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Abstract
The concept of joint bivariate signature, introduced by Navarro et al. [13], is a useful
tool for quantifying the reliability of two systems with shared components. As with the
univariate system signature, introduced by Samaniego [17], its applications are limited
to systems with only one type of components, which restricts its practical use. Coolen
and Coolen-Maturi [2] introduced the survival signature, which generalizes Samaniego’s
signature and can be used for systems with multiple types of components. This paper introduces a joint survival signature for multiple systems with multiple types of components
and with some components shared between systems. A particularly important feature
is that the functioning of these systems can be considered at different times, enabling
computation of relevant conditional probabilities with regard to a system’s functioning
conditional on the status of another system with which it shares components. Several
opportunities for practical application and related challenges for further development of
the presented concept are briefly discussed, setting out an important direction for future
research.
Keywords: Coherent systems, exchangeable components, signature, survival signature,
system reliability.
1. Introduction
In recent decades, the system signature has become a popular tool for quantifying
reliability of coherent systems consisting of components with exchangeable random failure
times [16], where in the literature the assumption of exchangeability [4] is often replaced
by the stronger assumption of independent and identically distributed (iid) component
failure times. The system signature is a summary of the system structure function which
a
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is sufficient to quantify several important aspects of reliability of a system, in particular
the system’s failure time distribution. A detailed introduction and overview of system
signatures is presented by Samaniego [17].
The essential property of the system signature is that it enables information of the
system structure to be fully taken into account through the signature, and this is separated from information about the random failure times of the components. The main
disadvantage of system signatures, however, is that it becomes extremely complicated,
and is indeed effectively impossible, to keep this separation when generalizing the concept
to systems with multiple types of components, which is crucial for a practically applicable theory as most real-world systems consist of more than a single type of components
[2, 12]. As an alternative to the system signature, Coolen and Coolen-Maturi [2] introduced the survival signature. For systems with just one type of components, the survival
signature is equivalent to the system signature, but the survival signature can be defined
for, and easily applied to, systems with multiple types of components.
There are many scenarios where two or more systems share components, which can
be of different types. Consider for example the case of two computers linked to a server,
where the performance of any computer will depend on the performance of the shared
components, in the server, and the performance of its own components. It should be emphasized that systems has a wide meaning in this context, including not only engineering
systems but also networks and organisational structures. For example, if good functioning
of multiple academic departments at one university during an exams period with strict
marking deadlines depend on one central information technology support group, then the
latter can be regarded as a component shared by the different departments (‘systems’).
While we do not focus explicitly on it, it is important to note that the theory in this paper
can also be applied for the case of one system which performs two or more functions, with
some but not all components involved in multiple functions.
Navarro et al. [11] and Zarezadeh et al. [19] introduced the system signature for systems with shared components, however the joint system signature representation has
no direct probability interpretation as it can take negative values. Navarro et al. [13]
presented the so-called joint bivariate system signature, which has a probabilistic interpretation, and they also showed how the joint bivariate system signature can be used
to perform stochastic comparisons. But again their method is limited to one type of
component, which is less useful in real world applications.
In this paper, we introduce the joint survival signature of coherent systems with
shared components, which can be of different types. This first presentation of the new
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concept emphasizes the opportunity to consider the reliability of the systems at different
time points, which is crucial for many practical applications. In particular, it enables
one to infer one system’s reliability conditional on the information that another system,
with which it shares some components, functions or not at a different time point. This
introduction of the new concept is the first step of an important and extensive research
direction, challenges for computation and application will be outlined in the final section.
This paper is organised as follows. Section 2 provides a brief overview of the survival
signature introduced by Coolen and Coolen-Maturi [2]. Section 3 introduces the new
joint survival signature of two coherent systems with shared components, followed by
generalisation to three coherent systems with shared components in Section 4. It is briefly
discussed how the further generalization to more than three systems can be achieved, all
required ingredients for such a generalization follow quite straightforwardly from the case
with three systems. Finally, in Section 5 opportunities and challenges for further research
to enable practical application of the new concept to large-scale systems and networks
are briefly discussed.
2. Survival signature
For a system with n components, we define the state vector x ∈ {0, 1}n with entry
xi = 1 if component i functions and xi = 0 if not. The labelling of the components
is arbitrary but must be fixed to define x. The structure function φ : {0, 1}n → {0, 1},
defined for all possible x, takes the value 1 if the system functions and 0 if the system does
not function for state vector x. In this paper, we restrict attention to coherent systems,
which implies that φ(x) is not decreasing in any of the components of x, so system
functioning cannot be improved by worse performance of one or more of its components.
This assumption could be relaxed but is reasonable for most practical systems.
Consider a system with K ≥ 2 types of components, with nk components of type
P
k ∈ {1, 2, . . . , K} and K
k=1 nk = n. Assume that the random failure times of components of the same type are exchangeable [4], while full independence is assumed for the
random failure times of components of different types. Due to the arbitrary ordering
of the components in the state vector, components of the same type can be grouped
together, leading to a state vector that can be written as x = (x1 , x2 , . . . , xK ), with
xk = (xk1 , xk2 , . . . , xknk ) the sub-vector representing the states of the components of type k.
Coolen and Coolen-Maturi [2] introduced the survival signature for such a system,
denoted by Φ(l1 , l2 , . . . , lK ), with lk = 0, 1, . . . , nk for k = 1, . . . , K, which is defined to
be the probability that the system functions given that precisely lk of its nk components
3

of type k function, for each k ∈ {1, 2, . . . , K}.

P k k
There are nlkk state vectors xk with ni=1
xi = lk ; let Slk denote the set of these state
vectors for components of type k and let Sl1 ,...,lK denote the set of all state vectors for
P k k
the whole system for which ni=1
xi = lk , k = 1, 2, . . . , K. Due to the exchangeability
assumption for the failure times of the nk components of type k, all the state vectors
xk ∈ Slk are equally likely to occur, hence
"
Φ(l1 , . . . , lK ) =

−1
K 
Y
nk
k=1

#

lk

X

×

φ(x)

(1)

x∈Sl1 ,...,lK

Let Ck (t) ∈ {0, 1, . . . , nk } denote the number of components of type k in the system
which function at time t > 0. The probability that the system functions at time t > 0 is
P (TS > t) =

n1
X
l1 =0

···

nK
X

Φ(l1 , . . . , lK )P (

K
\

{Ck (t) = lk })

(2)

k=1

lK =0

If one assumes independence of the failure times of components of different types, then
this leads to, for lk ∈ {0, 1, . . . , nk } for each k ∈ {1, . . . , K},
P(

K
\

{Ck (t) = lk }) =

k=1

K
Y

P (Ck (t) = lk )

(3)

k=1

If, in addition, one assumes that the failure times of components of the same type are iid
with known cumulative distribution function (CDF) Fk (t) for type k, then this leads to
K
\


K 
Y
nk
[Fk (t)]nk −lk [1 − Fk (t)]lk
P ( {Ck (t) = lk }) =
l
k
k=1
k=1

(4)

A crucial practical consideration is how to decide if it is reasonable to assume that
components are of the same type, in the sense of having exchangeable failure times. An
easy way to think about this is as follows. Suppose that there is a number of components,
and you get the information that, at a specific time, one of them has failed, without any
further information which enables you to identify which component has failed. Exchangeability then implies that each of these components is equally likely to be the one that
has failed. Note that this includes consideration of the role of the components and the
environment in which they function in the system. Of course, this is a subjective modelling assumption which relates to the level of detail in which one models the system, in
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most of the reliability theory literature it is silently assumed. In particular the common
assumption of iid failure times of components is a stronger assumption.
Since its presentation by Coolen and Coolen-Maturi [2], there has been substantial
research contributing to the further theory and applicability of survival signature methods. An important topic is computation of the survival signature, a useful method based
on binary decision diagrams has been presented by Reed [15], while derivation of the
survival signature for systems built up by subsystems in series or parallel configuration
was also presented [3]. The survival signature also enables very efficient simulation methods to be developed [7, 14], and further examples of powerful methodology for system
reliability quantification enabled by the use of survival signatures include the modelling
of dependence between components of different types [5, 7], Bayesian and nonparametric
predictive inference [1, 3], reliability-redundancy allocation [9], phased-missions [8], component reliability importance measures [6], resilience achieved by swapping components
within a system [10] and stochastic comparison of different systems [18].
3. Joint survival signature of two coherent systems with shared components
In this section we present the joint survival signature of two coherent systems that
share some components. It is important that the functioning of the two systems can be
considered at different moments in time. This can be used to derive the marginal survival
function of one of the systems as well as the conditional reliability of a system given the
status of the other system at any time. First we consider systems that only have a single
type of components, which is helpful to explain the main ideas and notation. This is later
extended to systems with components of multiple types. It should be emphasized that
no maintenance or replacement activities are being considered throughout this paper, so
once a component has failed it remains in failed state.
3.1. One-type of components
Let T1 and T2 be the failure times of two coherent systems, S1 and S2 , based on
components with iid failure times X1 , . . . , Xn having a common continuous distribution
function F . The assumption of iid failure times is for ease of presentation. A coherent
system fails at the failure of one of its components. Assume that the first system has
n∗1 components and the second system has n∗2 components, with n12 of these components
in common, these are called shared components, so in total there are n = n∗1 + n∗2 − n12
components in the two systems. The case of interest in this paper is n12 > 0, otherwise
the two systems are independent by the iid assumption. Let the numbers of components
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in S1 and S2 which are not shared with the other system be denoted by n1 and n2 ,
respectively, so n∗1 = n1 + n12 , n∗2 = n2 + n12 and n = n1 + n2 + n12 .
The joint survival signature will enable reliability quantification for both systems at
possibly different times, say S1 is considered at time t1 and S2 at time t2 . This means
that the numbers of the shared components functioning at these two different times must
both be specified, note that the specific times t1 and t2 do not play any further role in
the survival signature, as this enables inference for all time points when combined with
the component failure time distributions. This means that the joint survival signature
presented in this paper has the same advantageous property as the survival signature for
a single system, that is it takes the structure of the systems into account while being
separated from the random component failure times.
The joint survival signature Φ(l1 , l2 , l[1]2 , l1[2] ) can be defined as the probability that
systems S1 and S2 both function given that precisely l1 out of n1 and l[1]2 out of the n12
shared components function when S1 is being considered, and precisely l2 out of n2 and
l1[2] out of the n12 shared components function when S2 is being considered. Denoting
the events that S1 and S2 function at the moment of time they are considered by SF1
and SF2 , respectively, the joint survival signature denoted by
Φ(l1 , l2 , l[1]2 , l1[2] ) = P (SF1 , SF2 |l1 , l2 , l[1]2 , l1[2] )

(5)

It is also important to emphasise, given the above setting, that the same min(l1[2] , l[1]2 )
shared components are functioning at both times t1 and t2 , and the same n12 −max(l1[2] , l[1]2 )
shared components are not functioning at both times. The remaining components (if
l1[2] 6= l[1]2 are different) fail between the two different times. Therefore, Φ(l1 , l2 , l[1]2 , l1[2] ) =
0 if t1 < t2 and l1[2] > l[1]2 , or if t1 > t2 and l1[2] < l[1]2 .
Let Ct11 ∈ {0, 1, . . . , n1 } denote the number of components that are only in system S1
[1]2
that function at time t1 > 0, and let Ct1 ∈ {0, 1, . . . , n12 } denote the number of shared
components in system S1 that function at t1 . Similarly, let Ct22 ∈ {0, 1, . . . , n2 } denote
the number of components that are only in system S2 that function at time t2 > 0, and
1[2]
let Ct2 ∈ {0, 1, . . . , n12 } denote the number of shared components in system S2 that
function at t2 . Let the probability distribution of the component failure time have CDF
F (t), then for t1 < t2 , which implies that l1[2] ≤ l[1]2 ,
P (T1 > t1 , T2 > t2 ) =

n1 X
n2 X
n12
n12
X
X

Φ(l1 , l2 , l[1]2 , l1[2] )PCt1 <t2 (l1 , l2 , l[1]2 , l1[2] )

l1 =0 l2 =0 l[1]2 =0 l1[2] =0
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(6)

where the assumption of iid component failure times leads to
[1]2

1[2]

PCt1 <t2 (l1 , l2 , l[1]2 , l1[2] ) = P (Ct11 = l1 , Ct22 = l2 , Ct1 = l[1]2 , Ct2 = l1[2] )
n2 !
n1 !
=
[1 − F (t1 )]l1 [F (t1 )]n1 −l1
[1 − F (t2 )]l2 [F (t2 )]n2 −l2
(n1 − l1 )!l1 !
(n2 − l2 )!l2 !
n12 !
×
[F (t1 )]n12 −l[1]2 [F (t2 ) − F (t1 )]l[1]2 −l1[2] [1 − F (t2 )]l1[2]
(n12 − l[1]2 )!(l[1]2 − l1[2] )!l1[2] !

(7)

Similarly, for t1 > t2 which implies that l1[2] ≥ l[1]2 ,
P (T1 > t1 , T2 > t2 ) =

n1 X
n2 X
n12
n12
X
X

Φ(l1 , l2 , l[1]2 , l1[2] )PCt1 >t2 (l1 , l2 , l[1]2 , l1[2] )

(8)

l1 =0 l2 =0 l[1]2 =0 l1[2] =0

where, under the iid assumption,
PCt1 >t2 (l1 , l2 , l[1]2 , l1[2] ) =
n1 !
n2 !
[1 − F (t1 )]l1 [F (t1 )]n1 −l1
[1 − F (t2 )]l2 [F (t2 )]n2 −l2
(n1 − l1 )!l1 !
(n2 − l2 )!l2 !
n12 !
[F (t2 )]n12 −l1[2] [F (t1 ) − F (t2 )]l1[2] −l[1]2 [1 − F (t1 )]l[1]2
×
(n12 − l1[2] )!(l1[2] − l[1]2 )!l[1]2 !

(9)

If t1 = t2 = t, then, with notation l12 = l[1]2 = l1[2] and the iid assumption,
PCt1 =t2 (l1 , l2 , l[1]2 , l1[2] ) =
n1 !
n2 !
[1 − F (t1 )]l1 [F (t1 )]n1 −l1
[1 − F (t2 )]l2 [F (t2 )]n2 −l2
(n1 − l1 )!l1 !
(n2 − l2 )!l2 !
n12 !
×
[F (t1 )]n12 −l12 [1 − F (t2 )]l12
(n12 − l12 )!l12 !

(10)

These joint survival functions for systems S1 and S2 provide a detailed quantification of
the reliability of the two systems, based on the probability distributions for the component
failure times. Note that, indeed, the structural aspects of the systems are all taken into
account by the newly proposed joint survival signature, which is independent of time,
while all temporal aspects are taken into account by the failure time distributions, and
these two important aspects are fully separated. This joint survival signature provides
exciting opportunities for study of a variety of theoretical aspects and applications, in line
with the contributions to the literature for the single system survival signature mentioned
above.
The following two examples illustrate the above introduced joint survival signature.
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System 1

System 2

D

G
E

F

C

A

A

B

B

C

Figure 1: Two systems with one type of components, Example 1

Example 1 shows in detail how the value of the joint survival signature can be derived
for a single specific input. Example 2 presents the joint survival functions for two basic
systems with shared components.
Example 1. Consider the two systems in Figure 1. All components are assumed to be
of the same type, with exchangeable failure times. The systems share components A,
B and C, and each system has two further components. For System 1 we have n∗1 = 5,
n1 = 2, n12 = 3 and for System 2 we have n∗2 = 5, n2 = 2, n12 = 3. For input
(l1 = 1, l2 = 1, l[1]2 = 2, l1[2] = 1), Table 1 lists all 24 possible scenarios of functioning
components. If these are indeed the numbers of functioning components, then each of
these scenarios has probability 1/24 due to the exchangeability assumption. In this case,
the system functions for 10 of the 24 possibille scenarios, hence the survival signature is
10
.
equal to Φ(1, 1, 2, 1) = 24
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System functions
0
0
0
0
0
1
1
0
1
1
0
0
0
1
1
0
0
1
1
0
1
1
0
0

l1 = 1
D
D
D
D
D
D
D
D
D
D
D
D
E
E
E
E
E
E
E
E
E
E
E
E

l2 = 1
F
F
G
G
F
F
G
G
F
F
G
G
F
F
G
G
F
F
G
G
F
F
G
G

l[1]2 = 2
AB
AB
AB
AB
AC
AC
AC
AC
BC
BC
BC
BC
AB
AB
AB
AB
AC
AC
AC
AC
BC
BC
BC
BC

l1[2] = 1
A
B
A
B
A
C
A
C
B
C
B
C
A
B
A
B
A
C
A
C
B
C
B
C

Table 1: Functioning components and system state, Example 1

Example 2. Consider the two systems in Figure 2, which share components A and B
and each have one further components. Again, all components are of the same type so
their failure times are assumed to be exchangeable. For System 1 we have n∗1 = 3, n1 = 1,
n12 = 2 and for System 2 we have n∗2 = 3, n2 = 1, n12 = 2. The survival signature is
zero, Φ(l1 , l2 , l[1]2 , l1[2] ) = 0, for the trivial cases: l1 + l2 < 2, l[1]2 = 0 and l1[2] = 0. The
survival signature for remaining cases is given in Table 2, it is derived in a similar way as
illustrated in Example 1 for each possible input, although the actual work required is of
course not as bad as it may seem due to logical relationships between the systems’ states
and different inputs under the assumption that the systems are coherent. Assuming that
the components’ failure times are iid with Exponential distribution with rate 1, that
is F (t) = 1 − e−t , then the joint survival function for the two system failure times is
presented in Figure 3.
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System 1
A

System 2
C

A
B

B

D

Figure 2: Two systems with one type of components, Example 2

C
l1 ∈ {0, 1}

D
l2 ∈ {0, 1}

0
1
1
0
0
0
1
1
0
0
1
1
1

1
0
1
0
0
1
0
1
0
1
0
1
1

l[1]2

A,B
∈ {0, 1, 2} l1[2] ∈ {0, 1, 2}
1
1
1
1
2
2
2
2
1
1
1
1
2

1
1
1
1
1
1
1
1
2
2
2
2
2

Φ(l1 , l2 , l[1]2 , l1[2] )
1/2
0
1/2
0
0
1/2
0
1/2
1/2
1/2
1
1
1

Table 2: Two systems with one type of components, Example 2

3.2. Marginal and conditional survival functions
If one has the joint survival signature for the two systems available, it is straightforward to derive the marginal survival distribution for one of the systems, using the
assumption that all components function at time 0, so
P (T2 > t2 ) = P (T1 > 0, T2 > t2 ) =

n2 X
n12
X

Φ(n1 , l2 , n12 , l1[2] )PCt1 <t2 (n1 , l2 , n12 , l1[2] )

l2 =0 l1[2] =0

(11)
where
 
 
n2
l2
n2 −l2 n12
PCt1 <t2 (n1 , l2 , n12 , l1[2] ) =
[1 − F (t2 )] [F (t2 )]
[F (t2 )]n12 −l1[2] [1 − F (t2 )]l1[2]
l2
l1[2]
(12)
The joint survival signature can also be used to derive the conditional survival function
of one system given the status, at any moment of time, of the other system, with which it
10
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0.4

t1

0.6
1.0
0.8

0.8

0.6
0.4

1.0

0.2

t2

0.0

Figure 3: Joint survival function of two systems with one type of components, Example 2

shares some components. Suppose that system S2 is known to function at time t2 , but no
further information is known about specific components. Conditional on this information,
the probability that system S1 functions at time t1 is
P (T1 > t1 |T2 > t2 ) =

P (T1 > t1 , T2 > t2 )
P (T2 > t2 )

(13)

Note that there are no limitations on the values of t1 and t2 . While from theoretical perspective it is good to have the flexibility to investigate the conditional survival functions
for all values of t1 and t2 , in practice it seems most natural that this probability will be
relevant for t1 ≥ t2 .
It is also important to derive the conditional probability that system S1 still functions
at time t1 given the information that system S2 has failed by time t2 . This is equal to
P (T1 > t1 |T2 ≤ t2 ) =

P (T1 > t1 , T2 ≤ t2 )
P (T2 ≤ t2 )

(14)

The probability in the numerator on the right-hand side of this equation has not been
presented explicitly before in this paper, but it can be derived in a similar way as the
joint survival probability, presented above, by splitting into a new joint (survival) signature and a factor related to the component failure time distributions. This requires
a different (survival) signature, namely the probability for the event that S1 functions
11

when considered, and S2 does not function when considered; this is left as an exercise for
the reader, the steps involved follow the presentation above closely.
Also joint probabilities of system functioning at specific times, conditional on information of one or both of the systems functioning at other times, can be derived similarly.
For example, if system 2 is known to function at t2 , the conditional probability of the
event that both systems function at t > t2 is
P (T1 > t, T2 > t|T2 > t2 ) = P (min{T1 , T2 } > t|T2 > t2 ) =

P (T1 > t, T2 > t)
P (T2 > t2 )

(15)

All such conditional probabilities are easily derived using the results presented above, or
quite straightforward extensions of such results if variations to the joint survival signature
are required.
3.3. Multiple-types of shared components
The major advantage of the survival signature over Samaniego’s system signature is
the ability to use it for systems with multiple types of components. The presentation
above was restricted to a single type of component, in order to clearly introduce the
new concept of joint survival signature in detail. Now we indicate how the concept and
results of the previous sections can be generalized to multiple types of components. This
generalization is conceptually straightforward so it is only briefly presented. We assume
that there are K component types in two systems, and denote the type of component
k,[1]2
k ∈ {1, 2, . . . , K} as superscript. Let Ctk,1
∈ {0, 1, . . . , nk1 }, Ctk,2
∈ {0, 1, . . . , nk2 }, Ct1
∈
1
2
k,1[2]
k
k
{0, 1, . . . , n12 } and Ct2
∈ {0, 1, . . . , n12 } denote the numbers of components of type k,
k ∈ {1, 2, . . . , K}, in system S1 and system S2 that function at time t1 > 0 and t2 > 0,
1
1
K
K
, l1[2]
, . . . , l1K , l2K , l[1]2
, l1[2]
), and we
respectively. For ease of notation, let lk = (l11 , l21 , l[1]2
P
denote the summation over all their possible values by lk . The joint survival signature
for this scenario is the probability that both systems function at the time points at which
they are considered, given that the numbers of functioning components are represented
by lk . If the probability distribution of the failure times of components of type k has
CDF Fk (.), and assuming independence of failure times of components of different types,
we have
X
P (T1 > t1 , T2 > t2 ) =
Φ(lk )P (Ct,lk )
(16)
lk

The detailed form of probability P (Ct,lk ) depends again on the values of t1 and t2 , for
example for t1 < t2 we have

12

P (Ct,lk ) =
=
×

K
Y

k,[1]2

P (Ctk,1
= l1k , Ctk,2
= l2k , Ct1
1
2

k,1[2]

k
= l[1]2
, Ct2

k
= l1[2]
)

k=1
K
Y

nk2 !
nk1 !
k
k
k
l1k
nk1 −l1k
[1
−
F
(t
)]
[F
(t
)]
[1 − Fk (t2 )]l2 [Fk (t2 )]n2 −l2
k 1
k 1
k
k
k
k
k
k
(n1 − l1 )!l1 !
(n2 − l2 )!l2 !
k=1
k
k
k
k
k
nk12 !
[Fk (t1 )]n12 −l[1]2 [Fk (t2 ) − Fk (t1 )]l[1]2 −l1[2] [1 − Fk (t2 )]l1[2]
k
k
k
k
k
(n12 − l[1]2 )!(l[1]2 − l1[2] )!l1[2] !

(17)
This probability is similarly derived by t1 > t2 and for t1 = t2 .
4. Joint survival signature of three coherent systems with shared components
There will be situations where more than two systems may share some components,
e.g. in networks of systems where a central server or electricity supply may serve several
or even all systems. Further examples can be encountered when systems consisting of
combined hardware and software are considered, with software often shared between
different systems. The concept of joint survival signature, presented in this paper, can be
generalized to any number of systems with any kind of component sharing. To illustrate
such a generalization, we briefly consider the case of three systems with a single type
of components, where the systems share some components. Generalization to multiple
types of components can be achieved along the lines presented above.
Consider three coherent systems, S1 , S2 and S3 . Let the number of shared components
Si and Sj be denoted by nij , and let the number of components shared by all three systems
be n123 . Let ni be the number of components in Si that are not shared with any other
system. The numbers of components in the systems are
n∗1 = n1 + n12 + n13 + n123
n∗2 = n2 + n12 + n23 + n123
n∗3 = n3 + n13 + n23 + n123
and the total number of components is n = n1 + n2 + n3 + n12 + n13 + n23 + n123 .
Let T1 , T2 and T3 be the failure times of systems S1 , S2 and S3 , respectively, based
on components with iid failure times X1 , X2 , . . . , Xn having a common continuous distribution function with CDF F (t). Let l[1]2 and l1[2] be the number of components out
of n12 that function when, respectively, S1 and S2 is considered. Similarly let l[1]3 (l1[3] )
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be the number of components out of n13 that function when S1 (S3 ) is considered, let
l[2]3 (l2[3] ) be the number of components out of n23 that function when S2 (S3 ) is considered, and finally let l[1]23 , l1[2]3 and l12[3] be the number of components out of n123
that function when S1 , S2 and S3 are considered, respectively. For ease of notation let
l = (l1 , l2 , l3 , l[1]2 , l1[2] , l[1]3 , l1[3] , l[2]3 , l2[3] , l[1]23 , l1[2]3 , l12[3] ), and we denote the summation
P
over all their possible values as l . The joint survival signature for these three systems,
Φ(l), can be defined as
(18)
Φ(l) = P (SF1 , SF2 , SF3 |l)
where SFi represents the event that system Si functions at the time point it is considered.
Generalizing the approach for two systems, as presented above, the joint survival
function for these three systems is derived by
P (T1 > t1 , T2 > t2 , T3 > t3 ) =

X

Φ(l)P (Ct,l )

(19)

l

where P (Ct,l ) denotes the probability of the event that the vector l describes precisely
the numbers of components, shared or not shared among the systems, that function at
the times t = (t1 , t2 , t3 ), where ti is the time at which Si is considered. For example, for
t1 < t2 < t3 , which logically implies l[1]2 ≥ l1[2] , l[1]3 ≥ l1[3] , l[2]3 ≥ l2[3] and l[1]23 ≥ l1[2]3 ≥
l12[3] , this probability is
[1]2

1[2]

[1]3

1[2]3

= l1[2]3 , Ct3

1[3]

P (Ct,l ) = P (Ct11 = l1 , Ct22 = l2 , Ct33 = l3 , Ct1 = l[1]2 , Ct2 = l1[2] , Ct1 = l[1]3 , Ct3 = l1[3] ,
[2]3

2[3]

[1]23

Ct2 = l[2]3 , Ct3 = l2[3] , Ct1
=
×
×
×
×
×
×

= l[1]23 , Ct2

12[3]

= l12[3] )

n1 !
[1 − F (t1 )]l1 [F (t1 )]n1 −l1
(n1 − l1 )!l1 !
n2 !
[1 − F (t2 )]l2 [F (t2 )]n2 −l2
(n2 − l2 )!l1 !
n3 !
[1 − F (t3 )]l3 [F (t3 )]n3 −l3
(n3 − l3 )!l1 !
n12 !
[F (t1 )]n12 −l[1]2 [F (t2 ) − F (t1 )]l[1]2 −l1[2] [1 − F (t2 )]l1[2]
(n12 − l[1]2 )!(l[1]2 − l1[2] )!l1[2] !
n13 !
[F (t1 )]n13 −l[1]3 [F (t3 ) − F (t1 )]l[1]3 −l1[3] [1 − F (t3 )]l1[3]
(n13 − l[1]3 )!(l[1]3 − l1[3] )!l1[3] !
n23 !
[F (t2 )]n23 −l[2]3 [F (t3 ) − F (t2 )]l[2]3 −l2[3] [1 − F (t3 )]l1[3]
(n23 − l[2]3 )!(l[2]3 − l2[3] )!l1[3] !
n123 !
(n123 − l[1]23 )!(l[1]23 − l1[2]3 )!(l1[2]3 − l12[3] )!l12[3] !

× [F (t1 )]n123 −l[1]23 [F (t2 ) − F (t1 )]l[1]23 −l1[2]3 [F (t3 ) − F (t2 )]l1[2]3 −l12[3] [1 − F (t3 )]l12[3] (20)
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System 1
A

System 2
C

System 3

A

A
B

B

D

D
E

C

Figure 4: Three systems with one type of components, Example 3

Defining this probability similarly for all orderings of (t1 , t2 , t3 ) becomes cumbersome
with regard to notation, but the idea will be clear. Further development of this methodology is best done in direct relation to a real-world application, in order to take specific
aspects of the joint systems into account. Extension to multiple types of components, and
to more than three systems, is conceptually trivial following the methodology presented
in this paper, but cumbersome with regard to notation. Suitable computational algorithms for exact calculation or approximations also need to be developed, this is left as
an important topic for future research. The next example briefly illustrates the computational effort required when applying this method in a naive way to three simple systems
with joint components, this particularly serves to emphasize the need for development of
suitable computational theory and algorithms.
Example 3. In addition to the two systems in Example 2, we consider a third system
as in Figure 3. To illustrate the complexity of the approach in this paper for more than
two systems, we show the effort required to compute the survival signature restricted
to considering all systems at the same moment of time. Both systems 1 and 2 have
3 components while system 3 has 4 components, and we have n1 = n2 = 0, n3 = 1
(E), n12 = 1 (B), n13 = 1 (C), n23 = 1 (D), n123 = 1 (A). As in this example we
have at most one shared component among the systems, thus l1 = l2 = 0, l3 ∈ {0, 1},
∗
∗
∗
∗
l12
= l[1]2 = l1[2] ∈ {0, 1}, l13
= l[1]3 = l1[3] ∈ {0, 1}, l23
= l[2]3 = l2[3] ∈ {0, 1}, l123
= l[1]23 =
10
l1[2]3 = l12[3] ∈ {0, 1}. As l1 = l2 = 0 there are 2 possibilities we need to consider, the first
column in Table 3 shows the corresponding number of these possibilities out of 210 . For
example, the first three rows suggest that at least one of these systems fails when either
component B or D fails, and this counts for 3 × 28 = 768 out of 210 = 1024 possibilities.
Clearly, this already requires many combinations to be considered, and the combinatorics
increase enormously when also considering the systems at different moments in time.
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#
28
28
28
27
26
25
25

∗
l12

B
∈ {0, 1}
0
0
1
1
1
1
1

∗
l23

D
∈ {0, 1}
0
1
0
1
1
1
1

∗
l123

A
∈ {0, 1}

∗
l13

0/1
0/1
0/1
1
0
0
0

C
∈ {0, 1}
0/1
0/1
0/1
0/1
0
1
1

E
l3 ∈ {0, 1}

All systems function

0/1
0/1
0/1
0/1
0/1
1
0

No
No
No
Yes
No
Yes
No

Table 3: Three systems with one type of components, Example 3

5. Concluding Remarks
In this paper we have introduced the concept of joint survival signature for two systems
with shared components. First we considered the case when we have only one type of
component, then we extended that for multiple types of components. We showed how
this can be generalised for more than two systems with one or multiple types of shared
components. We have also presented how the joint survival signature can be used to
derive marginal and conditional survival functions.
It is possible to derive variations to the presented joint survival signature for the
case with multiple systems sharing components, and for some specific scenarios reduced
versions of the joint survival signature presented here may be sufficient. For example,
one could only take into account the total numbers of functioning components of each
type per system, and use the theorem of total probability and assumed exchangeability of
the failure times of components of each type to relate this to our survival signature and
to inferences on the systems’ reliability. These suggest interesting directions for future
research, which will be particularly useful if motivated by practical applications. A further
important application of the joint survival signature occurs in cases where one system
has to perform multiple functions. Each function can typically be modelled by a system
or network on its own, with shared components to model the shared functionality due to
the functions being performed by the same system. The practical application of the joint
survival signature, and possible generalizations, will need to guide further development
of the theory and methods, but particularly for large systems with relatively few types
of components the advantages over the need to store and use the complete structure
function can be very substantial. A further important practical question is about the
level of detail with which a system needs to be modelled. This is not often explicitly
addressed and requires further investigation, for example through the use of probabilistic
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structure functions, where the additional uncertainty is straightforwardly carried through
to survival signature.
A crucial consideration is how the joint survival signature can be computed. This is
mostly left as an important topic for future research, in the examples in this paper only
small systems are considered for which all combinations of functioning components and
the corresponding state of the two systems are easily checked. One can use the classical
theory of minimal cut and path sets for small systems, but it will be important to develop
algorithms to compute the joint survival signature for more complex systems, in particular
where there are multiple types of components and possibly more than two systems being
considered. A main advantage of the joint survival signature for coherent systems is that it
is a non-decreasing function of all its inputs, hence it is straightforward to derive bounds if
one only computes the function for a limited number of inputs. The question which inputs
to focus on in order to derive useful bounds with relatively little computation time is also
interesting for future research, one way to learn about relevant parts of the input space
for very large systems may be through system simulation and emulation, this can indicate
where computational effort can best be focused on. Throughout, a major advantage of
the joint survival signature over the full structure function is that it requires substantially
less storage, which particularly for large systems with relatively few components types
can be very important. While computing survival signatures may be cumbersome, and
may require approximations to be developed, for example by simulations of the system for
certain inputs, the computation is only required once for a system with a fixed structure.
In Section 2, a brief discussion was provided of recent developments based on the
single system survival signature for research and application. All these topics are also of
great interest based on the joint survival signature, where for example consideration of
component importance brings novel aspects to the literature as it is likely that components
shared between multiple systems are more important when all systems are considered than
they may be for a single system.
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