abcd . On the other hand, if we instead chose the field to move in the u
direction, then since 2d vv = −2d uu , we would instead need hij to be anti-self-dual. (The
situation is reversed for a 6d anti-self-dual field.) These definitions of  are in accordance
with our helicity convention, that
4d
2d
4d
2d
A6d
R = AR ⊗ ΦR + AL ⊗ ΦL + massive 2d modes,

(6.7)

similiar to the fermion decomposition (6.1).
We conclude that the 6d self-duality constraint is equivalent to saying that the leftchirality modes on M4 move left on R1,1 , while the right-chirality modes move right — just
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Chiral boson. In dimensions of the form D = 4k + 2, there also exists a bosonic chiral
theory, namely a k/2-form field with self-dual (i.e. right-handed) field strength. For k = 0,
this is just a right-moving chiral scalar field ΦR , which can be treated using the methods of
section 2. For k = 1, we have a 2-form potential Aab whose curvature F = dA satisfies the
self-duality condition F = ∗F . The self-duality equation, together with the Bianchi identity
dF = 0, implies the Maxwell equation d∗F = 0, and is thus sufficient to determine the equations of motion for the system. The gauge transformation is δA = dα, where α is a 1-form.
If we gauge fix using the Lorenz gauge d ∗ A = 0, then all solutions to the equations of
motion are zero vectors of the 6d Hodge Laplacian:

as in the case of the fermion. But there are a different number of right and left chirality
modes on M4 , if it has nonzero Pontryagin number. According to the index theorem:
nL − nR =

P
,
3

(6.8)

where P is always a multiple of 3 on any four-dimensional orientable manifold (without
assuming the existence of a spin structure). We conclude that a self-dual 2-form field has
an entanglement anomaly which is given by the same expression (6.4) but with a coefficient
that is −8 times the value for a Weyl fermion.

E

where we have chosen to define a coefficient c1 such that for fermions and bosons respectively we have
c1,fermions = −

1
(NR − NL )
36864π 3

c1,bosons =

8
(NR − NL )
36864π 3

(6.10)

There seems to be one allowed covariant total derivative term,17 but as we explain below
it does not actually appear, i.e. v a = 0 above.
This is as far as we can go from a free-field theory analysis. To complete the story one
should now repeat the path-integral derivations presented above for the 6d case to derive
this expression from a Ward-identity analysis, which would also hold in less symmetric
situations. We have not done that in this paper.
However, the desired expression was obtained from a holographic analysis in [7], where
it was also argued that the resulting expression should hold for any anomalous field theory.
If we restrict the result from [7] to a product manifold, we do indeed find an expression that
is precisely (6.9) with no extra total derivative term, where c1 is the anomaly coefficient
for one of the two possible 6d gravitational anomalies.
Interestingly, however, for a non-product manifolds [7] finds an extra term in the
entanglement anomaly that is sensitive to the integral of the square of the twist flux over
the entangling surface, i.e. in our notation there is a contribution of the form
Z
δS ∼ c
dU ∧ dU .
(6.11)
M4

This coefficient of this term depends on both of the 6d purely gravitational anomaly coefficients.
17

The only term which is weight 4, parity odd on M4 , and even on R1,1 , is abce Da (Kbc De Kf h )g f h , where
Da is the intrinsic covariant derivative on M4 . Note that it explicitly involves the inverse metric, and thus
has a different weight under homogenous Weyl transformations than the other entanglement anomaly terms
that we have studied.
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General entanglement anomaly formula. Given these results we may generalize to
a less symmetric situation: i.e. consider a product manifold of the form described above,
but consider a boost δχ that is nonconstant along the entangling surface. Since δS must
be given by an expression local on E, in this case we expect (6.4) to be valid up to a total
derivative term:
Z
δS = −16πc1
(tr(R ∧ R) + Da v a ) δχ(x),
(6.9)

7

Discussion

This has been a long journey, and we now briefly review the path that we traveled. We
studied the structure of entanglement entropy in quantum field theories with gravitational
anomalies or mixed gauge-gravitational anomalies. Such theories are not precisely invariant
under changes of coordinates, and we showed that indeed there is an entanglement anomaly,
i.e. that the entanglement entropy in such theories changes in a well-defined manner under
diffeomorphisms or U(1) gauge transformations.
We presented various derivations of this fact. Beginning with two-dimensional conformal field theories, we reviewed an intuitive geometric argument involving separation of
left and right moving degrees of freedom as well as a (slightly) more formal discussion
using conformal field theory techniques. In two and four dimensions we used a careful
treatment of Ward identities to derive closed expressions for the diffeomorphism variation
of the entanglement entropy as local integrals over the entangling surface. These results
apply to any anomalous theory, conformal or not. In four dimensions the mixed anomaly
can also be presented in a manner that preserves diffeomorphisms but breaks U(1) charge
conservation, and we showed that in this anomaly frame there is a closed expression for
the U(1) gauge variation of the entanglement entropy.
In four dimensions, for these expressions to be nonzero we must turn on background
magnetic or gravitational fields. In four and six dimensions we then studied free fields
(chiral fermions or self-dual bosons) moving in various background fields, permitting explicit calculations of the transformation of the entanglement entropy. The entanglement
anomaly in sufficiently symmetric situations turns out to only be sensitive to the zero mode
spectrum of chiral fermions; with the help of well-known index theorems we found precise
agreement with the general formulas above. In the case of the 4d U(1) gauge transformation this agreement involved a novel kind of “zero” mode for a Weyl fermion moving on a
gravitational background with a nonzero “twist” turned on along the entangling surface.
We also studied another point of view on the entanglement anomaly by describing
d-dimensional anomalous theories as living on the boundary of d + 1-dimensional gapped
“Hall” phases. These combined bulk + boundary systems are actually microscopically
diffeomorphism-invariant, as the anomaly of the gapped bulk cancels that of the gapless

– 34 –

JHEP10(2016)111

To understand this sort of term from free field theory one has to perform an analysis
of the type performed in 4.3 in six dimensions on an entangling surface that has a nonzero
square of the twist field flux.
This seems possible (and indeed, as we discuss briefly in appendix B the degeneracy
of zero modes is even consistent with this), but there is reason to expect the existence
of subtleties: recall from section 4.3 that we obtained agreement between the free field
and Ward identity calculations only in the anomaly frame that was suited to the type of
background field (gauge or metric) that was turned on. We argued that this was due to
the presence of linearly growing potentials. This problem arises here as well, except that
we now have no freedom to shift to an anomaly frame where the diffeomorphism anomaly
is absent. We leave further investigation of this issue to later work.

boundary. Nevertheless, if we “shear” the boundary metric relative to the bulk, the entanglement entropy transforms in a universal manner that is completely captured by the
anomaly. In principle the predictions of these sections could be verified by an direct computation on the wavefunction of the many-body state of electrons in a quantum Hall droplet,
and there may be applications to condensed matter physics.

There are also many more concrete directions for further study. The discussion of the
relation between zero modes and entanglement anomalies is not yet complete. In particular,
in six dimensions there are more cases to consider, including both the nonzero twist flux
terms of the form (6.11), as well as the physics of the mixed gauge-gravitational anomaly
in six dimensions. It would also be interesting to further understand the field-theoretical
implications of the novel “zero” mode on the twist field background.
Finally, we find it interesting that the anomaly structure of a quantum field theory
appears to be encoded into the entanglement structure of the many-body state. We hope
that further study of the connections between entanglement and anomalies will better help
us understand both of these fundamental ideas in quantum field theory.
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With the factual summary out of the way, we now turn to a discussion of the implications of our results. An immediate and seemingly obvious consequence is that even if a full
theory is non-anomalous, if a subsector of it is anomalous then the entanglement of that
subsector will be subject to the entanglement anomalies described above. For example,
consider the Standard Model describing our universe. If we sum over all the chiral fields
then the mixed gauge-gravitational anomaly vanishes. However (in the presence of a magnetic field suitably coupling to U(1) hypercharge), the entanglement entropy of any one of
the fermion fields can only be defined up to the boost ambiguity described above! We find
the idea that it is hard to define the entanglement of e.g. the electron neutrino field with
the rest of the universe intriguing and feel it may lead to further insights.

A

Geometric conventions

Our conventions for analytic continuation are the same as in [6], i.e. from Euclidean time
τE to Lorentzian t are connected by
τE = it .
(A.1)
We define the Christoffel symbol as
1
Γαµν = g αβ [∂µ gνβ + ∂ν gµβ − ∂β gµν ] ,
2

(A.2)

Rρσµν = ∂µ Γρνσ − ∂ν Γρµσ + Γρµλ Γλνσ − Γρνλ Γλµσ .

(A.3)

In two dimensions complex coordinates z, z in Euclidean space and null coordinates u, v in
Lorentzian space are defined as
z = x + iτ = x − t = −u

z = x − iτ = x + t = v

(A.4)

Our choice of orientation for the epsilon tensor is zz = −2i; in our conventions this
associates cL in (2.3) with the antiholomorphic sector that is a function of z (and v upon
continuation to Lorentzian signature) and similarly it associates cR with z and u. The
fastest way to see this is to study the theory on a background metric in conformal gauge
c
and use the Weyl anomaly equation Tµµ = 24π
R to solve for T zz as a function of the
conformal factor. If we then insert this into the covariant anomaly equation (2.6) then
we can read off a modified Schwarzian derivative expression, with the holomorphic sector
sensitive to cR and the antiholomorphic sector sensitive to cL .
For dimensions higher than two, we will need some geometry of submanifolds. Some
useful formulas are written below. A more detailed discussion can be found in [62, 63]. In
the rest of this section we work entirely in Euclidean signature.
The entangling surface ∂A is a codimension-2 submanifold parametrized by coordinates
i
σ . If xµ (σ i ) are the embedding coordinates of the entangling surface, then the induced
metric hij on the entangling surface is
hij (σ) = gµν (x(σ))eµi eνj

eνi ≡

∂X ν
.
∂σ i

(A.5)

Consider the two normal vectors nµa to this submanifold, where a is an orthonormal index
that runs over 1, 2, and we have naµ nbµ = δ ab . We construct projection tensors onto the
entangling surface and its orthogonal complement respectively as:
hµν ≡ eiµ ejν hij

nµν ≡ naµ nbν δab ,

(A.6)

where the i, j indices are raised and lowered using the induced metric from (A.5). Now the
usual extrinsic curvature is
Kaij = Kaji ≡ ∇µ naν eµi eνj
(A.7)
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and the Riemann tensor is

The indices on the above object are a mix of tangential and normal; it is often helpful to
think instead of a fully covariant extrinsic curvature tensor by defining
Kµρσ = Kaij naµ eiρ ejσ

(A.8)

We turn to geometric structures associated to the normal frame. Note that there is an SO(2)
gauge freedom associated with local rotations of this normal frame about the entangling
surface:
δnaµ = Λ(σ)¯
ab nbµ
(A.9)

The binormal is invariant under the SO(2) frame rotations discussed above. We can now
define a twist SO(2) gauge field that lives on the entangling surface:
Viab = −Viba ≡ naρ ∇µ nbρ eµi

(A.11)

We can also define the field strength of of U on the entangling surface as
Ωij ab ≡ ∂i Vjab − ∂j Viab

(A.12)

If the co-dimension of the sub-manifold in question is higher than 2, then the twist symmetry is non-Abelian and there are extra terms present in (A.12) that we have omitted; we
direct the reader to [63] for a complete treatment. We can define fully covariant versions
of V and Ω as in (A.8) via
Vρµν = Viab nµa nνb eiρ

Ωµν ρσ = Ωij ab eiµ ejν naρ nbσ .

(A.13)

Now finally we present the Voss-Ricci relation between the twist field strength, the extrinsic
curvature, and the background Riemann tensor:


Ωκλµν = K µκσ K νλβ − K µλσ K νκβ g βσ + hρκ hσλ nµτ nνα Rτ αρσ
(A.14)
This is an analog of the more familiar Gauss-Codazzi relations, which tell us how the
extrinsic curvatures of a sub-manifold are related to its intrinsic curvature and to the
background Riemann tensor with all or three indices projected tangentially to the submanifold. This less familiar relation projects the first two indices normally and the last
two tangentially, and so only exists when there are at least two normal directions.
As Ωµναβ and Vρµν are actually associated with a U(1) gauge symmetry, there is no
loss of information in contracting with the binormal to obtain simpler objects
1
Ωµν ≡ αβ
Ωµναβ
2 ∂A

B

1
Vµ ≡ ∂A
V αβ .
2 αβ µ

(A.15)

Free fermions with twist flux

Here we present some details on the free fermion computations alluded to in the main text.
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where ¯ab is the 2-dimensional antisymmetric symbol. We will call this degree of freedom
the twist. We can define the binormal (a full spacetime tensor) to the entangling surface
to be
µν
¯ab nµa nνb .
(A.10)
∂A ≡ 

B.1

Twist flux geometry and chiral modes

We are interested in understanding the dynamics of Weyl fermions on the following background:
ds2 = dr2 − r2 (dη − Ui (xi )dxi )2 + dxi dxj δij + · · ·
(B.1)
where it is understood that the twist gauge field Ui is small and we work only to first order
in it. We work in d = 2Z dimensions, where we are interested in particular in d = 4, 6. i, j
run over an even dimensional transverse Rp , p = 2Z. The vielbein is defined as
(B.2)

where in this section a, b are tangent space indices and ηab is the flat Minkowski metric
with mostly plus signature. Explicitly, the vielbeins are
er̂ = dr

eî = dxi

eη̂ = r(dη − Ui dxi ) .

(B.3)

The spin connection can be computed from the torsion-free condition to be
1
ω η̂r̂ = dη − Ui dxi
2

1
ω η̂î = −r∂[i Uj] dxj + Ui dr
2

ω îĵ = −r2 ∂[i Uj] dη .

(B.4)

We now seek to study the Weyl equation on this background. We will start with the
Dirac equation in a chiral basis and eventually take a Weyl projection. We work with the
following basis of Dirac matrices in d-dimensions:
!
!
!
0 −1
0
γ p+1
0 γi
i
η
r
Γ =
Γ =
Γ =
(B.5)
1 0
γ p+1
0
γi 0
An explicit index on a gamma matrix should be understood as denoting a tangent space
index, i.e. γ r ≡ γ r̂ , and thus there are no metric factors above. Here γ i refers to a choice of
Dirac matrices for Rp and γ p+1 refers to the chirality matrix for the p-dimensional spinor,
i.e. if p = 4 it is simply the usual γ 5 . If p = 2 we can take γ i = σ i with σ i the usual Pauli
matrices, and γ p+1 = σ 3 .
The Dirac action for a spinor in curved space is
Z
√
S = − d4 x −giψ̄ γ a eµa Dµ ψ,
(B.6)
where the covariant derivative is
1
Dµ = ∂µ + ωab,µ [γ a , γ b ] .
8

(B.7)

We may now directly compute the Dirac equation. In what follows we will work only with
the equations of motion near the Rindler horizon r → 0; thus we neglect all terms of the
form r∂i Uj , which are higher order in r, as well as all terms that are quadratic or higher
in Ui . We find for the Dirac equation:
"
!
!
!#

1
1
0
γ p+1
0 −1
0
D⊥
∂r +
+
∂η +
ψ = 0.
(B.8)
2r
r
γ p+1
0
1 0
D⊥
0
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gµν = eaµ ebν ηab ,

where the operator D⊥ on the transverse space is:
D⊥ ≡ γ i (∂i + Ui ∂η )

(B.9)

We see that the spectrum of D⊥ is crucial in determining the low-energy properties of the
Rindler modes. In particular, a zero mode of D⊥ with a definite chirality under γ p+1 will
map to a mode in Rindler space with a chiral nature.
We can now make contact with the usual index theorems for U(1) gauge fields coupled
to Dirac fermions in p-dimensions. We should note that this is actually somewhat heuristic.
Normally index theorems apply to compact manifolds; however we cannot really compactify
the Rp in a sensible way, since the U(1) gauge symmetry in question is not compact. 18
Nevertheless we will obtain sensible answers.
We start in p = 2. Then the 2d index theorem tells us that the numbers of definite
chirality zero modes of D⊥ satisfy:
Z
ω
N+ − N− =
d2 x dU
(B.11)
2π
As none of the quantities on the right-hand side are quantized, this should be thought
of as characterizing the density of zero modes per unit-p volume. In p = 2 we see that
the net chirality of the modes is determined by the sign of the Rindler energy. This is
somewhat novel, resulting in a chiral charge flow in the Rindler directions and a resulting
gauge anomaly in the entanglement entropy. We discuss its implications in detail in the
main text and below.
We now move to p = 4, though we do not actually use it in this paper. Now the 4d
index theorem tells us that
Z
ω2
N+ − N− =
d4 xijkl (dU )ij (dU )kl
(B.12)
32π 2
We see that in this case it is ω 2 that appears on the right-hand side and not ω. Thus the
net chirality of the zero modes is determined by the sign of dU ∧ dU and not by the sign
of the Rindler energy. This is more conventional then the case above. Each of these zero
modes depends on the Rindler coordinates as an ordinary 2d Weyl fermion, presumably
resulting in the diffeomorphism anomaly in the entanglement entropy discussed in (6.11).
The fact that the degeneracy of the modes depends on the Rindler energy does indicate
that the physics in the Rindler directions is still somewhat exotic.
18

In other words, Rindler energy is not quantized: it is more appropriate to call Ui a R gauge field.
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We see that this looks like the coupling of a Dirac spinor to a U(1) gauge field Ui in the
transverse space. This can be made more precise if we work in frequency space, giving all
fields time dependence of the form e−iωη ; then the effective U(1) charge of each of these
modes is simply the Rindler energy ω.
We now finally take a Weyl projection to find that the Weyl equation in d-dimensions is




1
p+1
±∂η + γ
r∂r +
+ rD⊥ ψR,L = 0
(B.10)
2

B.2

Canonical quantization of free fermion modes

In this section we provide a discussion of the physics arising from (B.11). As discussed
−iωη , we find for the
in the main text, if we build a full spinor from ψL = χ± (x, y)Ψ±
ω (r)e
equation of motion in the Rindler radial coordinate:


1
r∂r + + iω Ψ+
ωB > 0
(B.13)
ω (r) = 0,
2


1
r∂r + − iω Ψ−
ωB < 0
(B.14)
ω (r) = 0,
2

1 −i|ω| log r
Ψ±
ω (r) ∼ √ e
r

(B.15)

In other words, independent of the sign of ω, the spatial momentum in the r-direction
always has the same sign. This is somewhat novel, and we devote the rest of this appendix
to the canonical quantization of such a (1 + 1)d system. The ultimate goal is to derive the
expression for the current (4.31) in the main text.
We work only with the interesting zero mode sector, suppressing the transverse directions (which provide only a constant density of states). Due to the restriction on spatial
momenta present in (B.15), the fermion field may be expanded in terms of only positive
momentum modes as
Z

dp e−ip log r 
√
ψ(r) =
ap v2 + b†p v1
(B.16)
r
p>0 2π
where v1 = (1, 0)T , v2 = (0, 1)T . ap and bp are the raising and lowering operators for those
modes. The Weyl action turns out to be:
Z


†
† 3
S = i drdη ψ ∂η ψ + rψ σ ∂r ψ .
(B.17)
Thus the canonical momentum to ψ is
πψ = iψ † ,

(B.18)

leading to the canonical quantization condition
{ψ † (r), ψ(r0 )} = δ(r − r0 )

(B.19)

Let us now use this to determine the canonical commutation relations of ap and bp . We
may extract ap from ψ as follows:
Z
dr
†
ap = v2 √ eip log r ψ(r),
(B.20)
r
and similarly for bq . We then find that
{ap , a†p0 } = (2π)δ(p − p0 )

{bp , b†p0 } = (2π)δ(p − p0 )
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For concreteness, let us now fix the sign of B > 0. We then find that

Thus these behave as normal fermion raising and lowering operators. Note that so far the
interesting restriction to positive momenta has not played a role.
Let us now find the Hamiltonian so that we determine the correct vacuum. The
Hamiltonian is
Z
H = π∂η ψ − L = −i drrψ † σ 3 ∂r ψ,
(B.22)
which can be worked out in modes to be
Z

dr dpdp0  † 0
0†
0 (i log r)(q−p)
H=
a
a
−
b
b
p
p pe
r (2π)2 p p

(B.23)

This shows that we may define the vacuum by ap |0i = 0, bp |0i = 0. The Hamiltonian is
positive-definite because of the restriction to positive momenta.
We now turn to the current. The original charge current is defined as
j µ = −q ψ̄γ µ ψ

(B.25)

Thus the contribution to the radial current from the zero-point sector is (up to zero-point
contributions, which we neglect as they do not contribute to the entanglement anomaly in
question):
Z
 ei log r(q−p)
dpdp0  †
†
0
j r (r) = q
a
a
+
b
b
.
(B.26)
p
p0 p
(2π)2 p
r
Note both particles and anti-particles contribute with the same sign to the current, as one
might have expected from heuristic considerations described in the main text. Now in the
thermal state the density matrix is diagonal in a momentum basis, and we have
hb†p0 bp i = ha†p ap0 i = (2π)δ(p − p0 )n(ωp )

n(ω) ≡

1
1 + eβω

(B.27)

where for us ωp = p and n(ω) is simply the Fermi-Dirac distribution. This gives us the
expression for the current used in (4.31).
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